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MULTICHANNELWNTACTLNTERACTI.co#G6noralizimgcontact interactions for
a multichannel case is relatively straightforward.

We now define l Ion s - wave interactions ) i

VIn=azIutiAOMda
where A-Laveau is tho scattering length matrix .
For this interaction

,
tho Botha - Peierls boundary condition is

d-druauf.I-Z.tw?lai--'-IeMuiua
A detailed analysis can be found in Ross & Shaw
Ann

. Phys . 13 , 147 ( 1961) .
Hero
, we will simply use

those results To illustrate some of the characteristics
of multichannel scattering .

EXAMPl
Two channel problem with contact

µ,
interactions :

e
127 ( ro → O) Contact interaction :

via
us im=u kindles darr-- -

-

- l

Thou are 3 physically distinct regimes one

can explore im chis problems :

↳ (Contino ) -D



②

( D Eso : In this case all channels an G closed and
Wo want to analyse the molecular spectrum of
the system .

What do we Gx pod ?

- (a, so , ago ) : no bound stab) ) not very interesting
- (a , 20, Az co) : one bound scales

- ( Gi 70 age > O) : OMG or two bounce slates(
if E t KYzµa{

(2) of ECE : In this case
,
channel IL) is open

- while channel iz> is closed .
We want analyse

the resonant and scattering pro porticos of thesystem .
Note that since there is no o pom Roxie)

channels other than tho im coming channel,
scattering will occur in the absence of inGlasEitransitions .

-

what do we Gx pool ? rinsesportico to a, )

- az CO : no molecular stall in channel (not much to see )

- Az 20 i Theorie is a molecular stele in channel 2 with
•mangy , if there is no couplings ,

E = E -HI ( bare slate omorguy)bono

2µA}
this molecular stereo will manifest in scatteringif we vary E on E . If we vary E, while E is fixed,
and E > Areia

,
we should expect that for values

of EXEbars scattering observables should display
resonant effect

. In their ca.se we can analyse



③

the corresponding Fano limo shapes , as well as,the limo delay to obtain important properties
of the resonant scale

(Varying E) Fano limo shape Timo delay
""HE. It:

By varying E, and keeping E- so , we can
"
move

" the
resonant slate and change the scattering propertiesoteho system .

In fact
,
if the energy of the resonantstate is brought noon Eso , the s-wave seafaring

{myth will go,through
a polo ( Fash bach resonance) .

Varying E ( E-- O ) .

- E

-

-

Fano - Foshbach Energy
%

resonance # th a
fit a,20 )

'

, 2µA,
'

e' Ena: Cesaro -- Ena)
(3) EZE : For this case both channels 117 and 12)
are open . As cresol L - both elastic and inelastic
process can happen . In there cense the scatteringlength will be complex and it won't diverge
moan a resonance whom E -- E

.

-

t



⑨

Lots Thom got some calculations to explore those
scenarios more carefully

⑨ CASE ft) ELO : For this case
,
since both channels are

closed
,
the geo moral solution can be wnieom as

neo Cr) = UE'd cry l l ) t UFJ (r ) 12 )

with components given by
) - Kr VM- eU'e'om -- A E

u rn = Be
-Kr

who no K2 = Zee LEVEL and VT 's zu ( E TIEDthe = RE t K2 . We want
to use the Boche - Peierls bondany conditions in order todeterMino tho of K :

) )

darkie ↳ = - f: f: ↳
4- - read Ya . " e) I:) -- o-KB B Vaz - E

Quantization Condition : (del - O)

fairyftaz-VW.in#)-p2=of
SIDE NOTE : DOGS il Mako sonso? selling f-0 ,
there are two solutions I if a, 20 and a220)

K
-

- ya, no
Tithe star → E=E-¥n



⑤

In order to find the solutions of the quantization
condition once moods to solve it numerically .

For a, =L, Azs 0.2 , B. = O . I (assuming u-- raz = Yz ) , OMG
obtain :

Eo -245 \
a

E
-¥
chat

E -I a
Zµaz

⑧ CASE CD O CE CE nolo that thro is only one o pom channel -whoso solution can BG GEPross 69 as

neo er) = UE'd cry l l ) t UFJ (r ) 12 )
with components given by

UE' 'o = A sin fkr -18 ) ( opon channel )
(2) - Kr

UEO Ch = B E ( closed channel )

who no KE ZHE - E) he = RE - fi . Wo now want to use the
Bothe - Peierls bondany conditions in order to deterMinotho phase - shift 8 :

l l

dare ↳ = - fae' E to
C.I:o) -- - ftp.Eadfsigo)



⑥

where D= BIA
.

Wo can solve tho above equation
for Land

,
and find :

tan8rES=-kfta_a2r [Kike - fi ]
SCATTERING LENGTH (vary E and fix E=O)

In order To dolor mins the scattering length
we now just mood to calculate a = - liner,o Tan01h ,
which loads to

a=faia¥ai
a. a. @ armamentswhich diverges whomever Az20 and

at E = Eo
,
where

Eo=h-aiazR5zI
Nolo that tho resonance occurs for a value of E
which is shifted from the bare scale crossing( Escue theme ) such that

Eo - Eben, = - [ a.az8212 - a.az p2)) I z CO
2µCz

reflecting the inker channel in Coronation , controlled
by the p paramotor .

-

-

E
.

-

-

Er
.

- Tae I 00I:# e
l lEnow

"

, tryna, sit at O )
y

'

;

Eo ! Ebone



⑦

We can fit the values of aCE) accordingly
to the Wigner - B noil formula

are) ⇒ fit Lego) abg
who the resonance width SE is defined as
the difference between the values of E in which
a-- oo G- Eo ) and Ceo ( E -- Tikva) loading to

sE=-aazRC2-aazf4zIua÷
and back ground scattering length , agg , by the
value of a CE-ooo) , loading to

abg
RESONANT STRUCTURE ( fix E and vary E)

In order to analyse the resort structure of the system
we can look for the Fano limo shapes

FCK) = l l - SIU = l l - Eid Ivy = Sim 'S

FM=fai¥÷ EKE me

In order To obtain some of the resonance proportions
we now compare the abort expression to The stern dail
Fano limo shape , i - e .

,

Foxes = raffia when E- E?q



⑧

Ro all that this expression is valid for isolated resonances..
Recall also the following properties :

Minimum : Frg ,E) = O : E = Eros - q Roshe E min

Maximum : Ffg , E) -- l : E = Eros t Fay = Emaar
) )291 o

off- Ros : E → 00 : Fry, E) =
, ,Iqz Emax - Emin =

-

- E ft -' 'H
r

::÷:÷iiio÷÷%¥mn⇒em*ea
Maximum : frm = I i fta , - again) -- O

Emax-E-zEuaythufaag.BY/i-aia
Off- Ros : If l E - Eros / rn I 2) I

,
we can assume that al E- E

Fck) Lobo off- resonance . In that case

tianya.ee#ai-riq=h-aa:a-Q
Using the Guuations above we can find Eros and Pros

Eros = E - HI t tfaifo-f2-a.azpDCI-a.az#Zua32uaz-Ll-2aiazfsZtaTfketazpu ))
= E -I tha

, Kaja!) rt Eban ( a. af Kl )
Zira 2M



⑨

Pros = + atkcpZCZ-aazp7h-a.ae#h
an ft - za.az pet at Chef + age") ) M

- + (9ahqIaa÷a£geL) Eaa; - o la . areal )

Recall there these expressions are only valid if
I E - Eros / rn I 2) I r Eros Aros 271 and dear @251

SIDE NOTE : It is prolly straight forward To calculate
the limo delay once we know far 8 IE) :

Q CE) = - 2K Ides CE) er
(E- Eros)

Z
+ ( Prost)Z

Ex : vary E , for different values of ai , and age I

@ = O . S and EE 100 (off- resonance regime )

(Fano limoshapes)
at O- Ots

a, = I

9=0.475
A, = 0.2

f- (E)
q- 0.975

a, so . I

also-OG GE 1.642

E

(E -- Ebarb)



④

( limo delay)

A , -- 0.06

-

Q CE) ya . -
- o. I

am

!
-
a"" / retro

,

I =
L

(Eros)

Ex : vary E , for different values of Ent Eo f- 15.2881)
( nba - resonance regime ) , and a, =L , Az = 0.25 , BIO . 3

(Fano limoshapes)

E- Eo

) E -- 15.7 E- it E- 18 E- IS E- 20
if 2=16

(NOT A FANO
LINESHAPE)

FIE)

E



④

( limo delay)
E- Eo

j
E -- 15.7 (NOT A
2=16 E=1g

E- 20

E- it E- ' 8 LORENTZIAN)

QCE)

E

Nolo Theil whom approaching E- Eo , Pros first
increases but at some point Pres → O as E -D Eo

,

• CASE : EZE
.

In this case
,
our problem will have

two open channels .
This will allows for both

elastic and inelastic processes .

Tho r#0 racial solution is now written as

⇒ if:&) - I " Go ' :)
whoa Ki 's , is the K-matrix elements and

f , ~ Sim ( Kir ) g , N - costar)
£ .- Sim Ihor) oyer - cos fkzr )

with
his zµ IET E)At
his Zee EAT = R2



④

The idea here , is the samo Chan before
.

We
want to apply tho Boho - Peierls boundarycondition

,
and soduo for Kij :

darts:. = - Eadie:umt⇒
Once that is done we can use the following
relations to find the scattering length

S = I + ik
Fix

→ Sad = ezio

or
-

- bei
Zi

knowing the phase - shift we go.EE by :

a = - Lim Tanda ( hi = he as EBO )
Koo A-

= az ret ia, ke )
-

Itia, he - a.az p
'

Roca3saedl-aiazfi-a.me#( t - aeazpz)
- take

⇒=i÷&ao
Reality check :

BEE? Jos Roca] - aa Imca) = o



④

EXAMPLE : Rafa] far -- I
,
he e- 2)

B. = 0.05

f.= 0.075

f-0.1

Yaz

Imca)

Yaz
8=0.1

f. = 0.075

B. = 0.05


