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Throughout this thesis we explore ionization processes ranging from the single photon x-ray
and ultraviolet limit to the opposite adiabatic infrared limit where large numbers of photons are
required for ionization. We will summarize criteria responsible for the breakdown of perturbation
theory and outline key aspects of the non-perturbative theory. Our numerical calculations bridge the
short wavelength limit of single photon perturbative ionization to the long wavelength limit of non-
perturbative multiphoton ionization to demonstrate an optimal wavelength regime for generation
of electron pulses for probing chiral systems in rare gas atoms.

Breakdown of the widely used asymptotic saddle point approximation in strong-field physics
is analyzed for ionization of electrons bound to p—states. We resolve this issue by evaluating
Keldysh’s ionization amplitude exactly. Finally, we present an analytic model for the perturbative
two-photon ionization of atoms by arbitrary fields. As an application we reconstruct isolated
attosecond pulses and pulse trains from a provided autocorrelation trace generated in a pump

probe ionization measurement. The results are generalized to the non-perturbative limit.
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Chapter 1

Introduction

1.1 Background

The interaction of atoms with radiation fields is qualitatively different depending on the
intensity of the applied radiation and energy of constituent photons. Electrons with binding energy
I,, exposed to very weak radiation with photon energies fw > I, behave differently than the same
electrons interacting with intense fields comprised of photons with energy hw <« I, (w is the angular
frequency of each photon and h is the reduced Plank constant). When weak fields comprised of
highly energetic photons strike an atom, there is some small, but finite probability that the initially
bound electron will absorb a single quanta and ionize, where all additional energy is translated into

the kinetic motion of the ejected electron:

Ep=hw-1,. (1.1)

This single-photon ionization process was first explored by Einstein [54] in 1905.

If the weak field is now comprised of photons containing energy hw < I;,, then multiple quanta
must be absorbed simultaneously for ionization, which was first discussed by Dirac in 1927 [46}153].
In this early work it was stated that “These (two-photon) terms correspond to processes in which
two light-quanta are emitted or absorbed simultaneously, and cannot arise in a light-quantum theory
in which there are no forces between the light quanta. The effects of these terms will be found
to be negligible, so that this disagreement with the light-quantum theory is not serious.” Dirac

claimed that multi-photon processes were an artifact of his theory and not a true physical process.



Over time this has been proven untrue. Four years later the full theory of two-photon absorption
was developed by Goppert-Mayer in 1931 [67] with experimental verification three decades later by
Kaiser [91] in 1961.

In subsequent decades Dirac’s perspective changed until in 1958 |48] he stated that “Similarly
for a more general radiative process in which two or more photons are simultaneously emitted or
absorbed, the probability is proportional to (an intensity) factor I for each absorbed photon and
I +hv3/c? for each emitted photon (where h is the Plank constant, ¢ is the speed of light, hv is the
photon energy and I is the field intensity). Thus, the process is stimulated by incident radiation in
the same direction and with the same frequency and polarization as any of the emitted photons.”
These ideas outline the most fundamental principles of perturbative multi-photon processes. When
weak radiation interacts with an atom the probability of absorbing n quanta is proportional to
(I/Iyn.)"™ < 1, where I, is a characteristic value defined as the intensity associated with the
electric field binding an electron within the Hydrogen atom (see section . Tonization in this
regime is dominated by the lowest-order (ng, = [I,/hw]) photon process.

The advent of the first Ruby laser by Maiman in 1960 [120] allowed experiments to utilize
stronger coherent radiation than was possible before and allowed for serious investigations into
processes involving a large number of field quanta. This advancement allowed Agostini et al. in 1979
[3] to irradiate xenon atoms with high enough intensity to not only observe the dominant lowest-
order (ngy,) ionization process, but an additional perturbative (n¢,+1) photon process corresponding
to a single free-free transition in the continuum. This process is known as above threshold ionization
(ATT). As technology improved over the following years, higher order ATI peaks were observed
where the largest probability for emission was surprisingly found for the absorption of n > ny,
photons and not the lowest order process predicted from perturbation theory [2,|138]. These were
some of the earliest explorations of non-perturbative multi-photon processes. Transitions are still
described by the absorption and emission of field quanta, but the framework of perturbation theory
breaks down.

Theoretical models for these processes have been available decades before these experimental



observations. These models originate from Oppenheimer’s model of ionization of Hydrogen by a
static field in 1928 [132]. Here, the initial Hydrogen ground-state perturbatively interacts with
the applied field once before transitioning into a final state described by an otherwise free electron
propagating in a static electric field. The framework of perturbation theory is still used, but the
final-state includes all orders of the field-interaction. Subsequently in 1965 Keldysh [98] applied
Oppenheimer’s model to ionization of atoms by linearly-polarized alternating fields. The final state
describes the motion of an otherwise free electron in a dynamical field. Both of these models are
able to determine largely the correct ionization behavior in terms of physical parameters, but are
missing a proportionality factor due to the fact that the final state in this first-order amplitude
does not include the long-range Coulomb potential during and after ionization.

In subsequent years Keldysh’s model was extended by Perelomov, Popov and Terent’ev
[135H137] to include arbitrary initial states and both circular and elliptical polarization. These ear-
liest Keldysh-like theories employed asymptotic approximations most accurate for long-wavelength
radiation. Faisal and Reiss [57,|146] extended the model into the short-wavelength limit by eval-
uating the amplitude exactly in the vector-potential (velocity) gauge opposed to the electric field
(length) gauge used in earlier works. This method pushes the theory of strong field ionization into
the short-wavelength limit, but fails for initial states with orbital angular momentum [ > 0 due to

the use of the velocity-gauge [204/146].

1.2 Structure of the thesis

The thesis is structured as follows. Starting in Chapter 2, we will outline fundamental
principles of the perturbative theory of light-matter interaction. Here, electrons propagate as they
do in atomic systems and applied weak radiation fields kick the electron a finite number of times
between atomic states before finally transitioning in the continuum. We will finish the Chapter by
discussing necessary conditions for the applicability of the theory.

Subsequently in Chapter 3, we will summarize key aspects of the non-perturbative theory

of light-matter interaction, where both atomic reference-states and reference-states of an elec-



tron propagating in the field are required to determine a low-order expansion which describes the
non-perturbative ionization process. We will start by describing accurate numerical methods for
modeling the ionization of atoms. Afterwards we will describe the analytic models of Oppenheimer
and Keldysh [98,/132] and briefly summarize the influential models of Perelomov, Popov and Ter-
ent’ev as well as Reiss. As an application we will outline difficulties associated with the long-range
Coulomb interaction and applicability to "real” atoms.

In Chapter 4 we present results of numerical calculations describing ionization where we
explore the transition from single photon to perturbative and non-perturbative multi-photon ion-
ization. We explore optimal wavelength regimes for how atto- or femtosecond laser pulses may
potentially provide the opportunity to generate ultrashort spin-polarized electron pulses for prob-
ing chiral systems and magnetic properties of materials. A key element in the generation of spin-
polarized electrons is a selectivity in ionization to the sense of the electron’s rotation in the initial
state with respect to the rotation direction of the laser field. We will therefore identify mechanisms
which increase the ionization from a specific magnetic sublevel over the others.

In Chapter 5 we demonstrate the breakdown of the asymptotic approximations used in the
ionization amplitude of Keldysh as well as Perelomov, Popov and Terent’ev for initial p-states irra-
diated by circularly polarized fields. To overcome this challenge we expand the ionization amplitude
for an arbitrary initial angular momentum state exactly in terms of partial wave components for
both circularly and elliptically polarized fields. Our spherical expansion has been motivated by
the cylindrical expansion employed by Reiss [146] in velocity-gauge and Bauer 23] in length-gauge,
however we believe our complementary method is more convenient for initial states consisting of
higher angular momentum components.

In Chapter 6 we will derive semi-analytic perturbative two-photon amplitudes for the ioniza-
tion of atoms by arbitrary polychromatic fields. These formulas are applied to reconstruct isolated
attosecond pulses and pulse trains from a provided autocorrelation trace. A feedback loop is used
and ionization is determined from a model laser parameterized by a set of variational parameters.

The field is recovered when variational parameters are determined such that the exact autocorre-



lation trace agrees with the trace generated by the parameterized field. The amplitude is extended
to the non-perturbative limit where time is partitioned into slices (¢y-1,tm] (m € Z) [63] narrow
enough such that perturbative formulas may be applied over each interval. We believe that this ap-
proach may be a useful alternative to the earlier non-perturbative methods in applications requiring
short pulses and long-range interactions.

We will complete the thesis with a brief summary.



Chapter 2

Perturbative Theory of Light-Matter Interaction

The theory section of this thesis is intended to systematically introduce concepts such as
Green’s functions, perturbation theory and non-perturbative approaches to ionization in a way that
bridges standard upper-division undergraduate quantum mechanics, first year graduate quantum
mechanics [125]151,/152], more advanced Green’s function approaches to strong field ionization
[5,57.98,107,132,/146] and finally our own non-perturbative approach that generalizes the amplitude
of [98,132] by expanding the final scattering-state in partial waves [27,29/107] which will be discussed
in Chapter [5l We will try our best to honor the original texts, but may find our own way to their
results. The present Chapter will focus on the perturbative theory while the subsequent Chapter
will discuss the nonperturbative approaches.

The first section will focus on Green’s functions and the Lippmann-Schwinger equation. We
will use reference states of a free particle scattering off of a Yukawa potential to motivate the idea of
a reference Green’s function and perturbation theory. In the second section we will describe multi-
photon ionization of an atom interacting with a weak laser field. Here, field-free atomic states will
take the place of the plane-wave reference Green’s function and the (dipole) laser interaction will
take the place of the Yukawa potential described in the earlier section. We will focus on one- and
two-photon ionization. In the third section we will discuss the breakdown of perturbation theory
and motivate the subsequent Chapter on nonperturbative approaches. Throughout this thesis we
will use cgs units and switch to the system of atomic units (a.u.), where m = |e| = h = 1, when

convenient.



2.1 Green’s functions and the Lippmann-Schwinger equation

The time-dependent Schrodinger equation

[m% - H(x)] U, (z) = 0 (2.1)

describes the time-evolution of a physical state W;(z) under the influence of the Hamiltonian

2
H(z) = ;’—m +V () (2.2)

for a single particle. Here, p = —iAV, determines the momentum of a state and V' (x) represents an

external potential with x = {r,¢}. The index j is included to emphasize that a system of orthogonal

states satisfies Eq. (2.1)).

One may relate some known initial state W(x) of the system to the state of the same system

at a later time through
W(z) = ih fR dro G (; 70, 1) ¥ (ro, to) | (2.3)

where the Green’s function
Glasa') == 0(t 1) 0, (2)T; (@) (2.4)
J

is determined from all states ¥; satisfying Eq. (2.1). Since we do not know the set of ¥;(x) it is
often convenient to suppose we have a complete set of eigenstates {¢;(z)};-12... corresponding to

a simpler closely related Schrodinger equation with Hamiltonian H;/;(x) where

[it2 ~ #y50)| 050 =0 (25)
Using
[m% - H(:c)] Gaa') =60 (2 - 2') (2.6)
from Eq. and
[m% - i/f(x)] Gy (aa’) = 6 (z - o) (2.7)

it is clear that

sz(x):@(x)+fd‘*a;le(x;a;l)x/(xl)@(tl). (2.8)



with

4 — ¢
d I = dtl dI‘l (2.9)
t;

and

S (z-2")y=0(t-t")6® (x-1') (2.10)

where t; describes the moment where the initial state ¢;(x) is set. This is called the Lippmann-
Schwinger equation [112]. Continuing along these lines the full Green’s function can be expanded

G(z;20) = Gi(x;20) + f d4x1G(x;x1)%($1)Gi(az1;xo)
:Gf(x;x0)+fd4x1Gf(a:;xl)Vf(xl)G(xl;:zo) (2.11)

with respect to the reference states where i/ f are referred to as an initial- and final-state expansion.

2.1.1 Scattering off an external potential
As a concrete example, consider the Hamiltonian
2

Ho(t) = 2p—m (2.12)

corresponding to a free particle with states

bule) = TG () and gy(r) = (2.13)
= 2m r 1n r)=-——" .
k(z)=e K a K (2n)i
The reference Green’s function becomes
) dk ; ; r2K2 7 m 3/2 'm(A'r)2
Gi(z;2') = ——O(AL f— keAr=(i/h) g At - _Zg(At ( ) ~miRAT 2.14
(5a') == 6(A) | Grya© ’ RO sminar) ¢ (2.14)
where in the Fourier basis
é(k):fdwk(r)@(r) with q)(r):fdkti)(k)¢k(r). (2.15)

one may find a simpler representation of the Green’s function by transforming r and r’ to give the

representation in the momentum space

@i(k,t;k’,t’):—%H(At) [ 44 1)5a 071, (2.16)



Transforming the states we have

da(k) =8P (k-q) (2.17)
which gives
Goll, 51, ) = =3 6(ANGD (Ak)e (1375 (2.18)
and the trivial equation of motion
F:%:h%:o. (2.19)

Individual momentum states ¢x(z) exactly follow the classical equation of motion and quantum
mechanics describes the interferences between momentum components k and k’ within a single
state.

Considering now Eq. (2.1)) with potential

2
2P

V(z)=- (2.20)

and truncating at first order
W) = g (2)+ [ derGilas o)V (@) (1) = 00 (2) + 00 () (2:21)

where the superscript (in) denotes the incoming plane-wave and (sc) the first-order scattered state.

The contribution to the scattered wave with momentum k is given by

B2

- ) t . ~
MO (k1) = [ d4w¢k<x)w<“><x>=—%fo dty 1Mz (FEDN 7 (1 ) (2.22)
where

t . .
fo dtyelMAet = GIMA 260 ((1/h) Aet/2)t = 6,;((1/h) Ae/2)

o s ((1/R)Ae/2) = 2—’;5“)(14 “k) (2.23)

enforces k = k; in the ¢ - oo limit and

el

2 1) 22

62
V (kL) = / dr1 $r(r1) [—%eum] i (r1) =
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with ¢ = |k - k;| = 2ksin(0/2) yielding

Zle]” 6:((1/h)Ae/2)
M) (k1) = 2.25
T N C R (229
with the scattered rate
_ Z2e*m 6 (k - k;)
(sc) _ % 1 (sc) 2 _ i
w'¥ (k) tlil?ot |IMB (k, )] Ik (i) (2.26)
and angular distribution
dAG0) oo 1 Z2\e|*mk
= dk k*w(kk) = 2.27
aQ [0 w(kk) 4m4h3 (4k2 sin?(0/2) + p2)? (2:27)

which is the Rutherford scattering angular distribution as p — 0.
In Fig. an example of an angular distribution is shown for a plane-wave (electron) scat-

tering of a Yukawa potential with Z =1, p=1/5 a.u. and k =1/8 a.u..

90
120 60
0.03
150 0.02 30
0.01
180 © 0 | X =0)]
210 330
240 300
270

Figure 2.1: Angular distribution (with I" = w) in arbitrary units for a plane-wave (electron) scat-

tering of a Yukawa potential with Z =1, u=1/5 a.u. and k =1/8 a.u.

The Lippmann-Schwinger equation recursively relates the solution of a simple problem to a

more complicated problem of interest. In the next section we describe atomic reference states and
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subsequently apply the ideas from this section to discuss ionization of an atom by the perturbation

of a weak electric field.

2.1.2 Atomic states

Atomic states are often represented in spherical-polar coordinates
x=rsinfcos¢p, y=rsinfsing and z=rcosf (2.28)

with some spherically symmetric potential V,(r) = V,(r). Using the Laplacian

- :2 aar ( ;) t 2 L (2.29)
the time-independent Schrodinger equation (TISE) in atomic units is written as
géé%;(r28i§f)) LQf(r) +2(E -V, (r))e(r) = 0 (2.30)
where the eigenspace of the angular momentum operator L? is given by
L2Y™(¢) = 1(1+ 1)Y;"(¢) (2.31)
with spherical harmonics Y, (). Applying the separation
¥ = R(r)Y™(#) with R(r) = XY) (2.32)
we are left with the radial equation
dzgf+ﬂE—n@»—W+” () = 0. (2.33)

Since 9 is finite everywhere in space we have x(r) % 0 and @ bounded for r - oo [27,/107].
For the special case of Hydrogen the analytic solution may be determined. Using V,(r) = -1/r
and defining

n=1/vV/-2E and p=2r/n (2.34)

the radial Schrodinger equation can be written as

R" + R [1+E—l(l21)
4 p p

]Rzo (2.35)
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where primes indicate derivatives with respect to p. The solution R is found by taking the product
of its solution for p - 0 and for p — oo with some other function which must be determined. Taking

p — 0 and setting R o p” one sees
v(v -1 2+ wp" 211+ D)2 5 0= v =1L (2.36)
Similarly for p - oo the TISE becomes
n 1 -p/2
R—ZR:O:RLXep (2.37)

yielding

R=ple?Pw(p). (2.38)
Inserting R back into the Schrédinger equation one obtains the hypergeometric differential equation
pw" (p) + (2L +2 = p)w'(p) + (n =1 - 1)w(p) =0 (2.39)
which we will describe in the next subsection.
2.1.2.1 Hypergeometric functions
Eq. is a particular case of the confluent hypergeometric differential equation
2+ (y-2)u —au=0, (2.40)

which is satisfied by the hypergeometric function

L az ala+l)? Q& () 2
1F1(a,’y,z)—1+;ﬁ+ma+---—7; O (2.41)
where
(a)n=r(l?(—;)n) (2.42)

is the Pochhammer symbol. Here, the sum converges for all finite z and a while v cannot be zero

or a negative integer.
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Since the confluent hypergeometric differential equation is second order there must be an

additional linearly independent solution which is determined by the substitution [107]
w=2"uy (2.43)
where
zuf +(2-y-2)u] - (a=v+1)u; =0, (2.44)
which immediately yields the independent solution
AN F(a-y+1;2-7;2) (2.45)
where v cannot be an integer greater than 1. The general solution is therefore
w=a1F (a5 2) + b2 Fi(a—y+1;2-7;2) (2.46)

where a and b are arbitrary constants.

Returning now to the determination of electronic states for atomic hydrogen we have
w=a1F1(-n+1+1;2l+2;p) (2.47)

since solutions must be finite at the origin. Using the boundedness of R and properties of 1 F} in
the limit where p — oo from Ref. [107] we have n to be an integer with n—{-1 > 0. The bound-state

solutions are therefore given by

2 (n+1)!

T2 1) 2r)le /M Fy(~n+ 1+ 1;20 + 2;2r/n). (2.48)

Ry (r) =

Following the same steps for continuum states we have parameters

n=-i/V2E =-ilk, p=2ikr (2.49)
and radial functions
Ry (r) = L(%r)le‘imlﬂ(i/lﬁ +1+1;20 +2; 2kr) (2.50)
(20 +1)! ’ ’

with normalization
2
Cy = \/jke”/%\l“(l +1-1i/k)] (2.51)
T

on the k-scale.
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2.1.3 Single active electron approximation

For atoms other than Hydrogen analytic solutions to Eq. (2.33) are in general not known.
We assume each individual electron orbitals in an atom given by an averaged (fixed in time) atomic

potential

Va(r) = Viong(7) + Vehort (1) + Vanen(7) (2.52)

generated from density functional theory (see Ref. [143]). The numerical potential V,(r) is fit to

the functions
Zle?

r

Viong(r) == (253)

which corresponds to the long-range interaction between an ionized electron and the residual charge

Ze|, while
Vahort (1) = = Zcf'Qe‘C’“ (2.54)
and
Venen(r) = - Z aje " (2.55)
J

approximate the average interaction of all other electrons at short distances.
To find the states in this case one defines a maximum radius ryax With boundary condition
X(Tmax) = 0 and solves Eq. (2.33) numerically. The first approach we use involves expanding Eq.

(2.33) in some basis and solving the eigenvalue problem

Hilxi) = Elxi) (2.56)

for each [ to determine a truncated set of both bound-states and discrete continuum states that
span the finite box. The second approach we follow involves integrating the radial function y from
r =0 to rpax using Eq. where a boundary condition d%X|r:0 is set to some small constant
e. For bound states a particular energy E < 0 is chosen as a lower bound. If x(rmax) = 0 (up
to some tolerance) then the associated state is a bound-state. If the boundary condition at ryax

is not met, then F is increased by some increment and the boundary is checked yet again. For
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continuum states the procedure is simpler. All E > 0 satisfy Eq. (2.33]) and therefore one only needs
to integrate the radial equation and normalize.
On the k—scale the parameter € is determined by fitting each radial function to the asymptotic

solution for r — oo [27]
2
Xk(r) ~\ /[ —sin [kr +log(2kr) [k - lx[2 + mi (k)] , (2.57)
T

where the additional fit parameter n;(k) describes the so-called scattering phase shifts relates radial
functions Ry (r) to the scattering states
1

o | B — =
-2 2 At e MO R () Y ()Y (8) (2.58)
=0 m=-1]

o (r) =
which describe the momentum of an electron in the continuum. For hydrogen atom we have
m(k)=arg[T(l+1-1i/k)]. (2.59)
For short-range potentials the same procedure is applied to the asymptotic solution
2 .
Xk(r) ~\ /[ —sin[kr—in/2+n(k)] , (2.60)
s

where

m(k) =0 (2.61)

for a zero-range potential. We almost always use the first method to determine a set of bound
states and the second method to describe the continuum.

Diagonalization ensures orthogonality of the bound states, but produces a set of discretized
continuum states. Assuming continuum wave-packets do not approach r = ryax, the discrete basis
is able to describe physical observables and represent the state well. Unfortunately, in the limit
of t —» oo, corresponding to states of ejected electrons (r — o), determination and interpretation
of the photo-electron distribution becomes difficult, but possible given the binning procedure of
Ref. [84] as an example.

The shooting method proves to be an inexpensive straight-forward procedure for determin-

ing final scattering states with clear physical interpretation. When applied to bound states an



16

additional orthogonalization procedure is required and accuracy is not guaranteed. In practice
the discretized continuum proves to be an efficient computational basis where the true scattering
states determined through the shooting method may be projected onto the computational basis to
describe properties of the photo-electron distribution at the end of a calculation. It is important
to separate states corresponding to physical observables and convenient basis sets for numerical

calculations.

2.2 Dirac and Fermi’s golden rule
We will now consider the ionization of an atom initially occupying the atomic state
6i(x) = Ri(r) Y (5) (2.62)

by a single photon from the linearly-polarized monochromatic electric field

E(t) = g [efi”t + eiwt] . (2.63)
Using the first-order expansion [47,62]
U(z)~ ¢i(x) + f d*21Gi(w;21) Vi (21) di(21) (2.64)
and laser interaction
Vi(z) = e|E(t) -r (2.65)

the distribution of ejected photo-electrons can be described by

- . t i h2k2 —hw
M(k,t) = fd4w¢£_)(fv)‘1f(a:) =—%f0 dty ¢ /h)( el )th;-(k), (2.66)

where
Ho(z)¢i(x) = —Idi(2), (2.67)

I, = h*k*/2m and

W9 = [ ol [l 0utr) = (elBJR) D' Oy () (269
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with
m 4 © X AN A MG [ A
O =[5 [T drr? R ()rRiG) [ YT EYEY ). (2.69)

Since the energy of a final ionized state must be larger than the initial ground state we have

only included the single photon absorption contribution
1 —twt
le|E(t) - r— §|e|Ee z (2.70)

and assumed polarization in the z-direction. Additionally the integral over three spherical harmon-
ics

[ AT @YY ) (271)
enforces the angular momentum selection rule m; = m and |l; - 1| <1 < [; + 1 for linearly polarized
lasers in the z-direction. For elliptically polarized lasers (in the x —y plane) the selection rules
remain relating | and /; while m = m; + 1 due to the harmonic contributions Y;*!(#). For higher-
order photon processes corresponding to Eq. these rules hold between photon orders.

For the simplest case of an s-state interacting with a zero-range potential one has [136]

e*l{?"

Ri(r) =~ Cﬁ70m3/2

- (2.72)

and
zk -r

o) = G \/3 Sk OV (5) (2.73)

which immediately yields

Vi(k) = [[e|B- (iVi)] ¢i(k) , (2.74)
where
zkr1
5:00 = [ dei o gpontr) (2.75)

is the Fourier transform of the initial state and Cy o is an asymptotic constant which describes the
the ground-state for xr > 1.
The matrix element becomes

zkr ZCK‘/O(2H)1 /2

Vi) = (1B (1] [ drig ot = — el Bk (2.76)



after inserting

9i(k) = \/771'(]?2 +rK2)

The amplitude is completed by using

t . .
fo dteIMASt — QMR 2600 ((1/h) Act/2)t = 6,((1/h) Ae/2)

21.2
e, 2h5(1)(h i +1p—hw):
2m

where hky = \/2m [hw — Ip] is the final momentum of the ejected electron.

The resulting amplitude is

~iCl0(2K)1/?

(k% + k2)2 [lel EF: ]

Mk, t) = —%&((1/@&/2)

with partial rate

w(k) = lim tHM(k, 1)

Using
2

lim ¢76,((1/h)Ac/2)” = L5 (k- k)

—00 ’Uf
with

muy = hky =/2m(hw - 1)
yields
C? ,(2k)
_ W1 _ Cren( 2 2 2
w(k) = 2h36 (k f>7r(k?+/12)4[|€| Ekycos™ 6] .
Hence, angular distributions are given by
Cro(26)

f dk k2w (k) = - [le[2Ek? cos? 0]

2h3 7r(l<:2 +K2)4

and
02 (2r)
m “k0 2273 2
= 5 E“k 0
d(cos&k) / gode h3 (k2+ 2)4[| ¢l F €08 k]

where the ionization rate is determined by

4dm

T 3p3 (k:2+ 2)4

kf -0 4m
3h3k 7

(el E*k}] — | PE°k} o< k

f

2m
Wk -k
0 (k—kg)

2lf+1
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(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)
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. 2lf+1
which follows the expected kY (Iy

[y

= 1) near-threshold scaling , 72]. Exactly the same

steps are followed in the case of more complicated atomic potentials where ¢;(r) and qbl({_)(r) are

calculated numerically. This approach is taken in Chapter [6]

T T T

T T T T

TDSE
golden rule

ion yield

! !
10 20 30

40 50 60 70 80 90
wavelength (nm)

Figure 2.2: Comparison of the total ionization yield between Fermi and Dirac’s golden rule and the
time-dependent Schrédinger equation. The linearly polarized field has an intensity of I =1 x 104

W /cm?, duration of 16 cycles and wavelengths between 10 nm and 91.928 nm.

In Fig. we plot the zero-range total ionization yield

27
Nion =1- €xXp I:_>‘ (Ncyclesz):l

(solid line) for a 16 cycle laser at I = 1 x 10! W/cm? for wavelengths between 10 nm and 91.928

(2.87)

nm, with the longest wavelength corresponding to fiw = I, = 13.6 eV. For comparison the blue dots
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in Fig. correspond to the numerical solution of the TDSE using 8th order B-splines (which will

be discussed in Chapter |3)) where the ground state is described by the Yukawa potential

Zlef?
-——e

Va(r) = ~rfa (2.88)

with a range of one fifth of a Bohr radii (a = ag/5), Z chosen such that I, = 13.6 eV and C, is
fit to the asymptotic tail of the exact ground state. The TDSE calculations use a monochromatic

2 ramp function.

16 cycle flat-top pulse which smoothly turns both on an off using a 2 cycle sin
Differences in the two plots correspond to errors introduced by the asymptotic ground state and

the fact that we are not including the shape of the envelope in the analytic calculations.

2.2.1 Perturbative multi-photon ionization

Expanding Eq. (2.11)) to second order

VO @) = [ d'ay Gowian) [fB(t2) -x2] [ d'm Golwasan) [elB(12) - 11]n(a1)

:fd4x2G0(x;x2)[|e|E(t2)~r2]\I/(1)(x2) (2.89)

describes the lowest-order two-photon correction where

v (z) = f d*zy Go(z; 1) [|e[E(t1) - v1]di(21) (2.90)

corresponds to the first order correction as before. In Chapter [6] we will apply these formulas
to Helium in the case of a poly-chromatic field generated from high-order harmonic generation.
Assuming conditions described in the next section are met, Eq. can be applied iteratively to
wij (¢ describe the absorption

generate higher photon amplitudes where factors containing e~ e

(emission) of a single photon during the j—th process.

2.3 Breakdown of perturbation theory

Several criteria exists which must all be simultaneously satisfied for the validity of perturba-

tion theory. Following Ref. |101] we will outline some of the simplest ones.
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2.3.1 Coulomb force

The first criterium for the applicability of perturbation theory corresponds to the fact that
the force associated with the external (laser) field must be significantly weaker than the Coulomb
force binding a free electron to the atomic core. Here, we approximate the Coulomb force at an

electronic distance of one Bohr radius ag in Hydrogen as

2 2
e e
|Foou ()| = % ~ % (2.91)
T ag
where the force applied by the electric field is
|FL| = |e|E. (2.92)

Setting these two quantities equal to one another, we obtain the characteristic electric field

and intensity

BLE;U, = 3.51 x 106 W /cm? (2.93)
T

Faw =19 514x10° V/em = Iy =

ag
binding the electron to the atomic core. For perturbation theory to be valid the external field
amplitude E must satisfy

E < B, (2.94)

and therefore not significantly distort the ground state orbital motion.

2.3.2 Bound state intensity parameter

The second parameter we will describe relates the energy of a single photon Aw to the power
broadening of a level due to the application of a strong field |e|Eay where the characteristic scale
ap is the Bohr radius of the atom related to the ionization potential by I, = h?/ 2ma(2) and FE is the

field amplitude. The ratio

hw

_ 2.95
7 Eag (2.95)

is referred to as the Keldysh parameter [98]. When this value is significantly greater than one

(v > 1) the level broadening is small compared to the energy contained in a single quanta. When
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(7 «< 1) the level broadening is large compared to the photon energy and the number of photons
needed to transition between levels is indefinite.
In the literature Reiss |[146] has introduced a more convenient ”bound-state” intensity pa-

rameter
20, 1
= =— 2.96
2 (296)
which re-expresses the Keldysh parameter in a way that it relates the ionization potential of the

initial bound state I,, to the time averaged quiver energy

B |e|2E2
T~ mw?

Uy %mw(x(t)z) (2.97)

of a free electron in an external field.

One typically refers to v > 1 as the (perturbative) multi-photon regime since associating
features with a particular photon process is possible. Here, processes involving fewer photons are
most probable. The v <« 1 limit is referred to as tunneling ionization where many different photon
orders (possibly infinite) contribute to processes. In this limit the field-free atomic system is no
longer a good reference. It is important to recognize that multi-photon processes are still responsible
for ionization, but perturbation theory fails. Processes involving a large number of photons can
contribute more than lower order processes.

In the static limit (7 = 0), ionization becomes tunneling through a time-independent barrier
[107]. The electronic ground state of an atom like Hydrogen [124] is shifted and broadened by the

electric field F' (in atomic units) as it increases. The energy follows the form
E(F) =e(F) - %F(F) (2.98)

where I'(F')/h describes the tunneling rate out of the Coulomb potential [132]. Perturbatively

correcting the Hydrogen ground state as in Ref. [142] one obtains the expansion

E(F) ~ _% e (%)Qn (2.99)

n=0

where e,, are real coefficients that grow factorially. This expansion is real and therefore cannot

describe T'(F') and the ionization process.
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2.3.3 Continuum state intensity parameter

The third parameter we will discuss relates the quiver energy of a free electron to the energy

contained in a single field quanta
Up

* hw

(2.100)

which Reiss has called the ”continuum-state” intensity parameter [146]. A classical electron inter-
acting with a time-dependent electric field accumulates a time-averaged kinetic energy Up,. If a large
number of photons with energy Aw are required to describe the classical motion, then the process
is inherently non-perturbative. In Chapter [5| we will expand the non-perturbative amplitude for
ionization in a strong circularly polarized field in a series with respect to z; and z, and show that
as the laser wavelength increases so do z; and z necessitating increasingly higher order terms.

In Fig. we plot shaded regions where F < E, ., 21 <1 and z < 1. For given laser parameters
perturbation theory is limited by the continuum state intensity parameter z. The dark red shaded
region corresponds to z < 0.1 corresponding to a region where perturbation theory should be valid.
An intensity estimate of 2.6 x 102 W/ cm? for ionization by a Ti-sapphire laser (800 nm) is noted

by a horizontal and vertical line within the Figure.
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Breakdown of perturbation theory

0.100r
0.001r
’;. Force(w)
fi Bound(w)
—_ 10—5 L Free(w)
----- 0.1 Free(w)
107"
0.00 0.05 0.10 0.15 0.20 0.25
w (a.u.)

Figure 2.3: Shaded regions correspond to regions where F < E, . (blue), z; <1 (green), z <1 (red)
and z < 0.1 (dark red). An estimate for the applicability of perturbation theory is given by the
dark red region. The vertical grey line corresponds to a laser wavelength of 800 nm, at which an
intensity of 2.6 x 10'2W /cm? (horizontal line) marks the limit where perturbation theory would
approximately break down for a Ti-sapphire laser.



Chapter 3

Non-perturbative Theory of Light-Matter Interaction

Attempts made at modeling (non-perturbative) strong field ionization dates back to at least
Oppenheimer in 1928 [132] where an expansion similar to the golden rule [47,/62] was generated
for the ionization of Hydrogen by a strong static field where the final scattering states of Sec.
have been replaced by states of an otherwise free electron in a static field (Airy functions).
Later in 1964 Keldysh applied essentially the same method to time-dependent fields and derived
the ionization amplitude [98]. In Keldysh’s work the quasi-classical method of steepest descent
was applied to approximate time-integration and the final continuum states have been replaced
by states of a free electron propagating in a dynamic electric field (Volkov states [98,|165]). The
quasi-classical approximation allows for a clear classical interpretation, but fails in the ultraviolet
limit where exact (fully quantum) time integration must be performed. In Chapter |5 we discard
the quasi-classical approximation in our own work where we have further extended Oppenheimer’s
and Keldysh’s amplitude into the ultraviolet limit. Our first-order amplitude is valid for arbitrary
initial and final states, but just as in Refs. [98,/132] higher order approximations are required to
describe long-range potentials. We will focus on the first-order expansion for this thesis, but the
exact same method can be applied recursively to generate higher order corrections.

In the first section of this Chapter we will describe numerical solutions to the time-dependent
problem of ionization by a finite pulse which will be used in subsequent Chapters. Afterwards we will
discuss the main ingredients required to build the strong field approximation [57,98//107},132,1361146]

and key models that have motivated us to form our own approach. The goal here is to summarize
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the points that have influenced our own work and not to determine which models are ”"best” or
provide a complete review. We will try our best to respect the original works and emphasize key
points, but our derivation may deviate at times.

Our starting point is the idea of contour deformation and asymptotic approximations of
oscillatory integrals. Direct integration of integrals encountered in strong-field ionization are either
cumbersome or not available. Asymptotic approximations are able to extract simplified properties
of a system in some reduced parameter space. These ideas are immediately applied to the quantum
propagation of a free electron in a static external field where we will recover the classical equations
of motion and describe quantum turning point behavior. Next, we will apply Oppenheimer’s
model [132] to describe the transition of a bound electron into the before mentioned states of
an electron propagating in an external field. For hydrogen atom (and all long-range potentials)
the final state must somehow include the influence of the atomic potential. Although mostly
correct, Oppenheimer’s rate [132] is missing a constant proportionality factor recovered by the
s-state Landau and Lifshitz model |[107] which includes the influence of both the Coulomb and
laser interaction in the final state. Afterwards, we will average the static ionization rate of a long-
wavelength field over a laser cycle to generate the so-called adiabatic ionization rate [5,|136]. At
shorter wavelengths the adiabatic approximation breaks down and the ionized electron must be
described by a final (Volkov) state which is determined by the full time-dependent electric field as
we will discuss. We will finally discuss the non-adiabatic rate given in Ref. [98] on which our own
method is based on and the complementary methods of Perelomov, Popov and Terent’ev [136] as

well as of Reiss [146] which have also influenced our approach.

3.1 Numerical solution

The most straightforward way of modeling strong-field problems for which perturbation the-

ory fails is the direct numerical solution of the time-dependent Schrédinger equation. W(z) is
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represented in spherical-polar coordinates where the state is expanded as
r,t R
() - 3 XDy (3.1)
l,m r

in the basis of spherical harmonics over § and ¢ and the radial function x; ,,, (7, t) is either represented
on a grid or expanded in some basis.

Finite-difference methods correspond to approaches where x; ,,(7,t) is represented on a grid
with points at r; = jor where j =1,2,..., N, and rynax = rn, represents the edge of a finite "box”.
r and functions f(r) are represented by a diagonal matrix evaluated at each 7;. To cope with
outgoing ionized wave-packets that would otherwise reflect off the edge of the "box” at r = ryax,

exterior complex scaling 78] is used where dr — eMor at points rEcg < 7 < rmax Where, the derivative

(3.2)

kT corresponding to the kinetic energy k%/2

and 7 = —7/4 has been used. Oscillatory functions e’
are replaced by —ik?/2 and exponentially suppressed. Assuming the region rgcs < 7 < rmayx is wide
enough and 7 is chosen appropriately the wave-packet is exponentially diminished as a function of
time.

For derivatives multiple different Taylor series are taken about some point r; which are added
together with appropriate weights such that all terms lower than the desired derivative vanish and
higher order terms correspond to some truncation error. The general procedure is referred to as

Fornberg’s method [64]. Using a second-order approximation in the case of the second derivative

centered about r; one has

f(rj—1) =2f(r;) + f(rje)
(0r)?

d2
2l )~ (3.3)

where f(0) and f(rn,+1) are equal to zero and omitted. At fourth order the central difference

becomes

j—;f(r)H —(1/12)f(7“j2)+(4/3)f(7“j1)—(5{52{2(Tj)+(4/3)f(7"j+1)—(1/12)f("”j+2) (3.4)
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for points corresponding to j = 2,---, N, — 1 and the forward difference

L 200 ) 67 () +4F(rs) = £(ra)
dr? 12(dr)?

r=ri

at r1 and a similar backward difference at ry, to deal with the end of the box.
For the radial functions we have used both approximate states of the field-free atomic Hamil-

tonian [36] or B-splines. For the basis of atomic states,

1d* I(1+1) .
32+ g+ Val) =W () [xna (1) = B (r) (36)

is diagonalized (as a finite-difference representation) within a finite box where the complex absorbing
potential W (r) [178] suppresses wave-packets in the absorbing region at the end of the box.

Since the Hamiltonian is no longer Hermitian the energy

1
En,l =&nl— éwn,l (37)

is now complex where w,,; corresponds to the rate with which each state leaves the box and states

are normalized as
fo N dr Xn,l(r)2 =1 (3.8)

with xp(r) € C [129]. For deeply bound states w,; ~ 0 and x,;(r) is approximately a real
function. For the B-spline method we expand the radial coordinate similarly as in Refs. [1},/10L|15]
where exterior complex scaling has been implemented as in Ref. [123].

For time-integration of all methods described in this section, we have applied the Crank-
Nicolson method where the known state |¥(t)) at time ¢ is used to determine the state |V (¢ + dt))

at a later time from the solution of
[S+ (i0t/2)H(t)] |V (t+0t)) =[S - (idt/2)H(t)] |V (t)), (3.9)

where |U(¢)) is a numerical representation of the state (column vector), H(t) is the discritized

Hamiltonian (matrix) and S is an overlap matrix between states of the numerical expansion. S
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is exactly the identity matrix I for basis sets corresponding to orthonormal atomic states or grid-
points. In contrast, off-diagonal elements of S are nonzero for non-orthogonal basis-sets such as
B-splines.

Although methods discussed in this section are nearly exact in the limit of converged param-
eters difficulties arise from both the amount of time and computing resources needed for converged
calculations. In view of this as well as the need for approximate analytic models to physically inter-
pret numerical results, in the following sections as well as in Chapter [5| we will discuss perturbation-
like approximations to strong-field problems which are able to help interpret numerical results and

give a clear physical picture.

3.2 Contour deformation

Often when computing amplitudes, integrals of the form

I(s):'[cdzefsf(z) (3.10)

are encountered where, in general, the function f is complex valued and C' is some arbitrary
contour. In the limit of large s the imaginary part of f causes the integrand to oscillate rapidly
where the resulting cancellations obscure the behavior of I(s). When f is analytic one can deform
the contour of integration such that the function f is almost entirely real-valued over the new
deformed contour C’. On this new deformed contour the now slowly oscillating integrand allows
for a clearer interpretation. As an example, we now apply this idea to extract the asymptotic

behavior of a Bessel function J,(s) (v > -1/2) in the large s limit.

3.2.1 Application to Bessel functions

Before applying this method to derive amplitudes we will sketch the simplest example pre-
sented in Appendix A of Ref. [155]. Intuition gained in this part is important to define the rate [98]

from which our own method is derived. For index v > —1/2 we may define the Bessel function as

_ (S/z)u ! 15T v—
Ju(s) = T+ DI(12) /_-1 dx (1 - 2%)V 712 (3.11)
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which only provides a simple representation in terms of elementary functions for half-integer v [107]

where
Topol9) =\ =ins) (312
with
() = (o (L) (3.13)
for integer n.
For arbitrary v > —1/2 we may extract the s - oo behavior by defining
1 4
I(s) = [1 dz 2 (1 - g2)r" 12 | (3.14)

where we immediately recognize that the e*** product in the integrand rapidly oscillates obscuring
the asymptotic behavior of I(s). Realizing that f(z) = e®*(1 - 22)¥"1/2 is an analytic function
we may further define the closed loop contour Cr . which contains no singularities for all R,e >0
(c.f., Fig. [3.1). Taking the limit R — oo, ¢ - 0" we may define the closed loop contour C' =
limp_ 0, e0+ Cre Where the contribution from the line segment z = -1 to z = 1 describes the
desired integral I(s). I.(s) describes the integrand from z = 1 to z = 1 + 400 ([.(s)) and the
integrand from z = -1 +ioo to z = -1 (I_(s)). Finally, the contribution Ig(s) is defined from
z=1+100 to z = =1 + 400, which closes the loop. Since f(z) is an analytic function we immediately
see that I(s) + I,(s) + I_(s) + Ig(s) = 0. Furthermore, there exists some A,c > 0 such that |f(z)| =
e B(1-(z+iR)?)" 1?| < Ae~*", and we immediately see that the contribution Iz(s) tends towards
zero as R — 0 yielding I(s) = —-I,(s) — I_(s). Here, I.(s) has a simpler asymptotic behavior since

the integrand oscillates slowly with an exponential decay factor |¢?*?| = ™Y,
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z=—-1+iR | z=1+iR se—14i0 1 22140
‘( PAN Y JAN
R - o
e—-0
I I
— L)
v - A
J—p— e — 4 1y Lo
z=-1 z=1 z=-1 16s) z=1

Figure 3.1: Contour of integration Cr (left). Taking the limit as R - oo and € — 0" defines the
contour C' from which I(s), I.(s) and Ir(s) are defined (right). Taking the limit R — oo forces

Ir(s) - 0 and taking the limit € - 0* allows C' to avoid the branch points z = 1 of (1 - 22)*~1/2,

Writing
L.(s) :z’emfo“dye—syu—(i1+¢y)2)v—1/2 (3.15)

we may now approximate the integrand f(z) to extract the asymptotic behavior of I, (s) yielding

the behavior of I(s). To this end, we may expand the polynomial factor as

(F2iy)" P+ O ) 0<y<i1
(1 - (21 +iy)?)» 2= (3.16)

O(y2u—1 +yu—1/2) 1<y.

Since as s — oo, e *F falls off faster than all polynomial orders we may replace the polynomial
factor with the 0 <y < 1 contribution alone yielding the Laplace transform

v-1/2

I.(s) = /OOO dy e [ (72iy)™ 12+ O(y"*11%)] = iu+1/2r(”+ 1/2)e* V3 L O(s7732). (3.17)
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Combining these contributions we immediately see that
2 T v _3/2
Ju(s) =\ —cos|s—v=——]+0(s7). (3.18)
UE] 2 4

Although determining the exact behavior of J, () is difficult, we were able to extract the behavior
in the limit s — oo for arbitrary v > —1/2. This idea is essential when approximating Green’s
functions in the long-wavelength limit. As an example in Fig. both the approximate and exact

form of J3(s) are plotted.

Bessel J comparison v=3
T T T T T T T T T T T T T T T T T T T

04}

02"

—02

~0.4} ]

Figure 3.2: Comparison of J3(s) with its asymptotic approximation, Eq. (3.18]).

3.3 Motion in a static field: Airy functions

In a static field the motion of an otherwise free electron is described by the time-independent

Schrodinger equation
2
[p— +|e|E - r] o(r) = ed(r) (3.19)
2m
with energy eigenvalue € and field E = EZ in the case of linear polarization. States are determined

by separation of variables where

P(r) =@, (r )P (2), E=¢€, +&, (3.20)
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describes partitioning of the wave function into a part parallel to the field (||) along the z—axis and

perpendicular (1) part within the x-y plane. Inserting the state into Eq. (3.19) we have

1 P I 1 P’

Op7 0p7l

—= +|e|Ez|P = - P 3.21
(=) [ 2m el Z] 1(2) O (r,) [8 m ] 1) ( )
which immediately yields the perpendicular (1) plane-wave solution

eikj_-rj_ h2k2
1

£ =
(2) T om

O, (r,) =Pk, (r)) = (3.22)

that describes the expected free propagation.
The left-hand side of Eq. (3.21)) describes the motion in the parallel direction and can be

written as Airy’s differential equation [4]

2 Z— Z
[i«? - L3d)]q)”(z) - 2
with

za=zey/(lelE), and L=[A?/(2mle|E)]"3. (3.24)

Here it is clear that for values of z to the left of the classical turning point z. (z < z.) solutions
are locally oscillatory and to the right of the turning point, solutions either tend towards zero or
are exponentially divergent. Here, we will only concern ourselves with the solutions which tend
towards zero.

Since Airy’s differential equation takes the form

n dm
S (am + bmx)dx—fn/ =0 (3.25)
m=0

Laplace’s method may be applied [68]. The solution [107]

y(z) = fc dt Z(t)e™ (3.26)

is formed from the polynomials

P(t) = i_oamtm, Q(t) = f_jobmtm (3.27)



and the function

1
Z(t) = Wef dtPM/Q),

where the contour C' is chosen such that the integral is nonzero and finite. Note that

V() =e"Q(t)Z(1)

returns to its original value where the contour can either be open or closed.

Starting with

2
[% —x]y(w) =0

and identifying
Pt)=t*, Q(t)=-1, Z(t)= B and V(t) = oot=1*/3

the solution becomes

y(x) :A/;dte‘%t_tg/3
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(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

where the integrand goes to zero (Ret? > 0) at each of its endpoints corresponding to the shaded

region in Fig.[3:3]and A is an arbitrary constant. In Fig.[3.3]the three most important contributions

correspond to contours C4, Cp, and Cp_ where Cy4 results in a solution y(x) = Ai(z) that goes to

zero at x - +oo and Cp, results in a divergent solution for x — oco.
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xt-x3/3

Figure 3.3: Contours of integration for the integrand e . The dark triangular regions corre-

spond to zones where the contour may begin or end (e_ts/ 3 5 0). C4 corresponds to a convergent

solution as x — oo, while Cp, correspond to divergent solutions as x — oco.

Here we choose the bounded solutions along the imaginary axis (contour Cy4 in Fig. 3.3

where t = ip) corresponding to

1 . )
y(x) = Al(f]:) = % —/]R;d(p elips/3+2(px (333)

where we have used the normalization convention

fRdzAi(z—x)Ai(z—y) =W (z-y) (3.34)
yielding
2.(2) = 0., (2) = T Al (= - )/ L] (3.35)
and finally
Dy, 2, (1) = 27%6*“”%\1 [(2 - za)/L]. (3.36)

In the next subsection we will use solutions to Eq. (3.19) to describe the motion of a free particle

in a static field.
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3.3.1 Newton’s second law

In this subsection we will use the momentum-space Green’s function é(k,t;k’ ,t") of Eq.

to recover the classical equation of motion
ma = —|e|E. (3.37)
Starting with the states in the Schrédinger picture
Preyz () = ¢ UMD Py () (3.38)
we may write the position-basis Green’s function as
Gla:a') = —%H(t 1) [ da. [ dua@q(2)Bqn () (3.39)

and Fourier transform with respect to each coordinate r and r’ to determine the momentum basis

representation
é(k,t;k’,t’)=—%9(t—t’) [R da, [R dze B s, (K, £) D, oy (K, 11). (3.40)
Evaluating
i etk @) D (imyetasae
@qizcl(k,t)5/1%3er¢qu€1($)=5 (ks - a) e : (3.41)

yields

Gk, t:K 1) = —%Q(At) 5O (Aky + (lel/h) EAL) 5 (Ak,)

(3.42)

2 / 2
h2 k‘” + k‘”k‘” + k‘”
2m

X exp !—(l/h)— 3 +kE)At

after integration. Ak’ describes the momentum of a free electron at time t’ in the past and hk
describes the resulting momentum at time ¢ after the influence of E. The displacement in time is
written as At =t -t and momentum hAk = h(k - k').

Using properties of the §-distribution one immediately recognizes the expected classical equa-

tions of motion

_ Ap, _
At At

F, i RS} 5} (3.43)
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The J-functions in Eq. (3.42) describe classical evolution of a single momentum state, while the
phase factors correspond to quantum interferences due to initial states composed of multiple plane

wave contributions (for example in an isolated wave-packet).

3.3.2 Asymptotic behavior

Determining the properties of an electron under the influence of a constant field far from the
turning point is an important pre-requisite for describing strong field ionization. Since the Airy

|x|3/27 Where T = (Z — ZCI)/L’ and therefore

function (as we will soon see) tends towards zero as e s
faster than the bound states which fall off as e™*" one immediately recognizes that the asymptotic
tail of the ground-state wave-function is most important for tunneling ionization. Steps taken here
to describe the Airy function will later be applied to determine ionization rates in an alternating
field [98,136]. We may note that we intend to get results and gain intuition and not to provide a
rigorous proof.

Defining

f(t) =tx-1t3/3 (3.44)

we may apply the saddle point approximation to determine the behavior of Ai(z) in the limit of z —
+oo. In section [3:2] we extracted the asymptotic behavior of an integral with an oscillatory integrand
by finding a new contour where the integrand was slowly changing and decayed exponentially. Here
we will do the same by deforming the contour of integration such that it passes through each value
t =t where f’(t;) = 0. The exponent is approximated as f(t) ~ f(ts) + 1 f"(ts)(6t)? where
5t =t —ts =ne'® and ¢, is chosen such that the coefficient of 7% becomes real. This corresponds to
selecting contours such that Im f(¢) is essentially constant (removing oscillations) and the integrand

is built based on sharply-peaked Gaussian contributions corresponding to the approximation
y(z) _ Zef(ts)+i¢s —/R;dne(n2/2)f//(ts)e2i¢s (345)
S

for complex z. It is assumed that the integrand is sharply peaked at each ts, where the precise

shape of the contour is unimportant as long as it passes through the saddle points at an angle ¢;.
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This procedure causes difficulties for the Airy function since

2
flts)=ax—t2=0->ty =+, f'(tx) =72z, and f(tss) = igm?’/? (3.46)

corresponds to a multi-valued integrand with branch cuts, where the original integrand was entire.
Qualitatively, this imposes restrictions on which contours are allowed.

Starting with the relatively simple case of x - —oo with

. . 2
oo = wiVlal, f(b) = 220/lal, and f(te) = Ficlaf? (3.47)

we want the contour to start in the bottom-left shaded region and end up in the top-left shaded
region of Fig. while traveling along steepest descent curves through s defined by ¢,. Letting
x — —oo we have ¢,_ = /4 and ¢,. = 37/4 where we may easily draw a contour from the bottom-left
dark region through the saddle point ¢s_ at an angle of w/4 to \/m and then through the saddle

point ts, at an angle of 37/4 described in Fig.

Re f(t) for x=-10

_5 0 5
Ret

Figure 3.4: Plot of the real part of f(¢) where t = ¢, +it;. Integration contours connecting the
bottom-left and top-left regions are chosen such that they pass through the saddle points in a

direction that the imaginary part of the exponent is constant.
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Near the origin of the contour, the real part of f(¢) is large and negative resulting in a small
contribution to the total integral compared to contributions from the points t;; meaning that the
precise orientation of the contour is unimportant far from the saddle points as long as they locally
pass through the saddle points at an angle ¢ with respect to the real-axis. Along this first segment

the integral therefore accumulates a partial contribution

%ﬁipw/‘* exp [z (§]$|3/2 . %)] (3.48)

where we have assumed that the Gaussian is so sharply peaked that the bounds of integration for
n may extend from minus infinity to infinity. The contour of integration lies between the large
positive valued "ridges” of Ref(t).

After passing through ¢s_ the contour now resides in the right-most dark region where again
the integrand is small and contributions can be neglected. To arrive at the desired top left shaded
region we must pass through ¢, along a contour described by the angle ¢, between the "ridges”

of Ref(t) yielding the contribution

—2\}%i|w|_1/4 exp[ (—|a:|3/2 4)] (3.49)

and the overall approximation
——00 2 T
Ai(x ﬂt—>—3:_1/45ilr1(—:L‘?’/2+—). 3.50
() \/—| | gl + (3.50)
For x — oo the situation becomes more complicated. From

Flts) =) -2 =0 > tee = =\/|z],  f"(tsx) =F2V/]2], and f(tss) = :t—|x|3/2 (3.51)

we immediately have that ¢s; = 0 and ¢s- = /2 corresponding to the yellow and purple curves in
Fig.[3.5|where we again want to determine a suitable contour connecting the top left and bottom left
triangular regions of Fig. To achieve this goal we will determine contours where the imaginary

part of the exponent is zero and which connect the two regions.



40

Re f(t) for x=10

600

200

Figure 3.5: Plot of the real part of f(¢) where t = ¢, +it;. Integration contours connecting the
bottom-left and top-left regions are chosen such that they pass through the saddle points in a
direction that the imaginary part of the exponent is constant. Here only the saddle point at
t = —\/|z| contributes to the integral since ¢ = \/|z| connects the bottom left region to the right-

most region describing divergent solutions.

Writing ¢ = ¢, +it; (t,,t; € R) we have

Imf(t)=0=t, =+\/z+1?/3 or t;=0 (3.52)

where only the solution ¢, = —\/:Tsz/i’) connects the desired regions. Defining a contour which
accumulates a contribution from ¢ = —\/m connecting the bottom-left and top-left regions is straight
forward. We may use the contour mentioned above to pass through the saddle point t = —/|z]|.
Since the integrand is essentially zero everywhere except through the saddle point we may replace
the contour with a vertical line passing through t;_ and the job is done.

Deforming the contour such that it passes through t = \/H we are stuck in the right-most
shaded region in Fig. [3.3] which describes exponentially divergent solutions to Airy’s differential

equation. The only way to return the contour back to the top-left region is by crossing ”ridges”
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perpendicular to ¢ = \/|x| which is ”"forbidden”. The approximation therefore only includes the
solution corresponding to the saddle point ¢ = —/|z| along the path of "steepest descent” forming
the approximation

A1($) T—>00 21 |$|_1/46_%‘$|3/2
™

(3.53)

Plotting Ai(z) with each of its asymptotic solutions, we see acceptable agreement as early as |z| 2 2

in Fig.[3.6
_Airy comparison

1.0 -

0.5 ’ — Ai(x)

‘y" AsymAi(x)

0.0 -
-0 .
-20 -15 -10 -5 0 5

Figure 3.6: Airy function (blue), compared with the asymptotic approximations for x - oo (Eq.

(3.53]), orange = > 0) and x - —oo (Eq. (3.50)), orange = < 0).

3.4 Ionization by a static field

In section we have shown that modeling the ionization of Hydrogen by a static electric
field is not possible at any order of (the standard) perturbation theory. In this section we will
describe two different approaches towards ionization of an atom by a static electric field.

The first approach given by Oppenheimer essentially follows the golden rule expansion of
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section where the final scattering state has been replaced with states of an electron in a static
field, as discussed in the prior section. Methods we will discuss later for ionization by dynamic
fields follow this idea. The Airy functions in section are replaced by the time-dependent states
of an electron in a time-dependent field (section . For long-range potentials these methods
require higher order corrections or additional modifications since the final state does not see the
atomic potential.

The second approach which is able to predict the correct ionization rate for Hydrogen is given
by Landau and Lifshitz. The final ionized state is described by the atomic ground-state whenever
the atomic potential is significantly stronger than the field-interaction. The Wentzel-Kramers—Brillouin
(WKB) approximation is used to include both the field-interaction and atomic potential wherever

both contribute.

3.4.1 Oppenheimer’s rate

In this section we will use states of the electron in a static field discussed in the prior section to
approximate the static field rate. The original work [132] contained errors in the derivation. Later
in Ref. [177] the corrected version was reported with no derivation. We will therefore systematically
derive the corrected rate and find our own way to the results of Ref. [177]. Keldysh [98] (section
3.6.1)) uses the exact same method to describe ionization of an atom in an alternating field where
the Airy functions of section [3.3] are replaced by the Volkov states of section [3.5] which describe
motion of an electron in a dynamic field. In Ref. [98] and similarly in Ref. [136] the ionization rate
was derived using a similar contour deformation approach as discussed in section and the saddle
point approximation (see section which is valid for sufficiently low laser frequencies. In our
own work (chapter [5)) we will generalize the work in Refs. [98,132,|136] to arbitrary frequencies.

We start with the Hamiltonian

H(z) = Hy(z) + Vpe(r) (3.54)
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which is partitioned into an atomic contribution and a field interaction

2 |6|2

P 2% Voe(r)=|eE-r and E-=Ez (3.55)
T

Hy(x) = —
()= 2
as before where the initial 1s state is given as

(z) = Mt (2)  and  ¢i(r =i/26_m. 3.56
¢i(z) ¢i(r) ¢i(r) NG (3.56)

with ionization potential and bound-state k-vector

h2 k2

I, and k=mZle|*/h%. (3.57)

The rate is determined by expressing the exact wave function ¥(z) with the initial-state Lippmann

Schwinger equation where

U(x) = ¢i(x) + f d4x1G(a:;a:1)[]e|E r1]pi(z1). (3.58)

In the standard perturbation theory one would continue by expanding the exact Green’s function
G(x;x1) up to higher orders with respect to the atomic Green’s function G,(z;2") of Ha(z) and
rest interaction [|e|E-r]. Unfortunately, such a perturbation series breaks down as described in the
prior section and therefore an alternative expansion is required.

Oppenheimer’s approach involved now expressing G(z;x1) by the final-state Lippmann

Schwinger equation

G(z;x1) = Gpo(z; o) + [ d*zy Gpc(z;x2) [—Zﬂ] G(zo;11) (3.59)

2
T2
where Gpc(x;x’) describes the otherwise free propagation of an electron in a static field corre-
sponding to

2
Hpol(z) = Qp—m +le[E T (3.60)

as discussed in a prior section.

Setting G(x2; 1) » Gpc(x2; x1) we immediately arrive at the first and second order correction

\Il(l)(w):[d4x1 Goo(z;2)[|e|E - r1]éi(z1) (3.61)
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and
2
U@ (z) = f d4x2GDc(az;:ﬂ2)[—Z%] f 421 Goo (e 2)[[E -11]di(z1)  (3.62)

as given in Ref. [132]. Here, () (z) intuitively describes the transition of the initial ground state
¢;(z) into a free particle state accelerating down the |e|E-r potential surface, while U(?) () describes
the same exact process where the ejected electron may scatter once of the atomic potential —Z|e|? /r
before again propagating as a free particle down the surface |[e|E-r. G(z;2") can be expanded up
to arbitrary order in —Z|e|?/r although convergence is not guaranteed (just as in any perturbation
series). Although the first and second order terms were introduced in Ref. [132] only the first order
contribution was considered.

The rate is determined by considering
Mz, ) = [ dr @i, @) [9(2) - 6i()] » MO (e, 71, 1) (3.63)

which corresponds to

M(l)(kl,zcl,t):( )[d43:1 Br o (21) [|elE - 11] i(1)

1 t .
:(_%)fo 1 Vi(k,, ) liIMA00 (3 64)

L
h

where

Ae(ky,zip) =€, +ep + 1 (3.65)
and

Vilki,za) = [ drdic () [l x] 6i(r). (3.66)

Time-integration may be immediately performed as
t , A
fo dtye(MAet = (GIMA 26500 ((1/h) Aet/2)t = 6,((1/h)Ae/2) (3.67)

where in the ¢ - oo limit the energy conservation law

1
Zel = —m (5l+Ip) <0 (368)
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is satisfied. Electrons have zero parallel velocity at the tunnel exit and as the perpendicular
momentum at ionization, kf, increases, states corresponding to the classical turning points z. are
pushed further away from the Coulomb potential. For ¢, =0, Fig. shows the atomic potential

and the laser interaction as well as the initial- and final-state wave-functions for F' = 0.05 a.u..

Oppenhimer model for the tunnel ionization of Hydrogen

0.0 T T T T T
-0.2r .
a _ epiz)
_0.4- i R
© i S/ N ] AR 1
> L Classical turning | L 2
_0.6, point zcl i 1
L il 1z]
1 — Fz
-0.8- .
_1.07 L [ [ [ i L ]
-5 -40 -30 -20 -10 0 10

Figure 3.7: Sketch of components required to compute the Oppenheimer rate. Blue represents the
initial 1s state of hydrogen atom, orange shows the final continuum state ®y, . (r) (with k, = 0),
green represents the field free Coulomb potential and red depicts the DC Stark potential. The
classical turning point 2z, = —10 a.u. is noted for a field-strength of F' = 0.05 a.u.. For F' — 0

ionization is determined by the tail of the initial bound-state alone (Eq. (3.92)).

Completing the amplitude involves computing the overlap matrix element

oikiry 3/2

1 . R —-K T’f+22
Vilkn,za) = [, dr g [z AilG - ma)/ B (elB=] “e ™R (369)

For the 1s-state of Hydrogen, the ionization amplitude in the perpendicular r; direction has cylin-
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drical symmetry around the z-axis allowing for the simplification

e_lki - Z (- l)m Zdryr, m(kurs) [ T 0P gimtone) - S drar Jo(hir).
o) (277) 0

(3.70)
Utilizing Ref. [69]
foo de J(aVz? - 1)e P = ;e*v a?+B2 (3.71)
1 /a® + 32

the perpendicular contribution

vfooodrlrl Jo(kﬂ“l)e*“‘/TEJ“22 =(—§)—/|00er0(]€¢\/7“2—22)€”
K z

=|z|<—%) fl % du Jo (k2| VaZ — 1)e el - :|e_\/kf+“2|z| (3.72)

o] + et
k2+ 2 VK2 + K2

is complete.

Defining K =+/k? + k2, the final parallel contribution

le| E k52

Vi(ky, 2l = ——(———)[dzz L Ai[(2 = za)/L] e H

= \x 9% (3.73)

K=\/k?+K2
must now be computed. The integral over z is evaluated by using the variable substitution u =
(Z - ch)/L:

[1% dz 2 %Ai [(2 = za)/L] e K¥ = fR du (Lu - |za]) Ai(u)e KIEwtzl (3.74)

and partitioning the integral into two parts:

[R du (Lu — |za]) Ai(w)e KIEur=l

9 | _k 1|/ zal/l KLu _ K]zl . -KL
= Ze duAi(u)e™ ™" — el duAi(u)e ™Y 3.75
8K[ () |ze1l/L () ( )

corresponding to each piecewise portion of |z|. The second integral from |zq|/L to infinity may
be neglected in the weak field £ — 0 limit where the bound of integration |z.|/L goes to positive
infinity and the magnitude of the Airy function falls off faster than Ae " for all A,a >0 as u - oo

since

U—>—00 1
Ai(u) —— 2\/%|u|71/4€7%|”‘3/2. (3.76)
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The first integral is evaluated with the help of the Heaviside step function

1 :
0(|za| - Lu) = lim — / AT ital-Luyr (3.77)
n—0* 211 JR T —in

to give

]]1; duAi(u)el" = e?"13 (3.78)
where

/chl/L du Ai(u)e" " = Tim 1 f d_Tei\zC1|'re[(K—i7—)L]3/3 _ le(KL)iﬂ/S' (3.79)

—00 n—-0% 2m4 JR T — Z?’] 2

In Eq. (3.79)) the integral over 7 was determined using the Sokhotski-Plemelj theorem [125,/139,154]

=7o(x) —z'p.vé. (3.80)

lim -
n—0t x —1n

where we will show that the term corresponding to the Cauchy principal value (p.v.) is negligible
in the F — 0 limit.

Here

p'v"[Rd_Tei|zC1|7'e[(K—iT)L]3/3:e(KL)3/3p‘V.‘[Rd_Tei(|zC1\—K2L3)Tei(TL)3/Se—L3K7—2‘ (3.81)
T T

To show that this term is negligible one must consider that the p.v. integral after the e(¥ L)*/3 factor
on the right hand side is significantly smaller than 1/2. Since the overall integral is real we should
expect that the real part of the p.v. integral is identically zero. Explicitly writing it out we have

Re [p.v. fRd—Tei(|zcl|‘K2L3)Tei(TL)3/3€—L3KT2]

T

d
- pov. fR T cos[(|za| - K2L3)7 + (rL)*/3]e LK™ (3.82)
T

which is zero since we have an odd integrand over an even interval.

Investigating the imaginary part we have

Im [p.v./ d_Tei(lzcl—K2L3)r€i(7L)3/36_L3KTz]
R T

fR dT—T sin[(|zal - K2L%)7 + (7L)*/3]e™ XK. (3.83)
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Since the sin-function has a zero at 7 =0, the first order pole exactly cancels out.
To the best of our knowledge, there is no analytic solution to this integral, therefore we will
bound it from above and show that as £ — 0 the integral goes to zero. Starting with the triangle

inequality

d
‘ [R U n(|za] - K2L¥)7 + (rL)% 3] VK™
-

d
ﬁ [sin[(|za - K2L?)7 + (rL)?/3]| e ZKT°
-

(3.84)
and replacing the |sin(--+)/7| factor by its maximum value M we have
d
fR FTI [sin[(|za] - K2L%)7 + (rL)3/3][ e 57" < M A; dre KT é (3.85)
Taking E — 0 we have L — oo and therefore the principal value contribution is negligble.
Applying Eq. (3.68) the matrix element is given by
12 1
K _2
V;(ki,zcl) = — ﬁ va K|ZC1‘ V(kl) (386)
Computing then the ionization rate
w=lim | dk f dz 13|M<1>(k ze, t) (3.87)
i>o0 JR2 L R C é)t L1y ~cly

we have

27T 271' 2
=25 [k [ dzalVilk, za)Po(es +ey + 1) - (|E>h [ ar v

4r2m [ 4™m P
=g o P = o pf deemiel - (3.88)

where in the prefactor we set K » k since the exponential factor is sharply peaked at £, = 0.

Integration is now performed by writing

4 4 I,
Klza| » v 2
3 3lelEa  “le|Ea

(3.89)

which yields

I
w:w(%)eﬁe&”z”fawﬁ‘ (3.90)
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where the ”=" symbol denotes that the right-hand side is expressed in atomic units. Here the total

ionization rate, as shown in Fig. is exponentially proportional to 1/F.

Oppenheimer rate
16~ T T T
1.4}
S 1.2
©
[
:)6 | —;—rrexp( 32F)
1.0
08 | | | | | |
0.0 0.2 0.4 0.6 0.8 1.0
1/F a.u.

Figure 3.8: Ionization rate I' = w of Oppenheimer as a function of 1/F in atomic units.

This first approximation of at an ionization rate in a static field predicts the correct expo-
nential dependence in the F' — 0 limit, but contains an incorrect pre-factor since the Coulomb
potential is neglected in the final continuum states, which will be explored further in section [3.4.2
3.4.1.1 Final state form
In section we will discuss a so-called final state ionization amplitude which uses —Z|e|?/r
as a perturbation instead of |e|E-r in the case of an alternating field. Here,

: - 2
MOy z00) = () [ o G| -2
1

r

]@(1’1)

S |
=(—%)f0 dt1Vi(k,, zq) e/MAkuza)t (3 g7)
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represents the equivalent final state amplitude for the case of a static electric field. Setting Zle|? =

2I,/k we have
Vilks za) = [ dei, (o) [—23]@(1«) (3.92)

and

—zkl-rl 1
Vi(ky, za) = f ar, & —— & [l;{dzzAl[( zcl)/L[ m

I, 132 12 g
[dz Ai[(2 - zcl)/L][ ]f —K|Z|:—%%6_§K|ch| (3.93)

3/2
] K e—n\/rf+z2

exactly as before leading to the same rate

le[Ea (3.94)

In section [3.6.2.1] we show that initial state and final state amplitudes will also be identical
for the case of an arbitrary alternating electric field. If the final state is modified to account for

the atomic potential, this property does not hold in general.

3.4.2 Landau and Lifshitz rate: Correcting the pre-factor

The rate derived by Oppenheimer predicted the correct weak-field exponential factor with an
incorrect proportionality constant. Landau and Lifshitz improved the pre-factor by including both
the atomic Coulomb potential and the applied field within the final state through the quasi-classical
WKB approximation [34,72,89,/103,/111,171]. The method requires determining the ground state of
hydrogen atom in parabolic coordinates and then determining regions of the wave function modified

with the quasi-classical approximation by the applied field.

3.4.2.1 Parabolic coordinates

The transformation to parabolic coordinates from the Cartesian system [107] involves

E=r+2z, n=r-z @=tan (y/z). (3.95)



with backwards transformation

_ 1
x=+\/Encosp, y=+/Ensing, z=§(§—77)

and
1
r=y\at+y?+22= §(§+77)

In this system the length element is determined by

(ary? = Sy + S ) + o)

and the volume element is given by

1
dr = ;1(5 +n)d&dndep.

Determining the atomic states requires the Laplacian

“ ezl () )] 2o

which gives for the Schrodinger equation

§+n 0 0¢ on on £n  Op?

Writing

o(r) = f1(€) fa(n)e™™?

separation of variables may be applied giving

d (gdfl(@

11, )
(D) [3pe- s m] 0 -0

and

d% (nﬂz—y)) + [%En - imz/n + ﬁz] f2(n) =0

with separation parameters described by

p1+ B2 =1

4 [Q (§a¢(r))+g(n8¢(r))]+i32¢(r) +2(E+L)¢(r):o.
A ) £+
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(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)
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Defining parameters

n=1/V=2E, pi=¢/n, pa=njn (3.106)

we have

CHE) | LdhE) | [_1 s (\m\_ﬂ +
gz pr dg 4\ 2

and a similar expression for fa(7n).

m2
n) : 5] fi(6) =0 (3.107)

Solving exactly as in the spherical-polar case before we get

Pryna,m(T) = gfm,m (%) fra,m (%) % (3.108)

with

1 [(p+]m|)! 02 m
fp,m(p) = W %IFI(_]W |m| + 1;p)€ P/zp‘ /2 (3‘109)

and the ground state given by

1
G15(r) = —=e 36N (3.110)
™
3.4.2.2 Hydrogen rate
The initial state
1 1
W(r) = e z(&m) (3.111)
NZs

from the earlier subsection is the starting point of the approximation. Far from the atom the

Schrodinger equation
d*x [1 11

1

+—t+—+
4 2n 4n? 4
now includes the laser interaction where x = ,/1%. Choosing some point 1 < 19 < 1/F within the

barrier and applying the WKB approximation one has

n 1
Y= /wexp(m”f lpdm_m) (3.113)
iy 2 70 4

with momentum p(n;) =0 at the tunnel exit and

T 1 1 1. 1 1
N R R V- S S 3.114
P(n) \/ 4oy T T VT Ty 1 (3:114)
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within the barrier.

Taking the square

_e P m
|2 = Re §mexp [—2 f lp(n")|dn’ - 770] (3.115)
™ p Mo

and using |po| ~ 5 one has

Mz;# exp[ f J1-Fydy +/ \/W 770] (3.116)

where the first term of Eq. has been used to approximate p in the prefactor and both terms
have been retained within the exponent.

Integrating and using F'ny << 1 whenever possible

-£
2. 2 23F_° 7 3.117
M= Fe T U (3:117)
may be used to give the total rate
w =27 f drr v, |y)? (3.118)
0
where
1
drw§\/§d§, v, =\Fn-1 (3.119)
and
4 _opr
w=—e . (3.120)
F

Restoring units the ionization becomes (a = 1/k)

L\( I 41,
—16( )(‘ ]Ea)eXp(_§]e|Ea) (3.121)

which has the same exponential factor as the ionization rate of section with the correct weak-

field prefactor 4/F |177].

3.4.2.3 Short-range rate

The same procedure may now be followed for short-range potentials. The short-range asymp-

(£+n) -5 (&+n)
6 2 Ke 2
= C, C. - 3.122

totic ground state

(r) = %Cﬁ,o\/g -
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is used and gives

1 i le|E 4 I,
= 202 Fe 23F - C2 3.123
w 4 ~,0 € k0 7z hi €Xp 3 |€‘Ea ( )

where Cj, o is fit to the asymptotic tail of the field-free ground-state. The exponential factor is a
general property of ionization of particles bound by both long- and short-range potentials, while

the prefactor is determined by properties of the binding potential.

3.5 Motion in a dynamic field: Volkov states

In section [3.3| we solved Airy’s differential equation to determine the dynamics of an otherwise
free electron in an external electric field. These states were applied by Oppenheimer [132] (section
to determine an estimate for the ionization rate of Hydrogen. We now will follow the same
steps as in section to determine the behavior of a free electron experiencing an arbitrary time-
dependent field. In the next subsection we will follow the derivation by Keldysh [98] to apply
exactly the same method as in Ref. [132] and determine an estimate for the ionization of Hydrogen
by a linearly polarized field. The so-called Volkov states form the basis for many standard non-
perturbative approaches [57,/98,|136}/146] including our own generalization of Ref. |98] which will
be discussed in Chapter

Motion of an otherwise free electron interacting with a time-dependent electric field is de-

scribed by the Schrédinger equation

2
<I>(r) [—+|e|E(t) ]cp(r). (3.124)
Recognizing that
E(t)———gA(t) and zh%ehA(t)r:[]dE(t) r]ehe AT (3.125)

we immediately see that the set of solutions must follow the form
zk(t)-r

(I)k(x) T(t) (2 )3/2

(3.126)

where

k(t) =k + %A(t) (3.127)
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is the kinetic momentum of an electron in the field. Inserting this solution one obtains the

Schrédinger equation
h2k(t)?
2m

9
ih-T(t) = T(t) (3.128)

and the states

h252(7) eik(t)-r
2m

_ ~(i/h) [y dr L
Dp(x) =€ 0 e

(3.129)

3.5.1 Newton’s second law

In this subsection we will use the momentum-space Green’s function G(k, t; k', t') of Eq. [3.19

to recover the classical equation of motion
ma(t) = —|e|E(t). (3.130)
Starting with the Volkov states ®y () we may write the position-basis Green’s function as
Ca:a') = —%Q(t—t’)ng dq D (2)g(a)) (3.131)

and Fourier transform with respect to each coordinate r and r’ to determine the momentum basis

representation
Gk, ;K1) = —%9@—#) fR dqdq(k, 1)Pq(K',1'). (3.132)
Evaluating
= _ e ikr (3) ~(ifh) [ dr 2@
bo(k,t) = fR r Gy Pae) = 00— a(v) e M (3.133)
yields
~ Iyl i (3) . ¢ h2q2(7_)
Gk, t;k',t") = —EH(At) O (Ak - (le|/hc)AA) exp | —(i/h) [ d7'2— (3.134)
# m

after integration. hk’ describes the momentum of a free electron at time t’ in the past and hk
describes the resulting momentum at time ¢ after the influence of E(t). Displacements are defined

as At =t —t" in time, hAk = h(k — k’) in momentum and AA = A(¢) - A(t') in vector potential.
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Using properties of the d-distribution one immediately recognizes the expected classical equa-

tions of motion

Ap Ak |e| AA
Favg = E = hE = ?E = _|€|Eavg where Eavg =_

144

. 3.135
c At ( )

The d-functions in Eq. (3.134]) describe classical evolution of a single momentum state, while the

phase factors given by

a(r) =+ LA - AW] =K + 1 [A() - A() (3.136)

relate to quantum interferences due to initial states composed of multiple plane wave contributions

(for example, in an isolated wave-packet).

3.6 Ionization by a dynamic field

We will now describe some of the standard golden-rule-like approaches to strong field ioniza-
tion in a dynamic field. The earliest one is by Keldysh [98] to describe ionization of a hydrogen-like
atom in which the saddle point approximation for ionization is introduced. Additionally, we will
use the parameter v described in section to connect the v > 1 regime where perturbation theory
is valid to the static-field case (7 << 1) where the exponential factor exp (—g‘e‘lﬁ) is recovered. Af-
terwards we will show the equivalence of Keldysh’s amplitude with the complementary amplitude
of Perelomov, Popov and Terent’ev |[136] where the results of Ref. [98] were generalized to arbitrary
initial states and additional laser configurations. We will focus on the case of short-range potentials
and circular polarization to show agreement with the TDSE in the long-wavelength limit. Finally,
we will discuss the velocity-gauge amplitude given by Reiss [146], where the saddle point method

is abandoned and the amplitude is integrated exactly.

3.6.1 Keldysh rate

Tonization is modeled for a hydrogen atom interacting with the linearly polarized field

E(t) = E cos(wt) (3.137)
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and prepared in the initial state

Ri(r) » Cror®?e™, (3.138)

Following steps given in Refs. [30,/98] we will use the saddle point approximation to determine a
rate accurate for a large range of y-values. In the limit of tunnel and multi-photon ionization we
will simplify the rate.

The approximation starts by expanding the exact Green’s function in the initial state Lippmann-

Schwinger equation
() = i) + [ dher Glasan)Vi(a)oi(a) (3.139)

to zeroth order in Volkov states
(nk+@A(T))2

, ile]
OO (2) = WM iy — AT REAWTLO) (3.140)

Here, we will choose qbl((_)(r) to be plane waves as it was done in Keldysh’s original paper [98],
which has been recently generalized to exact atomic scattering states [58]. When the (plane-wave)

Volkov Green’s function
GV () = —%G(t 1) [ () Bl (3.141)
is inserted into Eq. we get the approximation
U(z) ~ di(x) + f A4z GV (w320)Vi (1) (1), (3.142)
Emission of electrons is described by the outgoing partition
W) (7)) = f dk M(k, )0{ () (3.143)

with coeflicients

M(k,t) = f dr 07 () (a). (3.144)

The zeroth order contribution

MO (K, 1) = f dr o0 (2) ¢ () (3.145)
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is identically zero for finite-range Volkov states and vanishes for plane-wave Volkov states in the

long pulse limit [136]. The lowest order contribution therefore arises from
1 IEYVIEN
MO (k, 1) = - (5) [ @12 @olleEn) 1o, (3.146)
where the ionization rate is determined by
w = lim fdkgp\/l(l)(k )
t—>o0 ot ’

t—o00

- hm( )Re [ i cos(t) L 1) f dty cos(wh )Lk, t1)  (3.147)

in the long pulse limit (¢; - 0, ¢ - o0) with

E .
L(k,t) =V, (k - % sin(wt)) (i/MSt), (3.148)
w
the matrix element
Vi) = [ dris” @0 eE() - x)6i(r) (3.149)
and the action
(hk - '€'A<T>>
S(k, 1) = f Al (3.150)
The rate, Eq. (3.147)), is evaluated by expanding L(k,t) in the Fourier components
L(k,t)= Y. exp[(i/h) (B) + I, - nhw)t] Ly(k) (3.151)

where I = I, + U, is the shifted ionization threshold, £}, = —m is the ionized kinetic energy,

el

U, =
P ome?

— (AL (D)D) (3.152)

is the ponderomotive or cycle-averaged quiver energy and the Fourier component corresponding to
nhw can be interpreted as the contribution determined by the absorption of n photons. Inserting

this expansion we have
= Jim 7 fdk Z Ls1(K) + L1 (K)20(Ex + I, - nhw) (3.153)

with

L,(k) = % j:: dp exp [—(z’/hw)(Ek +1,- nhw)gp] L(k, p/w) (3.154)
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and hk, =\/2m(nhw - I,).

Using properties of the d-distribution the rate simplifies to

—thm—fdk Z L(K) 20 (B + I, - nhw) (3.155)
with
L(k) = o f dp cosp L(k, p/w) = o §1§d V( |;|E) (i/hw)S () (3.156)
w

where the Fourier integral is expressed as a contour integral around the dog-bone contour C' sur-
rounding branch points u = +1 and cut connecting the two [30]. The effective action is given

by

" hk - 9E
S(u):fo S ( = ) A

(3.157)

Concepts from sections and are applied to determine the Fourier coefficients when hw <« I,
and hw <« Up,. The action S(u) is expanded to second order and the contour is deformed such that
it passes through saddle points us (determined from S’(us) = 0) along the path of steepest descent.
The slowly changing pre-exponential factor V; ( le |Eu) may be evaluated at u = us and Gaussian
integration is performed to evaluate L(k).

In Ref. [98] the rate is evaluated for a Hydrogen-like initial state
Ri(r) » 2Cy k™™ (3.158)

with plane-wave Volkov states yielding

ik ~iCl.0(2k)%/?

Vi) = [le[E- (iv10)] [ dry i) = g o el k) (3.159)

where k| is the momentum component parallel to the field E. The matrix element contains a pole
at k = +ir corresponding to the initial bound state [27,/107]. Setting S’(u)|y=u, = 0 and defining

v = (hwk/|e|E) the two saddle points
k 2
Ugy =7y Ay 1+(ﬁ) (3.160)

are obtained which correspond exactly to the poles of V;(k) after the substitution k - k — |e|E
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Expanding S(u) to second order and assuming k? < 2 the integral is evaluated with de-

formed contour passing through the saddle points us. (without crossing them) yielding

3/2 ~ ~
c? oI I 21 1+~2
T A 8 I e P ) | I CRTY
1+~2 hw hw 1+ 2y

after integration [30498] with

S(v,2) = iexp [—2((1‘ +1) -z +a) (sinh‘1 v - —% - )]

1/2
X 2—7 T + —-—Tr+a . .
D{[ ) >] } (3.162)

a describes the number of quanta absorbed above the ionization threshold fp, () corresponds to
the integer part of z and D, (z) = [ ey’ =% dy is the Dawson function. When performing the final
integral over k interference effects between the two saddle points u = us. are neglected. Errors
introduced by this approximation are small for the total rate w, but must be included to describe
the angular emission rate % [30]. Cj o is numerically fit to the asymptotic tail of the initial state.

Here we follow Ref. [98] and set C o = 2 for the 1s state of Hydrogen.

3.6.1.1 Multiphoton limit

Keldysh’s amplitude has been approximated in the weak-field multiphoton limit. Here the

lowest near-threshold order ¢ = 0 dominates and the rate

2L, ( 1 \{Ip/hwt1) I I I I
=9 -p (_) 221\ 21|D 2l (2 +1)- 22 1
v “h 4~? exp( (hw ’ hw) " ho hw (3.163)

is determined by taking v > 1 in the rate, truncating the sum and approximating sinh ™!~ » log(27).

Portions containing (fp /hw+1) describe the influence of ionization thresholds and quanta absorbed
in the perturbative limit. Care must be taken since the saddle point approximation may not be

valid. We will discuss this further in Chapter

3.6.1.2 Tunnel Limit

For very long wavelengths and/or very strong fields where v << 1 the sum in Eq. (3.162]) is

approximated as an integral since large a are the dominant contributions yielding S (v,fp/hw) ~
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V37 /4+2. Expanding the exponent to 3rd order in + the rate of tunnel ionization is given by

\/%\/WI [ L;g( Y—Z)] (3.164)

Taking w — 0 the exponent in Eq. (3.164]) corresponds to the ionization rate of atoms in a quasi-

static field. Here, one has

Vér  [le|ET, 4 Ik | V6r
=—\/ 5 —exp|l--——|=—
2 h2k 3le|E

1, 4
|e|Eah—g exp [——

] |e|Ea] . (3.165)

Averaging the static Landau and Lifshitz rate wgtat from section over a laser cycle [5,[136] an

3 le|Ea (Ip) 3 1, 4 I,
TSR I =162 — 2 - 3.166
Wadiabatic o Ip Wstat A o |e|Ea eXp 3 |e|Ea ( )

The Keldysh rate |98 is unable to recover the correct adiabatic pre-factor since the final

adiabatic rate

is determined.

(ionized) Volkov state does not include the Coulomb potential as in Ref. [132]. In later sections
as well as in Chapter [5| we will show that the approximation is accurate for short-range potentials.
Often semi-classical long-range Coulomb corrections are applied in the limit of long wavelength
radiation. We will discuss one of the simplest Coulomb corrections [102] to give an idea of how one

might better approximate the long-range rate.

3.6.2 PPT rate

In this section we will show that the first order Keldysh ionization amplitude is equivalent
to the PPT amplitude [136] up to boundary terms for zero-range final states and all applied fields
E(t). After establishing equivalence with the Keldysh rate we will quickly summarize the rate of
s— and p—state ionization in circularly polarized fields [20]. Numerical solutions of the TDSE will
be used to establish accuracy of the rate for s-states and in Chapter 5| we will use the p—state rate
to discuss breakdown of the saddle point approximation and when asymptotic approximations to

the initial state become inappropriate.
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3.6.2.1 Equivalence with the Keldysh amplitude for zero-range Volkov states

We may write Keldysh’s amplitude as

MW (k,t) = —(i/h)fd4$1m[!6|E(t1)'r1]¢z‘(ﬂf1)
- 't 0IMSet) (—a%)qzi (k(t1)) (3.167)
where
Sl AWM) = [ drid s (F06i(r) = s k(1) (3.168)
and
hK(1) = hk + %A(t) = p(t). (3.169)
Acting on both sides with ik we see that

9 4 ~ 08
ih s [ MO (1) + SO0, (1(1))] = - (52 ) MIE0G, (e(t) (3170)

and solving for the amplitude we get

t ; , -
MOt =~ [MOG)f (1) [ an(57)ems®ng, oq(u) (3.171)
t1=to h) Jto oty
where we recognize that the boundary term
MO (k) = MSED G (K (1)), (3.172)
can be neglected. Using
as\ _ p*(t)
— = 1 1
(%)~ @173
the remaining term is written as
(1) _ 4 p (tl)
M (k,t) = d 1‘1(1)1( Ip ¢z(.%'1) (3.174)

To arrive at the plane-wave PPT formulas we recognize

2

—Ippi(x) = [— +Va (r)] oi(z) (3.175)



which gives us
t
(1)(]{ t) = —( )fd xlék(x [ _p ( 1) +V (I‘l) @(xl)
Integrating by parts we see that
~ 2 2 t
;Lbk(xl) P Wg ()
m 2m

yields the desired result
MWD (k,t) = - (%) f d*a1 @y (21) Va (r1) gi(a1)
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(3.176)

(3.177)

(3.178)

Writing down the PPT amplitude

For finite-range final states the situation is different

and substituting in finite-range states gives a different rate than using the equivalent Keldysh

amplitude with the same states. Starting with Eq. (3.176]) we separate the amplitude into a PPT-

like contribution and a perturbation
Wk, t) = MEPPD (K 1) + s MDD (k, 1)

where

Pim pQ(tl)]@(w).

and
) - i) 4. ()
IMY (k,t) (h f d*r1®, 7 (21) [ 5

Using the Fourier representation
oi(e) = (2m) 2 [ kTG0 1)

and
<I>1((7)($) = (27?)73/2 f dk"eik”'r&)f{ )(k",t)

we see that the perturbation becomes

(ha)? +2(hk) - (ha - YA (1)) - (DA(t))

(3.179)

(3.180)

(3.181)

(3.182)

(3.183)

g?)l(k + q,tl).

SMW (K, t) =

—(i)[t;dtlquéf;)(k+q,tl)[

2m

h

(3.184)
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If gbl({_) is a plane wave then the corresponding Volkov state contains a single Fourier com-
ponent corresponding to hAq = |—i|A(t) and gives M) = 0 as before. Atomic scattering states
are described by a distribution of vectors q which leads to M) % 0 in general and therefore a

different result.

3.6.2.2 Ionization by circularly polarized fields

In Refs. |135-137] the amplitude was generalized to the case of arbitrary initial states and ex-
tended to both circular and elliptical polarizations. Additional quasi-classical Coulomb corrections
have been applied to the PPT formulas. We will instead describe the simpler Coulomb correc-

tions [23,/102] which are closely related to the WKB corrections used by Landau and Lifshitz in

their static rate (Sec)3.4.2)).

Starting with the right-/left- handed (%) circularly polarized field
A, (t) = -A[sin(wt)e, F cos(wt)ey | (3.185)

the final state Lippmann-Schwinger equation is applied to determine the first order expansion

MO (k) = - (%) [ d @G Var)sitn). (3.186)
Using
Va(r)éi(z) = (mﬁ - pm) () (3.187)
and integrating by parts the amplitude becomes
MO (k, 1) = (%) fotdt [hzlg# ] MBS 31 (4), (3.188)
with k(t) =k + L A(¢) and
—zkr
5:00) = [ o), (3.189)

The rate can then be determined as

- hm[dk IMD (K, 1) = hm( )RefdkL(k t)f dt1 Lk, 1) (3.190)
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in the long pulse limit (¢; - 0, t — o0) with
h2k(t
L(k,t) = [J ] MUt 6 (K (1)), (3.191)

Expanding L(k,t) again as a Fourier series the rate is represented as

27 ad ~
- fdk > 1La(QPO(B + I, - nhe) (3.192)
with
m[w 2k(t)?
Lo = 2 [ ar| RO p | 6msen g e(ey) (3.193)
27T - jw 2m ke=ky,
Switching now to atomic units
1 : 2
Lo = |5 [ dp Zi (o) e eele) (3.194)
27 J-m k=kn
with
_ k. (t)? ~
Zi(ks(t)) = [ +(t) + Ip] oi(ks(t)) (3.195)
where the integral is approximated using the saddle point approximation to obtain [20]
=. 1) |2
L, = — Dl snfarcos, (k) T ) (3.196)
"2/l - 1/xn(k2)?
from the zero-range initial state Eq. (2.72]) with saddle points
wt; = g + ¢ + 2w N + i arcoshx,, (k) (3.197)
which gives
oo kn —2n [arcoshxn (kz)—\/1-1/xn(kz)
w0 f (3.198)
n= nth \/1_1/Xn(kz)
for an s-state,
(l L= 0) Z / d k‘2 —2n[arcoshxy (kz)—v/1-1/xn (k- )? (3199)
27”{ n=ng, V 1- 1/Xn(kz)

for a pg-state and

wili=17|mi‘:1) i fkn _2" [arcoshyn (kz)—/1-1/xn (k2)?]
167r/<c nEmen Xn (k)21 = 1/xn(k2)?
2
<[220 (5221 % s (m)/T= 1 n(h2)2) = (1 + (/A )nfmg] (3.200)
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for a p.i-state where

nw
Xn(kz) = ———, 3.201
()= (3.20)
nen = [no], no = IJw and Ag = (1/w)\/I/2 with I is the laser intensity in atomic units.
Results for the s-state yield:
27
Nion =1 -exp [_w (Ncyclesz):l (3202)

are compared with those of numerical solutions of the TDSE (8’th-order B-splines) in Fig. for
the Yukawa potential

Va(r) = - Zerla (3.203)
T

with a =1/5 a.u. and Z are chosen such that I, = 1/2 a.u.. TDSE calculations are performed for a
16 cycle flat-top pulse with a 2 cycle sin? ramp on and off. The laser intensity is fixed at I = 1x10™
W /cm? and wavelengths are chosen in the interval from 10 nm to 800 nm. Jumps at 91.928 nm

and longer wavelengths correspond to the single photon and higher order ionization thresholds.
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Figure 3.9: Comparison of results for the total ionization yield obtained by the time-dependent
Schrodinger equation and the s—state PPT formulas [20]. The circularly polarized field has an
intensity of I = 1x10** W /cm?, duration of 16 cycles and wavelengths between 10 nm and 800 nm.

Properties of the Yukawa potential are discussed in the main text.

At the first threshold (91.928 nm) disagreement between the results of TDSE calculations
and those for the PPT formulas are due to the use of a short pulse in the TDSE calculations and
the approximate long-pulse rate in the PPT formulas. For longer pulse durations errors of this form
diminish. At the short wavelength (10 nm) limit the PPT rate starts to deviate from the TDSE
data set due to breakdown of the saddle point approximation. For zero-range s— states and current
laser parameters the approximation works well even for single-photon ionization. In Chapter [5] we
show that this disagreement greatly increases in the case of p-states where we will derive our own

complementary rate.
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3.6.2.3 Coulomb corrections

In the long-wavelength limit the Landau and Lifshitz ionization rate [107] may be recovered
by applying a similar quasi-classical correction to the final ionized Volkov state. We will stick to

one of the simplest [23,102] where

By () = exp [z f e dr'ép(r')]q)k(:n), (3.204)

with dp(r) = and po(r) ~ iV 1—-2Fr. We assume sufficiently weak fields giving:

1
rpo(r)
1/2F 2
exp [2 f dr'’ (5p(7"')] N — (3.205)
r Fr

where the long-range Hydrogen rate may be approximated as

WHydrogen ~ szero—range (3206)

with Q = (2/F)? and C, = 2. The WKB-like Coulomb correction relates the Hydrogen rate to
a closely related zero-range rate. In Ref. [140] improvements were made to the correction with
acceptable, but not perfect agreement with results of ab-initio numerical calculations. The lack of
fully quantum Coulomb corrections for ionization of atoms where v > 1 proves to be one of the
largest difficulties associated with the theory of strong field ionization.

In Fig. we show a comparison of the PPT yield [20}/136] with the simplified WKB-like
Coulomb correction given in Refs. [23,102] and the TDSE results for ionization of hydrogen atom

2 yamp up and down with an intensity of

by a 16-cycle flat top laser pulse with a two cycle sin
I=1x10" W/cm? and wavelengths between 10 and 800 nm. In the long wavelength (~ 800 nm)

limit where +y is smallest the approximation performs well, while for the shortest wavelengths (~ 350

nm and shorter) the approximation fails completely.
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Figure 3.10: Comparison of the total ionization yield for hydrogen atom between results of the
time-dependent Schrodinger equation (+ symbols) and the s—state PPT formulas (solid line). The
circularly polarized field has an intensity of I = 1 x 10** W /cm?, duration of 16 cycles and wave-
lengths between 10 nm and 800 nm. The black curve represents application of the Coulomb
correction [23}[102] to the circular s-state PPT rate |204[136]. The approximation only agrees in the

limit of 7 <«< 1 and outlines difficulties associated with Coulomb corrections when v 2 1.

For the remainder of the thesis we will apply the amplitude in the short-range case and
consider only this simplest correction. In Chapter [4 we will compare p-state ionization ratios

N,1/N_1, and Ny/N_1 between its three magnetic projections m = -1,0 and 1. Approximating
2 27
Nion =1- exp [_w (Ncyclesz):l ~ W (Ncyclesz) (3207)

the Coulomb pre-factor ) vanishes in ionization ratios and it is clear that zero-range estimates of

long-range properties are valid in the long-wavelength limit where Njo, < 0.1.



70

3.6.3 Velocity-gauge approach

When solving the TDSE exactly, all observables are gauge-independent. In other words exact

solutions to the TDSE within the dipole approximation should yield the same observables when

either
Vi(x) = |e[E(t) - ¢ (3.208)
2
Vi(z) = %A(t) P+ 1;7(;0)2 (3.200)

is used to describe interactions between an electron and an external field |[151}/152]. However, both
perturbative approximations [33] and nonperturbative approaches [23,|146] are, in general, gauge
dependent unless expanded to infinite order.

We will outline the most common velocity-gauge amplitude given by Reiss |146] and note that
Faisal [57] has produced a similar rate which allows for more general final states. The amplitude
starts with the velocity-gauge version of the same initial state Lippmann-Schwinger expansion as

used in Keldysh’s amplitude. The first order contribution is

MVD (1, 1) :—(%)fd%; o (@) VD (@) i), (3.210)
where
VO () - |6|(:Ai(t).p+ |€|Z2Ai(t)2 (3.211)
and
<I>1(<ZG)(CU) ~(i/h) f5 M (263:;';/2_ (3.212)
Using
atCP(VG)( o) = (hk + %;::t(t))Qq)l((\iG)(m) (3.213)
with
pol D () = (hk) 8D (2) and ih%¢i(x) = -1, $i(x) (3.214)
we have

MY (i, 1) = ( ) (By+ 1) [ a0 ()gi(a) (3.215)
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where vanishing boundary terms have been omitted.

Proceeding as before

f &2, 00D (21) (1) = di(K) f dt (M S=(kt) (3.216)
where
—zkrl
)= [ s i) (3.217)

is the Fourier transform of the initial state and using the asymptotic state
i (x) = Cry, P (k1) e Y (1), (3.218)

the momentum representation is given as

- Cogk?”2 o T(li+v+2) g, K - o
. _ (LY T oomy i (2N A - m;
¢i(k) = (-7) Vk le (k)( L2 + ,{2)1/+3/2 Pz/+1/2 ( L2 + ,%2) B Rz(k)Yli (k). (3.219)

which simplifies to

i(k) = \/E% (3.220)

in the case of a zero-range (v = 0) s-state.

ilh)S.

To complete the amplitude the k- &, (¢) term in el (k1) s expanded using the Jacobi-

Anger expansion

eik{i(t) _ eikpfcos(:ttpk—wt) _ i ine—inwtjn(k,pg)e:tingpk (3221)
which gives
f dty e(MSe(t) _ o=ik£.(0) Z i T (k) e 6, ([N (k) = nlw/2) (3.222)

and
MS’VG)(k,t)=( )(Ek+1)¢(k)e k£, (0) ; " T (k&)™ 46, ([N (k) = n]w/2)  (3.223)

after time integration. Taking the long pulse limit as before we have

dwy, (27T)mk

- (o = Uy)|: (k)22 (k€ sin ) (3.224)
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and
(27r)2mkn 2 [T . ~ 9 12 .
wn = < (b = U) [0 A6y, sin 04|Gi (k) 2T2 (k€ i 6, (3.225)
where we assumed that qgl(kn) contains a single spherical harmonic component which removes the
¢y dependence from the angular integral (|e?™¥*|? = 1).
Additionally, as given the velocity-gauge formulas incorrectly predict an identical ionization
rate for co- and counter-rotating electrons [166,/167] since |Ylm’(lA<)|2 = |Yl_m’(f<)|2 in the |¢;(k,)|?

A r

product. The inclusion of e~ in the length-gauge Volkov states resolves this issue, as shown

in Refs. [20,/136]. In Fig. w we compare the yield from Reiss’ rate

w = i Wn, (3.226)

N=NthH
(with ng, = [I,/w]) to the numerical data produced by simulations of the TDSE, as discussed in
the PPT section Again differences persist near ionization thresholds since we have modeled

the total yield using a long pulse rate.
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Figure 3.11: Comparison of the total ionization yield between the time-dependent Schrodinger
equation (data from Fig. and s—state Reiss’ formulas [146]. The circularly polarized field has
an intensity of I =1 x 10* W/cm?, duration of 16 cycles and wavelengths between 10 nm and 800

nin.

For zero-range s-states and laser parameters considered, both the velocity-gauge expansion
discussed here as well as the PPT expansions of section [3.6.2] are able to accurately describe the
ionization yield. In Chapter [5| we will show that for ionization of an initial p—state, the velocity-
gauge formulas discussed here fail at all wavelengths and the saddle point approximation applied
to the PPT formulas is unable to accurately predict ionization across a large range of wavelengths.
We will resolve this issue by integrating the length gauge rate of Keldysh [98] exactly using a similar

expansion as used in this section.



Chapter 4

Selectivity in electron emission induced by ultrashort circularly polarized laser

pulses

4.1 Introductionll

Spin polarization of atomic photo-electrons is an important aspect in exploring the structure
of atoms, molecules and solids [99]. The generation of ultrashort spin-polarized electron pulses can
be achieved by ionizing a gaseous atomic target with ultrashort circularly polarized laser pulses.
These electron pulses are useful tools to characterize and probe chiral systems and magnetic prop-
erties of materials on an ultrafast time scale. Towards an understanding of the mechanisms behind
the generation of spin-polarized electrons it is essential to study the sensitivity of the ionization
probability on the sense of the electron’s rotation in the initial state of the atom with respect to
the helicity of the applied circularly polarized laser field [18}|77]. Thus, it is interesting to identify
laser parameter regimes in which the ionization rate strongly depends on the number and/or the
sign of the magnetic quantum number in the initial state.

Spin polarization of photo-electrons and the related dependence of atomic photoionization
on the relative rotation between electrons in the initial state and the applied field has first been
studied for single-photon ionization. While it was first believed that spin polarization of photo-
electrons is a relativistic effect [141], Fano showed that electrons can be spin polarized in the

nonrelativistic energy region as well [59]. In general, for single-photon ionization the emission

! Part of the material presented in this Chapter has been previously published in S. Walker, L. Kolanz, J. Venzke,
and A. Becker, Physical Review A 103, L061101 (2021) and in S. Walker, L. Kolanz, J. Venzke, and A. Becker,
Physical Review Research 3, 043051 (2021).
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of electrons co-rotating with respect to the rotation of the electric field of the applied field is
more likely than that of counter-rotating electrons. Stronger spin polarization was predicted for
energy regions near Cooper minima. Experimental [26,79] and further theoretical [38] investigations
supported these predictions by Fano. Preference of the emission of co-rotating over counter-rotating
electrons has also been found in the ionization of atoms prepared in Rydberg states with microwave
radiation [150,{180]. In the seventies and eighties of last century the quest for sources generating
spin-polarized electrons continued along with the development of laser technology. Significant
electron spin polarization has been predicted and observed in two- and three-photon ionization
of atomic targets [8,|16,|49,[50} 60,61} 70, 71,/104-106}|157]. At the corresponding laser frequencies
the mechanism for spin polarization is related to intermediate resonances. The cross sections for
near-resonant two- or three-photon ionization can be large if high-power lasers with narrow spectral
bandwidth are available.

Using ultrashort laser pulses fine-tuning of the laser frequency to specific resonances is gen-
erally not possible and (near-)resonant effects, previously observed with lasers having a long pulse
duration, are often less pronounced in the ultrashort pulse regime. However, in the highly non-
perturbative tunneling regime of strong-field ionization a different selectivity in the emission of
electrons on the sense of the electron rotation in the initial state has been predicted recently [18].
In contrast to the general observations in the single-photon ionization regime, strong-field tun-
nel ionization yields larger ionization probabilities for counter-rotating electrons than for those
co-rotating with respect to the helicity of the applied field. The effect is due to nonadiabatic tun-
neling in which the two kind of electrons have, contrary to the standard assumption in strong-field
tunneling theory, nonzero velocities at the exit of the tunnel barrier. This prediction sparked sig-
nificant experimental [45,52.|53)77,80,85/118,158.|176] and theoretical [11-14,/17.|19-22,24, |25, 35,
40.,|441 45, 741|76|/82,|881190,92-97.|110}, 113-118}122,/128.|166,169,(1704/174-176,{179,/181},182] interest
over the last decade, including the observation of spin polarization of electrons of about 30%-50%
for the interaction of atoms with laser pulses at 800 nm [21},77,[158] and even larger one at about

400 nm [176).
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The role of excited states on the selectivity in the emission of counter- versus co-rotating
electrons has been investigated in a few studies [13,[25]44.|82,90}/166,/176,(182]. It has been shown
that resonant excitation can lead to peaks in the helicity dependent enhancement of ionization at
wavelengths in the deep multiphoton regime [182]. On- and off-resonance two-photon ionization
of an inner p-sub-shell electron has been discussed in the context of fluorescence polarization [82].
More recently, experimental and theoretical work has demonstrated that at wavelengths of about
400 nm Freeman resonances [65] provide a scheme to separate counter-rotating electrons from
co-rotating electrons in the photo-electron energy spectrum of xenon atoms [176]. In this case
resonant ionization via an intermediate state close to the threshold, which is accessible to the
counter-rotating electrons only, leads to a selection in the electron emission at a specific kinetic
energy. Therefore, the scheme provides an opportunity to generate spin-polarized electrons by
energy gating. Furthermore, strong asymmetries in the ionization with left- and right-handed
circularly polarized light for the lithium atom prepared in the polarized 2p(m = +1) state has been
observed [44]. In that combined experimental-theoretical study the emission of counter-rotating
electrons is found to be favored when the wavelength is tuned to the 2p—3s transition. We have more
generally analyzed the impact of resonant transitions via excited states, that — due to the selection
rules — can only be accessed by counter-rotating electrons. As we will show below, these states act
as doorway states in the few-photon ionization regime and are responsible for a dependence of the
total ionization probability on the magnetic quantum number of the initial state which is stronger
than those in both the single-photon and the tunneling regimes. The maximum ratios of total
ionization of counter- over co-rotating electrons, found in the numerical calculations, are about ten
to one, indicating the possibility to achieve a large selectivity in the overall electron emission.

More specifically, based on numerical solutions of the time-dependent Schrodinger equation
we predict a surprisingly large enhancement in the emission of electrons, that are initially counter-
rotating with respect to rotation of the applied field, during the interaction of rare-gas atoms with
ultrashort circular polarized laser pulses in a previously unexplored wavelength regime [166,/167].

In order to determine the mechanism behind this surprising enhancement we performed additional
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numerical calculations where specific emphasis was given to the intermediate-wavelength regime
where the trend in the ionization probability of counter-rotating electrons strongly differs from those
for electrons in the other two initial magnetic sub-levels. Theoretical analysis and numerical results
indicate that the enhanced emission of counter-rotating electrons occurs via photon absorption
channels, which are only accessible for electrons rotating opposite to the rotation direction of
the external electric field. Physical mechanisms behind the enhancement are identified as threshold
effects, in which the emission into continuum states with low angular momentum quantum numbers
is favored, and resonant enhanced ionization involving transitions via specific excited states in the

atom [166}/167].

4.2 Numerical methods

To study the dependence of strong-field ionization on the value and the sign of the magnetic
quantum number, we have solved the TDSE for the interaction of an atom with an intense laser
pulse in atomic units, where

i%llf(r,t) = —%2 +E({) - r+V(r)|V(r,t). (4.1)
Here, V (r) is a single-active electron (SAE) model potential for an electron in the 2p-shell in Neon

and in the 3p shell in Argon given by:

1 Zc —cr
V(r)=-=-2<

-> azeim (4.2)
r r ~
J
where for Neon, Z¢g = 9, ¢ = 2.0872, a1 = =5.4072, ay = 1.0374, by = 4.1537 and by = 67.1114.
Similarly for Argon Z¢o = 17, ¢ = 0.8472, a1 = —15.3755, ao = —27.7431, a3 = 2.1705, by = 1.2484,
ba = 4.3924 and b3 = 87.9345. The potential has been constructed using a method for benchmarking
tests between TDSE and time-dependent density functional theory calculations [143]. We will

discuss general features in detail for Neon [167] and note that we have observed the exact same

trends in Argon [166].
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For the circularly polarized laser pulse we set the vector potential of the applied field as:
t
A(t) = Agsin? (W—) [sin (wat) X — ecos (wat)y] (4.3)
T

where Ag = \/c2I/(1+€e*)w?, T = %, c is the speed of light, I is the peak intensity, N is the
number of cycles in the pulse, and wy is the central frequency of the vector potential. This ensures
that the electric field integrates to zero. w4 is determined such that the spectral distribution of the

E-field matches the given physical central frequency wg [164]. The electric field is obtained by

B(t) - —%%A(t) . (4.4)

We have considered a wavelength regime from 10 nm, which corresponds to ionization by
a single-photon, to 1000 nm, corresponding to tunneling ionization. At all wavelengths we have
applied intense laser pulses with a duration of 10-cycles and a peak intensity of 5 x 1014 w/ cm?.
Without loss of generality we have chosen left-handed circularly polarized pulses (i.e. € = -1). In
each calculation we have prepared the atomic system in one of the three magnetic sub-levels of
the p-shell. Eq. has been solved in three spatial dimensions by using previously discussed
grid-based [163] and numerical basis-state methods [37,/168]. At the end of each simulation we
have determined the population in the excited states, characterized by the quantum numbers n,
I and m, via projection on the corresponding bound states of the atomic potential, which have
been determined numerically. The ionization probability has then been evaluated as the difference
between unity and the total probability left in the bound states.

In the grid-based method we have expanded ¥(r,¢) in spherical harmonics up to lpq: =
|Mmaz| = 40 and discretized the radius using fourth order finite difference. The wave function has
been propagated in time with a time step of 0.05 a.u., on a grid with spacing of 0.05 a.u., maximum
radius of 500 a.u., and exterior complex scaling on the outer 25 a.u. of the grid using the Crank-
Nicolson method to propagate the wave function in time. This method was mainly used for the
simulations at long wavelengths.

In the numerical basis state method we have also expanded ¥(r,¢) in spherical harmonics

with ez = [Mmaz| = 40 in a box with maximum radius of 500 a.u. The basis was generated by
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diagonalizing the field-free Hamiltonian including a double-exponential complex absorbing potential
[78] on the outer 50 a.u. of the domain using a second order finite difference method with a grid
spacing of 0.03 a.u. In the calculations we have chosen a maximum principal quantum number
Nmaz = D00 corresponding to a maximum energy per angular momentum block of about 4.9 a.u.
The wave function is propagated in time using the Crank-Nicolson method with a time step of 0.05
a.u. We account for outgoing boundary conditions and the results have been checked against those
of the grid-based approach. Transitions to occupied states other than the initial state have been

prohibited in the basis code calculations.

4.3 Selectivity in electron emission

We first discuss concepts to enhance the emission probability of electrons from initial atomic
states with different magnetic quantum numbers via photon absorption. The absorption of a
photon from a left-handed circularly polarized field leads to changes of orbital angular and magnetic
quantum numbers of Al = +1 and Am = —1. The schematic representations in Fig. show the

allowed pathways for the absorption of the first three photons from initial (a) p and (b) d states.
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Figure 4.1: Photon absorption channels for interaction of a left-handed circularly polarized laser
field (Al = £1, Am = -1) with an atom in initial (a) p (red: m = -1, green: m =0, blue: m =1) and

(b) d state (red: m = -2,-1, green: m = 0,1, blue: m =2) [167].

In the case of an initial p state (Fig. [4.1a)) for electrons in each of the three magnetic sub-
levels transitions with Al = 1 are allowed leading to a successive increase of the orbital angular
quantum number with the absorption of each photon, where additional photon absorption channels
are accessible for the counter-rotating electrons (here, electrons in the initial m = 1 level, blue
arrows). For example, for a counter-rotating electron the absorption of a (left-handed circularly
polarized) photon induces a change in magnetic quantum number to m = 0 and therefore transitions
into both I = 2- and [ = O-levels are allowed. In contrast, for the other two initial sub-levels only
the transition to [ = 2 is possible. Similar considerations hold for the absorption of additional
photons. If the probability via these additional channels can be enhanced, we should therefore
expect a strong selectivity of the emission of counter-rotating electrons in the interaction with a
circularly polarized laser field. As our results below indicate this can be achieved either near the
thresholds of photon absorption (section or via intermediate resonances which act as doorway

states accessible for the counter-rotating electrons only (section |4.3.3). These additional pathways
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to ionization have been also mentioned in Refs. |13}[25]44} 82,90} /166}/176]. Resonant transitions
via different pathways for counter-rotating electrons in two-photon ionization has been discussed
in Refs. [82,90]. Since selective emission via these additional pathways does not rely on a splitting
of energy levels, the enhancement can be achieved independent of the duration of the applied laser
pulse, which is interesting for the generation of ultrashort spin-polarized electron pulses.

With our numerical results presented below we study the applicability of these concepts for
the initial 2p state in the neon atom, similar results have been found for argon atom as well [166].
Reasoning along similar lines as above can be however done for initial states with a larger orbital
angular momentum number as well, as it is illustrated for an initial d state in Fig. u(b) Besides
the Al = 1 pathway, which is open for electrons from each of the five initial m-levels, additional
pathways are available for electrons from the initial levels with m = 0,1 (red arrows) and even
more for those from the m = 2 state (blue arrows). Thus, by identifying specific frequency regions
in which the transition probability via one or some of these additional pathways is large one can

expect an enhancement in the emission of certain groups of electrons.

4.3.1 General trends

In Fig. [1.2] we present the numerical results for the ionization probability from the three 2p
orbitals of neon-like atom as a function of wavelength in a 10-cycle left-handed circularly polarized
laser pulse at peak intensity of 5x 10** W/cm?. P,, where the index denotes the magnetic quantum
number of the initial orbital (m = 1, 2p,, stars with line), corresponds to the ionization probability
for counter-rotating electrons, while P_ (circles with line) is the one for co-rotating electrons and

Py (squares with line) denotes the ionization probability for the initial state with m = 0.
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Figure 4.2: Ionization probabilities P, (stars with line), Py (squares with line), and P_ (circles
with line) as function of wavelength for neon-like atom at 5x 10* W/cm? interacting with 10-cycle

left-handed circularly polarized laser pulses [167].

There are a few general trends which we will discuss before we further analyze more specific
features in the next subsections. In the short wavelength regime the single-photon ionization
probability for each of the three sub-shells increases approximately proportional to A7/2, as it is
expected at large photon energies based on the Born approximation . In agreement with earlier
work for single-photon transitions co-rotating electrons are easier to ionize than counter-
rotating electrons, while the ionization probability for the initial orbital with m = 0 remains in
between those for the other two sub-shells (section [4.3.2]). The differences in the trends of the
ionization probabilities near the one-photon threshold will be discussed in section [£.3.2]

In the two-, few- and multiphoton ionization regime the dependencies of P- and Py on the
wavelength remain rather similar. As discussed out the outset of section (c.f., Fig. [1.1)(a)), for

electrons in initial p_ and pgy states absorption of photons is allowed through the pathway with
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Al =1 only. Therefore, the absorption of N photons results in the final state with Iy = NV + [ and
my =m~—N, where [ is the angular momentum quantum number of the initial state. In lowest order
perturbation theory the transition amplitudes for both initial states share identical intermediate
reduced matrix elements and differ from each other only by a 3j symbol. A perturbative scaling
law for the ratio of ionization probabilities via the Al = +1 pathway for electrons in initial states

(I,m) and (I,m’) is therefore given by

I+ 1 1+k-1

P, Npin \k—-m -1 m+1-k

p. L 2
MUl ik 1 lek-1

Ek-m' -1 m'+1-k
where Npin, = [I/w] is the minimum number of photons absorbed and I, is the field free ionization

potential. Using

l+k 1 1+k-1 ) —m =1 (2% +1 -
= (D 2kz( k:2;-l1m2k: )Q(Zk;k: 277) 1)’ (46)
k-m -1 m+1-k (2k +20 = 1)(2k + 20) (2k + 20 + 1)
we get,
Py Nwin 2k+1-m-1)(2k+1-m) _ (I-m) (2N +1 - m)! (47
P 5 k+1-m/-1)2k+1-m')  (I-m)/(2Npin +1-m')! '
Thus, for an initial p state with [ =1 we have
Py 1
- _ - 4.8
P_ Nmm-‘rl ( )
and
P.(l :Nmin-i-l 1
= ) , (4.9)
P (Nmzn + 1)(2Nmm + 1)

where P,(lf = Npn + 1) is the perturbative ionization probability for counter-rotating electrons
along the Al = +1 pathway only.

The comparison in Fig. [1.11fa) shows that the numerical results for Py/P- (circles with line)
overall agree well with the perturbative scaling law (solid line, Eq. ) at the shorter wavelengths.

The differences near the photon absorption thresholds are due to the bandwidth of the short pulse
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used in the calculations. The deviation at large wavelengths indicates the transition to the tunneling
regime. In this regime the numerical results for Py/P- agree rather well with predictions based on

nonadiabatic tunneling theory (dotted line in Fig. |4.11)(a), [18,20]):

& — I 1+’72 73(C0_1)2(C0+1) (410)
P \I 1673 G5 +72 (\/C§+72—C0\/1+72)2 |

where [ is the laser intensity, v is the Keldysh parameter and (j is determined by

2+ 2 1 2+ 2
97 fanh it | (4.11)
1+~2 1-¢o | 1+92

In contrast, the results for P,/P_ (circles with line) in Fig. [4.11|(b) show a deviation from

both the perturbative scaling law (solid line, Eq. (4.9)) and the prediction of the nonadiabatic

tunneling theory (dotted line, |18120]):

P _(VE P+ ayTi2) (4.12)
VG2 -GV/T+72 ‘

P
in the intermediate two- and few-photon ionization regime. Here, P,/P- changes by two orders

of magnitude, reversing from 1:10 to 10:1. An enhancement of the emission of counter-rotating
electrons in the few-photon ionization regime has also been observed in numerical results for strong-
field detachment of F~ [13]. As we will discuss in the next subsections, for the present results the
strong variation in the ratio can be explained as due to the impact of the additional pathways
available for the counter-rotating electrons (c.f., Fig. [4.1a)). From the results in Fig. {.11|(b) we
can identify that these pathways should have a strong impact at the one- and two-photon ionization

thresholds, the region at about 70 nm and the few-photon ionization regime.
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Figure 4.3:  Comparison of numerical results (circles with line) for the ratios (a) Py/P- and

(b) Pi(ly = Npin +1)/P- with the scaling laws from lowest order perturbation theory for Al =1
pathway (solid lines, Eqs. (4.8l4.9)) and those from nonadiabatic tunneling predictions (dotted lines,

Egs. (4.104.12)) as function of wavelength. Laser parameters are the same as in Fig. [167].
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Before proceeding, we note that the present numerical results agree well with the predictions
of the nonadiabatic tunneling theory at long wavelengths. A similar degree of agreement has been
reported before for results from an analytical R-matrix theory [94], 2D-TDSE calculations [17]
and the R-matrix with time dependence method |13|. Furthermore, the results of the analytical
R-matrix theory [94] indicate a maximum in the P,/P- ratio as well, which occurs in a wavelength
regime close to that one where the maximum is found in the present results. Finally, we note that
the trend of the results for P, and P- in Figs. and [4.11|(b) near 1000 nm may indicate that
the relative emission probability of counter- versus co-rotating electrons reverses at even longer

wavelengths. Such a reversal has been predicted in past theoretical studies [1744/182].

4.3.2 Tonization thresholds and two-photon ionization

At wavelengths near the one-photon ionization threshold the relative probability for emission
of counter-rotating electrons increases as compared to those from the initial levels with m = -1 and
m = 0. This can be seen from the ratios P,/P- (Fig. [1.4b), stars with line) and P, /P, (Fig. [4.4c),
stars with line). The enhancement is due to the fact that for small photo-electron energies the
transition in the continuum is favored for final states with low angular momentum quantum numbers
[32]. Since transitions into continuum states with Iy = 0 are only allowed for counter-rotating
electrons (Fig. [4.4(a)) the emission of those electrons is enhanced near the threshold, which raises
the two ratios. This interpretation is verified by the comparison with reduced ratios, in which we
deliberately neglected the probability for the channel to one of the final states in the P, results.
To this end, we have computed the continuum populations for a certain angular momentum by
projecting the wave function onto the corresponding continuum functions used in the basis method
and adding these coefficients squared. The reduced ratios show the dominant emission in the [y = 2-
channel (squares with line) and the [ = O-channel (circles with line) at short wavelengths and near

the threshold, respectively.
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Figure 4.4: Upper row: (a) Channels for single-photon ionization. Lower row: Comparison of
ratios (b) P./P- (stars with line), P, (Il = 2)/P- (circles with line), and P, (I = 0)/P- (squares with
line), and (c) P, /Py (stars with line), P, (l = 2)/Py (circles with line) and P, (I = 0)/F (squares with

line) as function of wavelength. Also shown are the predictions based on lowest order perturbation

theory for the Al =1 channels (solid lines without symbols, Eqgs. (4.8l4.9)) [167].

The same effect explains the enhancement in the emission of counter-rotating electrons for
wavelengths near and just above 100 nm, at which the two-photon ionization channel closes. Since

the pathway into the [f = 1-channel is allowed for the counter-rotating electrons only (Fig. a)),
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predominant emission of counter-rotating electrons into the final channel with the lowest possible

angular momentum quantum number enhances the ratio of P./P- and P,/Py near the threshold

(Fig. [4.5|(b,c)).
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Figure 4.5: Upper row: (a) Channels for two-photon ionization. Lower row: Comparison of ratios
(b) P,/P- (stars with line), P,(l = 3)/P- (circles with line), and P, (I = 1)/P- (squares with line),
as well as (c) P./Py (stars with line), P.(I = 3)/Py (circles with line) and P.(I = 1)/Py (squares

with line) as function of wavelength. Also shown are the predictions in lowest order perturbation

for the Al =1 channels (lines without symbols) [167].
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The impact of the channels with lowest angular momentum quantum number in the final
state can be also investigated via photo-electron angular distributions. For ionization along the
Al = 1 pathway, available for all electrons, we expect an angular distribution proportional to the
spherical harmonics Y7 !|? (for single photon ionization) and |Y3"2|? (for two-photon ionization).
As can be seen, from the comparison of the numerical results in Fig. obtained at the one-photon
(left column, 53.8 nm) and the two-photon threshold (right column, 104.12 nm), this is the case
for ionization from both 2py (panels (b) and (e)) and 2p_; (panels (c) and (f)). In contrast, the
angular distributions for the counter-rotating electrons at the one-photon threshold (Fig. |4.6(a))
show signatures of an interference. Specifically, in the projections it is seen that the node that would
occur for a pure |Y20|2 distribution is not present. This indicates the presence of an interference
with a spherical harmonic having a different, here lower, angular momentum, as expected. At the

two-photon threshold the contribution from [ = 3 is significantly smaller than that from [ = 1 so

interference is barely visible in the photo-electron angular distributions (Fig. [4.6(d)).
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Figure 4.6: Comparison of photo-electron angular distributions for ionization from initial state
m =1 (a,d), m =0 (b,e) and m = -1 (c,f) near one-photon (a-c: 53.8 nm) and two-photon (d-f:

104.12 nm) threshold [167].
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The enhancement in the P,-yield and the corresponding ratios at a wavelength of about 70 nm
in the two-photon ionization regime is due to resonant ionization via the intermediate 3s doorway
state. While transition into the 3d state is allowed from all three initial states via the absorption
of one left-handed circularly polarized photon, the 3s state is only accessible for electrons in the
initial 2p_; state (c.f., Fig.|4.1{a)). Indications for the impact of the doorway state are given by the
ratios Py(ly =1)/P- and P,(lf =1)/F, in Fig. (b,c) and the large population in the 3s state for
ionization from the initial 2p, state at the end of the pulse (Fig.|4.7(a)). The relative importance of
resonant transition via s and d states in the two-photon ionization regime has also been discussed
for interaction of counter-rotating electrons prepared in excited 2p state in hydrogen atom [90].
Similarly, an enhancement in the emission of counter-rotating electrons has been observed for a
resonant 2p—3s transition in the three-photon ionization of lithium atoms, prepared in the polarized
2p(m = +1) state |44]. Together, the data clearly support the interpretation that the resonant
ionization pathway, which is accessible for the counter-rotating electrons only, is the origin for the
enhancement in the P,-yield. The comparison with the final populations in the states of the n = 3-
level for the other two initial states in Fig. (b,c) show that in those cases only the 3d state is
populated and the population decreases as a function of wavelength in the two-photon ionization

regime.
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Figure 4.7:  Excitation probabilities in 3s (orange squares), 3d (red circles) and all states (blue
stars) for ionization from initial states (a) 2p1 , (b) 2po and (c) 2p_; for neon-like atom at 5 x 1014

W /cm?) interacting with 10-cycle laser pulses [167].

4.3.3 Doorway states in few-photon ionization regime

In contrast to the two-photon ionization regime, for few-photon ionization states in the n = 3-
level can only be accessed by the counter-rotating electrons, as shown in the two schemes in Fig.
Corresponding to each of these additional pathways one can expect resonant enhanced ionization

in the P,-yield. In contrast, there are no pathways for resonant enhanced ionization via the n =3
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states for electrons in the other initial states.
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Figure 4.8: (a) Two- and (b) three-photon transitions into doorway states in the n = 3 shell

from initial 2p; state. Other non-resonant transitions are also shown using same arrow styles as in

Fig. [4.1] [167].

The importance of the resonant transitions is supported by the results of our numerical cal-
culations in Fig.[4.9] The comparison of the total and 3l-excitation probabilities for the three initial
states at the end of the pulse shows the stronger role of the overall excitation for counter-rotating
electrons (Fig. [4.9(a)) as compared to the other initial states (Fig. [£.9(b,c)) in the wavelength
regime between 100 nm and 200 nm. It is also seen that a major part of the total excitation arises
from populations in either the 3p-level (two photon resonant transition) or the 3d-level (three pho-
ton resonant absorption). In contrast, there is only very small final population in the 3d state for
the other two initial states. This population arises from one-photon transitions due to the broad
bandwidth of the ultrashort pulse. Similarly, we see some small population in the 3s state due to

one-photon absorption for the initial 2p; state.
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Figure 4.9: Comparison of excitation probabilities in 3s (orange squares), 3p (green triangles), 3d
(red circles) with total excitation probability (blue stars) from initial states (a) 2p1, (b) 2pp and

(c) 2p_1 for neon-like atom with 10-cycle laser pulses at peak intensity 5 x 10* W /cm?) [167].

The remaining part of the total excitation probabilities for the counter-rotating electrons as
well as the contributions for the other initial states arise from higher excited states. This is shown in
Fig. where we present the corresponding populations in states with n > 4, separately for each
l-quantum number up to [ = 6 (i states). The excitation for the initial states with (b) m =0 and (c)

m = —1 both solely arise from the f- (at about 110 nm), g- (~ 170 nm), h- (~ 200 nm), and i-levels
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(~ 240 nm), confirming that mechanism and pathway to excitation and ionization from these two
states are similar. The population of levels with successively larger [-value in separate regimes, as
the wavelength increases, is in agreement with the interpretation of a resonant enhancement along
the Al =1 pathway. In contrast, the results for the counter-rotating electrons (Fig. 4.10(a)) again
indicate the strong impact of the additional pathways. In this case the populations in the excited
states along the Al = 1 pathway do not provide significant contributions to the total excitation
probability. For example, the population in the nf states (purple crosses) at about 110 nm for
initial state m = 1 is smaller than the populations in the corresponding states for the interaction
with the other two initial states. However, its contribution to the total excitation probability is
negligible. Instead, the populations in the excited states with lower [ are, in general, by about
two orders of magnitude stronger than those with the higher I’s. This observation agrees with
theoretical results for on-resonance two-photon ionization of an inner atomic np-sub-shell by a

circularly polarized light field [82].
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Figure 4.10: Same as Fig. [£.9|but for ns (orange squares), np (green triangles), nd (red circles), nf
(purple crosses), ng (brown diamonds), nh (pink plus signs), and ni (grey 3 pointed stars) states

with n > 4. Total excitation probabilities are represented by blue 5 pointed stars [167].
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4.3.4 Application to Argon atoms
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Figure 4.11: Ratio P,/P_ (stars with solid lines) and Py/P- (open circles with dotted lines) as a
function of wavelength for (a) neon-like atom (5 x 10'* W/cm?) and (b) argon-like atom (5 x 10*3

W /cm?) interacting with 10-cycle laser pulses [166].

In general, the results for an argon-like atom can be interpreted in the same way as those for
the neon-like atom. A few additional features arise due to the more complex level structure among
the doorway states closest in energy to the initial 3p-levels.

In Fig. we plot the P, /P_ ratio (solid blue line) and Py/P- ionization ratio (solid black
line) now for both neon atoms (panel a) and argon atoms (panel b), where all laser parameters in
the case for argon have been chosen identically to the neon-like case except the use of a reduced
laser intensity of 5 x 10'3 w/ cm?. The large maximum in the single-photon regime for the argon-
like atom at about 30 nm and several of the small maxima in the two-photon regime for both
atoms are due to the Cooper minimum and resonant transitions, respectively. These signals are
therefore short-pulse features of the effects studied for continuous lasers or long pulses in earlier
studies [59,/104]. Here, the vertical solid lines correspond to ionization thresholds where a maxima
in the co- vs. counter-rotating ratio for both neon and argon atoms again lies approximately at the
five-photon ionization threshold corresponding to the transition between tunneling and multiphoton

ionization.
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When analyzing the Py/P- ratio we again see the perturbative scaling law, Eq.(4.8)), where
the effects of resonances and Cooper minima are not observed. We must note that the upward
slope of the ratio in Fig.(4.11|b) above 600 nm is likely a convergence error in the numerical results

but does not alter our results and analysis.

4.4 Summary

To summarize, we have performed ab-initio numerical calculations of the time-dependent
Schrodinger equation to study the dependence of the interaction of argon- and neon-like atoms
[166,|168] with an intense ultrashort circularly polarized laser pulse on the magnetic quantum
number of the initial state. In our analysis we have considered a broad wavelength regime, ranging
from single-photon to tunneling ionization. The numerical results for ionization of electrons co-
rotating with respect to the rotation direction of the field and those from the initial level with m = 0
agree well with the predictions from lowest order perturbation theory at short and nonadiabatic
tunneling theory [18,20] at long wavelengths. In contrast, the data for the counter-rotating electrons
deviate significantly from both these predictions in the intermediate wavelength regime.

At the one- and two-photon ionization thresholds the enhancement in the emission of counter-
rotating electrons can be explained via the transition into channels with low angular momentum
quantum number in the continuum, which are accessible for these type of electrons only. Further
increase in the ionization yield for counter-rotating electrons (Fig. and in the ionization ratio
of counter- over co-rotating electrons (Fig. [£.11](b)) in the two- and few-photon ionization regime
comes along with much stronger excitation probabilities found for the interaction of counter-rotating
electrons with a circularly polarized short laser pulse. Together with the finding that the population
is mainly in excited states with lower angular momentum quantum number our results indicate that
resonant enhanced ionization via specific pathways and doorway states, which are accessible for the
counter-rotating electrons only, is the physical mechanism behind the enhancement. The overall
similar trends in ionization and excitation probabilities for initial states with m = 0 and m = 1,

from which none of the doorway states can be excited, further support this interpretation.
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The additional pathways for counter-rotating electrons exist in all atoms with ground states
having [ > 1 and may therefore provide an alternative route towards the generation of ultrashort
spin-polarized electron pulses. Energy gating of the photo-electrons, as proposed and demonstrated
in Ref. [176], can even further enhance the selectivity in the ionization process. Increasing the wave-
length beyond the few-photon ionization regime, the excitation probability becomes less relevant
due to the large number of photons needed for resonant transitions into excited states close to
the threshold. Correspondingly, the relative strength of the emission of counter-rotating over co-
rotating electrons gets significantly smaller, decreasing from a ratio of ten to one at 250 nm to less

than three to one in the tunneling regime at 1000 nm (Fig. [4.11|(b)).



Chapter 5

Extending the theory of strong-field ionization into the UV limit

Our recent work [166,/167] discussed in the previous Chapter motivated us to seek out accurate
models of strong field ionization from a general initial state at arbitrary photon energies. The
current approach involves expanding the Keldysh ionization amplitude [98] in Fourier components
(in time) and partial waves (in space). We are able to describe the strong field process in terms
of photon absorption pathways and angular momentum selection rules. Almost exact results for
the ionization of electrons bound to short range potentials in the presence of a strong circularly
polarized field at an intensity of I = 1 x 10'* W/cm? and with wavelengths between 10 and 800 nm
are found in comparison with ab-initio numerical TDSE simulations. We will, in particular, discuss
the correct choice of states in the 10-200 nm wavelength regime where the asymptotic tail of the

wave-function alone cannot describe ionization.

5.1 Circular polarization

In section we summarized the results of Refs. [204/136], for the ionization of electrons
bound by short-range potentials for the case of a strong circularly polarized field. The success of
these formulas was then demonstrated in Fig. where satisfactory agreement was found with
numerical solutions of the TDSE applied to a 16-cycle laser pulse with an intensity of I = 1 x 104
W /cm? and wavelengths between 10 nm and 800 nm. Discrepancies were observed near ionization
thresholds since we did not include the pulse envelope, and at the short (10 nm) limit due to the use

of the quasi-classical saddle point approximation. Errors of the first kind are well understood and
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may be resolved using rate equations and numerical time integration including the pulse envelope.

In this section we will discuss errors of the second kind introduced by the use of saddle points.

5.1.1 Short-wavelength breakdown of the saddle point approximation

In Fig. u we integrate the length gauge amplitude exactly in time (Eq. ) to demon-
strate short-wavelength errors introduced by the saddle-point approximation. The exact results
will be derived in the subsequent section. In the left panel of Fig. we compare the saddle point
PPT result of section [3.6.2, as also shown in Fig. to the exact same amplitude without the
approximation for an initial s-state. It is clear that for nearly all wavelengths longer than the
single photon ionization threshold (~ 92 nm), both the exact (black curve) and the approximate

amplitude (red dashed curve) predict essentially the same results.

S-State Saddle-Point Comparison P-State Saddle-Point Comparison

m— eXxact

= saddle-point — exact

=+ saddle-point

10 20 40 100 200 400 800 10 20 40 100 200 400 800
A (nm) A (nm)

Figure 5.1: Total ionization yield for the length gauge amplitude (sections |3.6.1| and |3.6.2)) corre-

sponding to a 16 cycle laser pulse with an intensity of 1014 W/cm?. Results are compared between
the saddle-point approximation (red dashed curve) and the exact time integration (solid black

curve) for s-states (left panel) and p-states (right-panel).

In contrast, in the right panel of Fig. the same comparison is done for initial p-states,

where it is clear that the exact (black curve) and the approximate amplitude (red dashed curve)
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disagree over almost the entire wavelength regime considered. To further explore this behavior we
decompose the ionization yield into contributions corresponding to each of the three initial states

m =-1,0 and 1 where the field is assumed to be right handed circularly polarized.
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Figure 5.2: Total ionization yield for the length gauge amplitude (sections [3.6.1 and [3.6.2|) corre-

sponding to a 16 cycle laser pulse with an intensity of 10'* W /cm?. The yield is compared between
the saddle-point approximation (red dashed curve) and exact time integration (solid black curve).
Top-left, bottom and top-right panels correspond to initial magnetic quantum number m; = -1, 0

and 1, respectively.

From this comparison it is obvious that the saddle-point approximation overestimates the

yield for each magnetic sub-level, where the worst agreement is observed near the short wavelength
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10 nm limit, while the best agreement is found at the 800 nm long wavelength limit. To verify that
the correct pre-factor has been used, the pg—yield was calculated exactly from the s—yield used
in the left panel of Fig. where the s—state factor k/2m was replaced with 3]4:2/277/@ with the

appropriate term for C\ .

5.1.2 Ionization amplitude

We will now discuss the accurate ionization amplitude used in Figs. [5.1] and [5.2] for the case of
circular polarization with application to elliptically and linearly polarized pulses in a later section.

The exact solution to the TDSE can be expressed as a Lippmann-Schwinger-type integral equation

U, (x) :¢¢(a?)+fd4w1 Go(z;21)Vie(z1)di(21), (5.1)

where we use the notation

d*zy = tdt d 5.2
1= to 1 r ()

for integration over intermediate coordinates and + and — in + correspond to right- and left-handed
polarized fields. Here, t( is the moment when the field is turned on and ¢ is the time instant when
the field is turned off and measurements are made.

The initial atomic state is either chosen to be the exact numerical eigenstates for a SAE

potential

¢i(x) = WMy, (x) = OB Ry ()Y (x) (5.3)
with R; given by

. A2

,065) = | 2+ v 16) =) 5.0)

or the approximate asymptotic states from Ref. [136], where
Ri(r) ~ C, k3% (k)" Le™ " (5.5)

which is accurate for calculations at long wavelengths, where ionization is dominated by the tail

(kr > 1) of the ground state. As before, I, is the ionization potential, hx = \/2ml, is the bound
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state momentum and we obtain C);, by fitting the asymptotic state to the kr > 1 part of the exact
state.

We will investigate accurate solutions for the case of short range potentials where the solution
to the atomic Schrédinger equation for kr > 1 gives v = 0. For long range potentials (which we
will treat in a later work) the power law becomes v = (k¢/k) with the Coulomb momentum
hkc = mZ|e*/h and residual ionic charge Zle|. To derive the first order amplitude we expand the
full Green’s function in Eq. to zeroth order in Volkov states

o) (@) = ¢ M o W**%Ai““cﬁi‘)(r). (5.6)
Here, (131({_)(1‘) is chosen to either be plane-waves or atomic continuum states obtained through
the shooting method. The earlier correspond to the usual zero-range Volkov states and the latter
correspond to the finite-range atom Volkov states with properties given in Ref. [58].

When the Volkov Green’s function
1% l _ 0, <
W (z;2') = 0t~ i o) (x) 00 (2) (5.7)
is inserted in Eq. (b.1)) we arrive at the approximation
U, (2) ~ i) + f A1 GV (300 Vis (1) i (1) (5.8)

To determine ionization properties we restrict ourselves to the outgoing part of the wave-function

spanned by continuum Volkov states

v @) = [ deMek, )0 (@) (5.9)
with the coefficient given by
Mi(k,t):fdrCD( ) (2) W, (). (5.10)

The zeroth order contribution

MO (k. t) = fdr(I) ()i () (5.11)
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is identically zero for finite-range Volkov states and dies off for plane-wave Volkov states in the long

pulse limit [136]. The lowest order contribution therefore comes from

MO0 =~ (3) [ darl) @ leBatn) o) (5.12)

and is the well known Keldysh amplitude [98].

5.1.3 Photon Absorption/Emission

We select tg = 0 and write the amplitude as

¢ . 9\ -
MO (K, 1) = fo dtle(’/h)s(k’“)(—8—t1)¢i(k,A(t1)) (5.13)

with
di(k, A(t)) = f drl(ﬁl({_)(h)e*%A(t)'“¢i(1"1) (5.14)
We then expand the terms in Eq. in partial waves to determine the ionization amplitude.
To evaluate time integrals via Fourier components we replace the sum over saddle points by a sum
over discrete energy levels. The discrete states describe the total quanta absorbed (n) and the final
energy after ionization.
Starting with the éz term we express the vector potential contribution as

e S OL Z 2 (=)' i, (kar) V"4 (AL (0))YERA () e A (5.15)

la=0na=—l4

le]A

where k4 = 5 is the vector potential momentum. Ylj"*‘(f') represents the angular momentum

transfer and e A%t

represents the total energy transfer n hw. Since l4 > |n4|, we note that, in
general, n4 describes the net absorption or emission of energy and not necessarily an order of
perturbation theory. This factor is completed by expanding the continuum state in the term as
(=) Ay, ~im, (k 3 A
o (r) = ZO Z, itemm ) Ry, ()Y (k)Y () (5.16)
k me=—tg

where Ry, is the radial continuum state with phase shift ;, (k). Here, ¢1(<_) describes scattering

states which are asymptotically given at r — oo by a plane wave plus an ingoing spherical wave [107].
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Putting it all together we have
d\ ~ . tng _—ingwt
;) ik A1) = (i/h) > (nahw) A 4e
lana

I la

x 3 Ky, (k)T (k) YA (k) (5.17)
s

—(mj£na) £ng my
with coefficients

AFtA = Am (=) Y4 (AL(0)), (5.18)

and

Ky, (k) = (=i)tweim ) (5.19)

The Fourier component e 4! describes the transfer of n4 quanta of energy to the ionized

electron and the angular integrals are given by

s bk I A NV (. \ VM (4
= f A9, Y (F1) Y, (1) Y™ (£1) (5.20)
-mg Mms M

which provides the corresponding angular momentum selection rules which are evaluated as Wigner-

37 symbols. The radial integral

1 0 .
Illf’l“‘(/f) = Efo dr1 73 Ry, (r1) 1, (kar) Ri(r1), (5.21)

determines how the initial state influences the photo-electron distribution. We numerically evaluate
this integral for all cases in this section and the subsequent section on numerical applications.

Using the expansion

™ m T !
@) = T eiata) = G B R 322 ), (522

for asymptotic initial states and zero-range Volkov states the integral can be evaluated exactly as

W2 D([I +1a+v+2]/2)T ([l + 14 + v+ 3]/2)
K3/2 L(l +3/2)T(14 +3/2)

lk lA 2 2
X(E) (k_A) F4(lk+l,4+z/+2 lk+l‘4+y+3-lk+§ lA+§'_(E) 7_(]45,4) ) (5.23)
K K

Illik’lA(k) = O,

K K 2 ’ 2 ’ 2’ 2’
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The Appell Fy function [9] is defined as

= (@man (D) mn 2™ Y"
Fy(a,b;cy,c2;,y) = RAUASLACALILALSSSINE A
( ’ ) m,%::o (Cl)m(c2)n m! n!

(5.24)
with domain of convergence \/|z|++/|y| <1 (or k+k4 < k) and can be extended to the entire domain
via various analytic continuations [6,7},56,83]. In section we will find a simpler expansion in
terms of orders of the intensity parameters z; and z, where lowest-order contributions correspond
to the weak-field limit and progressively higher-order terms are required when transitioning into

the strong-field limit.

To finish the derivation we expand the action term in partial waves and perform time integrals

such that
(hk + |€|A (1))>
s.t)= [ar +1,| = N(k)hwt + hk- (€,(t) - £,(0),  (5.25)
1 ~ h2k? h2k?
N(k)= — (Bp+1 Ey = U,= —=2 2
(k) hw( k+p)7 K om’ P 2m (5.26)
and
E.(t)y=— lel / A, (7)dr = £[cos(wt)x + sin(wt)y] (5.27)
with & = |e‘ ~. Using the same partial wave expansion as before we have
k£, (¢ o &y s e (AN LN i
M6 a3 N il (REOYES (£,(0)) VS (K)e s, (5.28)

ls=0ng=-lg

For a given number of quanta n4 from the vector potential term we have

ft dtle(i/h)si(k,tl)—inAwtl —
0

) ls N
e—z‘k-si(O)Z 3 XliS"S(k)ylz"S(k)(st([N(k)—(nA+nS)]w/2) (5.29)

lg=0ng=-lg
with coefficient

X215 (k) = 4 g ()Y (€.(0)). (5.30)

The shape term

6:(x) = e™sinc(at )t (5.31)
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describes the distribution of final energy states after the absorption of n4 + ng photons by a finite
flat-top pulse.

Combining all contributions we get for the ionization amplitude

) %) la
MS) (k,t) — (i/h)e—zk{i(o) Z Z (nAhw)Ali:A

la=0na=—lz

li+lA lk lA lk lA mi;+n 4 o
x > K, (k) 5 (k) Y, (k)
lp=max(|l;-lal,lm;£n4l) —(m;+nyg) £ng my

o0 lg )
<32 XS (R)YES (K)S([N (k) = (na +ns)]w/2)  (5.32)

ls=0ng=-lg

with angular momentum components determined by

VR -

lHls l lg Ik ot (madme) o
Y, ix(na+ S)(k) (5.33)

l=max(|lk—l5|,\mii[n,4+ns]\) _(mi + [nA + ns]) :I:nS mi + nA
and the yield given by
PUo (4) = f dk | M. (k, 1)[2. (5.34)
5.1.4 Long Pulse Limit
To determine the time-averaged rate for a long pulse we use

w, = lim 1 plen) (1) (5.35)

where it is useful to introduce the distribution
W (k) = lim £ M. (k, ) ~ lim UMWB (k1) (5.36)

Taking the limit we see that the only time-dependence comes from cross terms involving d;(x).

Using the sinc representation of the Dirac delta function we see that

Jim ¢718([N (k) = /23N (F) = Jo]2)

= 2 S([N (k) = n]he) S = 2% 5k = n) Sr (5.37)
Un
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which results in the quantized final state momenta

hky = \/2m (nhw - I,) = mo, (5.38)
and the distribution
We(k)= 3 IMEP (k) POk~ k) (5.39)
N=Nth

after the absorption of n photons with threshold value n, = [fp/hw] and effective ionization po-
tential I, = I, + U,,.
The amplitude for each photon process becomes
M (k) = RSO0 7 G ()Y (). (5.40)
l=|m;+n|

with components

2

T & la
O (k) = (i/h) 2 2 (nahw)Art

Un la=0ng=-la
) liiA Klk(kn)fll.k’l‘q(kn) Ik la l;
lp=max(|li=lal,|mitnal) —(mij+na) £ng my
%) l lS lk
N X () - (5.41)
ls=[n-na| -(mi£n) x(n-n4) mitng

Performing the sum of the contributions for each photon process we obtain the rate as

w, = f dkW, (k)= f A = S S = Y wn (5.42)
n=ngy A% I, I=|m;£n) n=ngy
where we have introduced the partial rates
Wiy = k2 |C'lm’ii"(kn)|2 and Wpe = Y, Wips (5.43)
I=|m;+n|
as well as the angular differential rates
dwp, 9 9 dw, S dwpy
— =k k d = —. 5.44
day, ~ FnlMeGe)and - Te” n:th Sy, (5.44)
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5.2 Numerical Applications

5.2.1 TIonization Yield

As an initial test we compare predictions for the ionization of spinless Hydrogen-like and
Neon-like anions using Eq. (5.42)) with results of the time dependent Schrédinger equation. Our

application involves using a Yukawa potential

~rfa (5.45)

7 2
Vi (r) = - Zalel”,
T

with valence binding energy of I, ~ 13.6 eV and the electron interacting with a 16 cycle circular
flat-top pulse with intensity 1 x 10'* W/cm? at wavelengths between 10 nm and 800 nm. The
exponential factor a describes the range of the Yukawa potential while the prefactor Z, is chosen
such that the binding energy remains the same for all ranges considered.

Numerical comparisons with the TDSE results are performed for three selections of initial- and
final-states. In the first set we use zero-range initial and final states to determine errors introduced
by the saddle-point approximation. In the next set of calculations we replace the asymptotic initial
states with numerical states of the atomic Hamiltonian to determine errors introduced by the use
of asymptotic zero-range initial state. Finally, we report another set of calculations in which for
the Volkov states the plane-wave scattering state has been replaced with scattering states of the
atom [58].

In Fig. we compare the predictions of the model rate to the TDSE results for the case of
an s-state and exponential parameters a = ag/5, ag/3, ap and co (ag is the Bohr radius) to show
that the model can provide accurate results for short-range potentials at all wavelengths. For the
TDSE calculations we use velocity gauge and expand the wave function in a basis of spherical
harmonics for the angular dimensions (Iyax = [Mmax] = 30) and a basis of 8" order B-splines in
the radial dimension. The 600 B-spline nodes are placed such that the spacing between nodes is
quadratic near the origin then becomes constant at a chosen radius (30 a.u.). The maximum radius

of the box is 500 a.u., where exterior complex scaling has been applied to the last 50 a.u.. The
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Crank-Nicolson method has been used to propagate the wave function in time with a step size of
0.1 a.u.. Additional two cycle sin? ramp on and ramp off are included to the 16 cycle flat-top pulse
to ensure that the vector potential smoothly goes to zero at ¢ - +oco . The zero-range yield for
s-states predicts essentially the same yield for all but the shortest wavelengths and agrees well with
the TDSE results for the case a = ap/5. Expanding the atomic range to a = ap/3 and ap makes it
clear that atomic initial and final states are required to obtain reliable results. The case of a = oo
is included in the bottom-right panel of Fig. where the quasi-classical Coulomb corrections
from section are applied (blue curve), but a break down is observed in the short wavelength
limit. In contrast, Coulomb-Volkov states (solid black curve) predict the correct ionization yield for
wavelengths shorter than the single photon ionization threshold. An additional green curve which
disagrees for all wavelengths has been included showing the results for using an atomic initial state

and a plane-wave Volkov state.
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Figure 5.3: Comparison of predictions for the s-state model with the TDSE results for exponential
parameters a = ag/5, ap/3, ap and co. The red solid (dashed) line corresponds to calculations using
zero-range initial and final states without (with) the saddle-point approximation. The green curve
in the calculations the asymptotic initial states are replaced by numerical states of the atomic
Hamiltonian. The black curve corresponds to calculations with the same numerical initial state,
but now with Volkov states where the plane-wave scattering state has been replaced with scattering
states of the atom. a = oo is included for the initial Hydrogen ground-state and final Coulomb-

corrected WKB Volkov state (blue curve) [23,102].

For the case of a Neon-like anion we chose a valence ionization potential I,,(2p) = 13.6 eV to
enable direct comparison with the Hydrogen-like data. The Yukawa range parameter of a = ag/2

was chosen to obtain 1s, 2s and 2p bound states with parameters given in Table[5.1] We will assume
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all orbitals are occupied and neglect spin. Calculating the total ionization includes calculating the
ionization for each occupied orbital and adding the results. This corresponds to the single active
electron approximation. Although we work with Yukawa potentials, application to other potentials

should be straightforward.

State Is 2s | 2p a=ap/2
I (Hartree) | 33.9 | 1.32 | 0.50 || Z.=10.15

Table 5.1: Table of bound-state energy levels and Yukawa parameters.

To obtain the total ionization yield for the Neon-like anion we calculate the single orbital
yield
N 21— w7 (5.46)

ion

as before and add those up

Nion = NUP 4 N&9) oy NP1 N Cro) | (ZP) (5.47)

ion ion

to get the total yield. The results are shown in Fig. for the case of a Yukawa potential with
range parameter a = ag/2.

As one can anticipate, the occupied core 1s orbital can be neglected since the yield is much
smaller than all the other yields for all wavelengths considered. The TDSE results show reduced
ionization in the co-rotating (2p;) orbital due to transitions into the occupied 2s state. This is
marked by the dashed Es), — Ea, line in the left panel of Fig. At the same time, the 2s orbital
experiences resonance enhanced ionization due to the occupied co-rotating state. The combination
of these effects are negated and the model produces accurate predictions for the total ionization
yield (right panel of Fig. . The effect of resonances can be included explicitly as shown in
Ref. |98]. We have again plotted results for each initial/final state combination, as in Fig. [5.3
Tonization is best described by the use of initial and final atomic states, where some disagreement

is observed near ionization thresholds since we have not included properties of the pulse envelope.
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Figure 5.4: Comparison of the results of the p-state model with the TDSE results for exponential

parameter a = ag/2, where the left panel corresponds to the sum of all p-orbitals and the right panel

corresponds to 2s ionization in addition to ionization by all p—states. The blue line corresponds to

calculations using zero-range initial and final states. For the results presented by the orange curve

the asymptotic initial states is replaced by numerical states of the atomic Hamiltonian. The results

shown by the green curve correspond to calculations with the same numerical initial state, but now

with Volkov states where the plane-wave scattering state has been replaced with scattering states

of the atom.

5.2.2

Photoelectron Energy and Angular Distributions

After we have verified the accuracy of the formulas we will describe how to extract energy

and angular photo-electron distributions with application to the before mentioned Neon-like anion.

The population of the ground state and each energy level in the continuum is described by

wnth

wnth+1

(5.48)
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Inserting the solution into the rate equations we get the yield for each ATI peak n

Nn = ﬂ]\7ion' (549)
w
Using
f da, Lon (5.50)
Wy, = .
we obtain the total angular distribution
dNion 1 dw
=——N 5.51
ko w ko on ( )
and that for each photon process
dN, den

- . 52
A% wy, dQ (5:52)

Angular distributions for ionization by a circularly polarized field and initial states that include a
single Y;:ni(f')—term have cylindrical symmetry in the ¢ direction. Integrating over this degree of

freedom, one obtains the distributions

dNion 2w dNion dNion

—— = d =2 5.53
d(COS gk) 0 Pk ko T ko =0 ( )
and
dN, 2m dN,, dN,,
— = dpp—— =2 . 5.54
d(cos0y) /(; Ph dSy, m d | g,-0 ( )

In Fig. [5.5 we plot the photo-electron energy and angular distributions corresponding to the
Neon-like anion data with both atomic initial and final states as for the results presented in Fig. 5.4
Wavelengths of 10 nm, 100 nm and 800 nm are selected. The 10 nm and 100 nm data correspond to
the perturbative multiphoton limit since the energy distribution is linear on a log scale. In contrast,
the kinetic energy distribution at 800 nm is peaked at energies larger than the threshold value n,
demonstrating the expected behavior in the non-adiabatic limit [20]. The angular distributions
become more localized at the equator as wavelengths increase since ionized electrons belong to

higher-order spherical harmonic contributions with I ~ m [167].
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Figure 5.5: Photo-electron energy (left panels) and angular distributions (right panels) for the Neon-
like anion data given in Fig. Both atomic initial and final states are chosen and wavelengths
of 10 nm (top panels), 100 nm (middle panels) and 800 nm (bottom panels) are selected.
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5.3 Intensity parameters

The general ionization formula can be accurately approximated as a two-step process for laser
parameters used in the current work. The initial state is promoted to a small set of intermediate
momentum states via the absorption of n4 photons before an additional n—mn 4 photons is absorbed
to transfer in a final state. We will consider an initial s-state and use these ideas to determine dom-
inant pathways for ionization. Furthermore, we will determine a simplified weak-field description
and discuss successive corrections required when transitioning into the strong-field limit.

Starting with an initial s-state (I; = m; = 0) we immediately recognize the rule [ = 14 from

lk lA 0 _ 5lk,lA (5 55)
—(mg Vam '
mi+tna) +ng 0
which yields the coefficient
Ci (k) = (i/h)—= Y (nahw) Y A7K, (ka) Iy (Fn)
20 =00 la=|nal B !

o0 l ls la
x> X (k) . (5.56)

lg=n-na| Fn x(n-ny) £ny

ZA’ZA(k: ) decreases due to decreased overlaps of both the

As 4 increases the integral [, A(k: ) =
continuum state Ry, (r) and the Bessel function j;, (kar) with the initial bound state R;(r). The
coefficient should therefore be dominated by the lowest order contribution l4 = |n4|. Similarly,

we should expect that for the intensity and wavelengths considered the sum over [g should be

dominated by the lowest order contribution (|n —n4|) yielding

1 - n n
e (nahw) A4 K (k) 10 (R
n np=—oo

Ci" (kn) = (ifh)

I n-nal |n4
x X0 (k) . (5.57)
Fn t(n-na) na

Continuing along the same lines, the sum over n4 may be reduced by restricting ourselves

to the largest contributions. This is done by choosing the set of n4 which minimizes [n —nal|+ |n4|
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for a particular n. Geometrically this amounts to identifying the set of n4 which minimizes the
total distance (|n —na|+ |na|) over which the magnetic quantum number changes from the initial
state to the intermediate state (Jna|) and then to the final state (|n —n4l|). This is achieved for all
0<nyg <n for [ =n. Thus, the [ > n contributions may be neglected for fixed n since the distance

|na|+|n—n4| is larger than for n = [ yielding the approximation

We™ Y Wpna (5.58)

N=Nth
In Fig. we show that approximating the rate as described above accurately determines the
ionization yield for the case of a = ag/5. For later comparison we use zero-range Volkov states and

an asymptotic initial state, but the conclusion holds in general.

5.3.1 Weak-Field Limit

We will now apply the above mentioned selection rules to the special case of a zero-range

potential for k4 << k. The radial integral is approximated by

1a!(2kq7)ta

Jiy(kar) = @i+ 1)l (5.59)
yielding
Crina! Kk (knka)™
04 (ky) = = — . 5.60
0t (k) T(na+3/2) V 2 (k2 + x2)natl (5.60)
Using

! l
i CADE %\ / % (?%sin@ew) (5.61)

the final-state angular integral can be evaluated as

no (n-na) na | nl (2(n-na)+1)!(2n4 +1)!
~(n-n4)na! dr(2n +1)!

(5.62)
Fn x(n-ny) =na

The coefficient now requires evaluating

A (k) XE 05 () = (42070 i (ROYEC ) (@, (0) V" (A (0). (5.63)

(n-na) (n-na)



Using the same spherical harmonic identity as earlier

Yi(nfn,q)(éi(o))yniff‘(Ai(o)) = i (:F

(n-na) (n—-na)lnat \ 2 4

and the weak field approximation

l)" V(2 -na)+1)(2n4 +1)!

. 15! (2k,&)'s
) ST
is (k) (205 +1)!
we have
nen \" (2K, &) (74) (2n4 +1)!
AR () XECT) (k) = 4 ( 3) ( .
iy g (kn) (”‘"A)( )= 4m T3 na! (2(n-n4)+1)!
Applying

nal T(na +3/2) = /7 (2n4 + 1)1/2274H

we finally have

G () = 20i/) .

V@n+ )V s (B2 +52) 5 (n—na)!

The coeflicient can be simplified using the exponential integral function

5 il Y]

z
nazo (n=na)! zn!

yielding

Cro g, (Fikp &)™
2 (k) = i et FiEn) h”[
V(2n +1)! mkr,

after the weak-field substitution
2m 2m
ki + K,2 = (ﬁ) (nhw - Up) ) (ﬁ) nhw.

Using the hypergeometric representation of E_,(1/z)

Chy (Fikné)"
C™(ky) =i 4 (FknS) e [1+(&)2F0(—n,1;;—1)]
n

V(2n +1)! mky nhw

and U, < I, < nhw we see that the 2F term is negligible leading to the simplified coefficient

Cros,(Fikn©)" [ hr

V(2n+1)! mkr,

Cin(kn) =1

(F)"n! Cpyy [£ (kn&)" i (nahw) (2k:A/g )"A'
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and the partial rate

(K vn) (ka)™"

2

(5.74)

which gives the expected near-threshold (I = n) scaling of ~ k21 [271/29,172] shown in section

In Fig. we demonstrate the accuracy of the above mentioned weak field approximations.
The black (+) symbol represents the total ionization yield for a = ap/5 obtained from the TDSE
calculations, as in Fig. [5.3n). The cyan curve represents data when we keep only the dominant
pathways described in this section. The green curve represents the results obtained by application
of the first weak field approximation (Eq. ) Finally, the red curve represents predictions
we get by applying the second simplified weak field approximation (Eq. ) We observe that
the dominant pathways accurately describe ionization for all wavelengths considered. Additionally,
both weak field approximations accurately reproduce the yield for one, two and three photon
ionization while application of Eq. holds well up to five photon ionization. This result is
surprising since Eq. is a further approximation of Eq. .

Since k4 < k we see that j;, (kar) is approximated accurately by the lowest (k 7)1 term at
short wavelengths. Similarly, since dominant contributions to ionization are described by the lowest
energy near-threshold photo-electrons we have k,§ < 1 yielding that j;,(k,&) is approximated well
by the term with order (k,£)'s. The additional purple curve in Fig. represents results obtained
using the application of Eq. where only the lowest order n = ny, has been included to show

accuracy of the near-threshold approximation for photon orders above the threshold value (n > nyy).
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weak field approximation 1

10754 —— weak field approximation 2
weak field approximation 2 (k,,, only)
+ TDSE
106 . . ————— . . A
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Figure 5.6: Comparison of the weak field approximations. The black (+) symbol represents the
total ionization for a = ag/5 obtained from the TDSE calculations, as in Fig.|5.3a. The cyan curve
represents results for the dominant pathways described in this section. The green and red curves
represent data obtained from Eq. and Eq. , respectively. The purple curve shows data

using the application of Eq. (5.74]) where only the lowest order n = ny), has been included.

5.3.2 Strong-Field Limit

The light blue curve in Fig. demonstrates that the reduced set of pathways described in
the prior weak-field subsection describe ionization up to the largest 800 nm wavelength considered.
Other curves in Fig. further approximate the rate from the lowest-order polynomial terms of
Jia(kar) and jig(kn&). One would therefore expect that the weak-field approximations will tend
towards TDSE predictions as higher contributions are used to approximate j;,(kar) and ji4 (kn&).

To demonstrate this trend we will expand the radial integrand as

| e (1) (s 0)!
Jia(kar) = (QkAr)lA 2 al(204 +2a+1)!

a=0

(kar)>® (5.75)
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to express the radial integral as a series expansion
I Omax !
k)~ Y 200 (k) (5.76)
a=0
with respect to the bound-state intensity parameter z; = 2U, /I, [146,/148| (see section which
is related to the Keldysh parameter v [98] by z; = 1/42. In Fig. we have compared predictions
using Eq. (5.76)) with orders amax = 0—4 to the TDSE results which show that significantly higher

order expansions are required to approximate the rate as the wavelength increases.

2y = [2U,/I,]" expansion (B = o0)

1074 Qe = 0
Qaz = 1
gz = 2
1075y —— Qo =3
— Qe =4
+ TDSE
106 . .
10 20 40 100 200 400 800

A (nm)

Figure 5.7: Dominant ionization pathway yield from Fig.(5.6)) where j; (k&) is treated exactly and
Jiy(kar) is expanded as in Eq.(5.76)) to zeroth, first, second, third and fourth order amax (solid

lines). Crosses correspond to the a = ag/5 s-state TDSE data from Fig.(5.3).

We will express ji,(kn) in a similar series expansion with respect to the non-perturbative

intensity parameter z = U,/hw, yielding

Bmax l ﬁ
; ~ 3 B : 8) _ (2kn)5Us+ BN, ( Bka
s ) = =0 B U] with By k) = B(2ls +28 +1)! [ 4( hw )] ' (5.77)
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In Fig. we have compare results using Eq. (5.77) with Spnax = 0—7 with the TDSE results. It is
again clear that significantly higher order expansions are required to approximate the rate as the

wavelength becomes large.

Z‘ﬁ = [UI,/hCU]ﬁ expansion (alll,{l,fl? = OO)

+ TDSE

10-6

10 20 40 100 200 400 800
A (nm)
Figure 5.8: Dominant ionization pathway yield from Fig.(5.6) where j;, (kar) is treated exactly

and ji¢(kn€) is expanded as in Eq.(5.77) from zeroth to seventh order fmax (solid lines). Crosses

correspond to the a = ag/5 s-state TDSE data from Fig.(5.3)).

Combining these expansions it is obvious that probability amplitudes may be written as
Qmax /Bmax
Ci(kn)~ Y. Y 2f2PCE @ (), (5.78)
a=0 B=0
where an expansion is performed over both z; and z in disagreement with Reiss [147] who claimed
that the length-gauge rate corresponds to an expansion over z; = 1/9? only. To summarize, in
this section we were able to evaluate the first-order Keldysh amplitude exactly for the case of

arbitrary initial and final states. We described the importance of using correct atomic initial and

final states at the shortest wavelengths and identified issues with the application of the saddle-point
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approximation to p—states. We finished the section by finding simplified rates in the UV limit and

appropriate strong-field corrections while transitioning into the strong-field IR limit.

5.4 Linear and elliptical polarization

5.4.1 Results

FExpanding linearly and elliptically polarized laser pulses as a linear combination of both right-
handed and left-handed circularly polarized fields exactly the same steps can be used to determine

the ionization amplitude. The TDSE for ionization by an elliptically polarized field can be written

ih%\l/e(r,t) = [H, + |e[Ec(t) - 1] We(r, ) (5.79)

with
E.(t) = E [cos(wt)k + esin(wt)y ], (5.80)
B.(t) = —%dze (), Adt) = —A [sin(wt)k — ecos(wt)y], and A= % (5.81)

The vector potential is now represented as

1-¢
2

1l+e
2

Al(t) = ( )A+(t) ; ( )A_(t) (5.82)

in terms of the right-handed (+) and left-handed (-) circularly polarized fields A, (t). Expanding
the exponential terms as in Eq. and Eq. a rate is determined exactly as in the last
section dedicated to circular polarization. We will now give numerical comparisons of the predictions
with the TDSE results before deriving the amplitude in the next subsection.

In Fig. we reproduce the right panel of Fig. where all laser parameters are the same
except for the laser ellipticity. In the top panel (bottom panel) we show the good agreement with
the TDSE results for the case of linear (elliptical € = 0.5) polarization at all wavelengths, where the
best agreement is again found for the case when both atomic initial and final states are used. It is
clear that the formulas yield a similar level of agreement for these cases as we have found earlier

in the case of circular polarization.
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Figure 5.9: Comparison of the predictions of the p-state model with the TDSE results for exponen-

tial parameter a = ag/2. The top (bottom) panel corresponds to interaction with a laser pulses with

an ellipticity of e =0 (e = 0.5). The blue line shows the predictions for zero-range initial and final

states. The orange curve represents data for the asymptotic initial states with numerical states of

the atomic Hamiltonian. The green curve corresponds to the application of the same numerical

initial state, but now with Volkov states where the plane-wave scattering state has been replaced

with scattering states of the atom.
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5.4.2 Derivation

Using the partial wave expansion, Eq. (5.15)), the amplitude

t ) ayEN
MO et) = [T (L) [anold e B0 @) 5.8
1

is evaluated using

la,

( )de'l(bl(()(rl)e ,‘LL‘AF(h)rlgb (r1) =w 2 Z YZZT(AJf(O))

la,=0ny, ==la,

0o la_ _ 0 L ~
y Z Z AnA+,nA Y—nA (A_(O))efz(nAJernA_ Ywiy Z Z Klk(k)}/lmk(k)
la_=0ny_=-la_ l,=0 my=—1y, F

lk lA_ lA+ lz’
x A (| By € . (5.84)

nl7ll
M —MNA. NA, My

where

AL = 16w (na, +na ) (<) and K (k) = () (5.85)

lagla_

Other contributions correspond to the angular integral

l4 l3 l2 ll m4 (2 ms3 (1, ma (- mi (4
. f de, Y (B) Y™ (£)Y;™ (£) Y™ (£) (5.86)
—-my M3 Mo M

expanded in terms of 3j-symbols and the radial integral

o0 . 1- ) 1+
LEA " (e kase) = /0 dri 7} Ry, (1)1, ((—2 6) /’i‘Aﬁ)JZA+ (( : 6) k‘ATl)Rni,li(rl) (5.87)

which is evaluated numerically.

For asymptotic initial states and plane-wave Volkov states the radial integral becomes

lp+la_+lg, +v+1 lp+la_+la, +v+2
C,.@l ™ F( 2 r 2

23/2-v ;g3/2 F(lk+ ) (lA + 5 ) (lA+ 3)

X(E)lk[(l—e)k_A]”‘[(1+e)k_A]l“+F(3)<lk+lA_+l,4++y+1 lp+la +1la, +v+2
2 ) K 2 ) K ¢ 2 ’ 2

K
3 3 3 (k)2 1-€\ kal? 1+e\ kal?
e+ =, .y 2, - ML B -4 5.88
7k+27A_+2)A++27 (K)7 [( 2 )H]v [( 2 )H:I ( )

[l (a6 =

ni,ls
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where

o0

5 (@)iyvigris (D)iyvinris Ty T5 x5 (5.89)

F(B)(a b'61 C9,C3,T1,X9 133) = - - -
R iniais=0 (€1)ir(c2)in(c3)iy i1l ia! 3!

is the Lauricella hypergeometric series [108] which may be evaluated past its radius of convergence

|z1| + \/@ + \/@ <1 (or k+ka < k) through various analytic continuations. This exact solution
allows for systematic approximations in the weak field limit (k4 < k) just as we have shown it for
circular polarization in section

The amplitude is completed from the action

le]
S.(k,t) = f [(MH A(T))Q

= (B + I, t+hk- (&.(t) - £.(0))

(5.90)
where the ponderomotive term
el* 2 lefA*(1-¢%) : _lePA?(1+€?)
ZmCQ A dTAE(T) = Upt + W sm(—2wt) with Up = W (591)

has additional time-dependent oscillations due to the presence of both right- and left-handed fields.

The quiver motion

60-(5)em+(5

is separated into left- and right-handed contributions giving the exponential partitions

Je (5.92)

(/M) Se(k,t) _ ,=ik€,(0) iN (k)wt z%sm( 20t) Ji( 159 k€ (1) i 155 ke, (1) (5.93)
with
N(k) = (Ek +1,). (5.94)
The factors
(13 )k, () _ S T (& (OIS () e-insst
GUFREO - S X (6 Y (B ()Y (R)e (5.95)
ls‘i—()?lsi:—lsi
are evaluated as before, where
|e|2A2(1 e2) 00 .
' Shamez Sm(=2wt) _ S Bo(A,w,e)e 2t (5.96)

a=—00
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completes the exponential with

l+e le2A%(1 - €2)
l -
(k; 5,6) 471 S+/les /L (( )]{,’5) and Ba(A,OJ,G) =J, (W . (597)
Putting it all together the exponential action factor becomes
iIMSD) - ke O) z Xis, (k. &, €)Y (€,(0)Y 7 (k)
ls,=0ngs, =-lg,
oo ls_ -
x Y Xig (k& 0)Y, " (6.(0)Y,," (k) Z Ba(A,w, €)eNk)=(ns,tns_+2a) ]t (5 gg)
ls_=0ng_=-lg_ a=—o00
Using

t .
fo dty e INF)=(nassna_sns, tns_+20) ot _ 5 ([N (k) = (na, +na_+ng, +ng. +2a)]w/2)  (5.99)

the amplitude for a finite pulse becomes

la_ -
MO ) =60 55 VALY Y Y AT (AL(0)

la,=0ny, ==la, la_=0mnag_=-la_

0o lk lA, lA+ ll
x 3 Ky ()T (kykase)

—(mj+na, —na.) —-na na, m;

00 lS+ F— ls_ _
XL M EONTEO) X Y X (keon T E0)
s4=0ng, =-lg, s-=Ong_=-lg_
l ls. s, Ik

lemiJrnA+ —na_tng,—ng_ (IA()

—-(m;j+na, —na_+ng, -ns.) -ns. ng, (mi+na, —na)

X
Iagk:

« S Ba(Aw, 8 ([N(k) - (na, +na_+ns, +ns +2a)w/2). (5.100)

a=—00
5.4.2.1 Long pulse limit

Next, we will compute the rate for a long pulse

We(k) = lim ¢~ M(k, ) & lim ¢ MO (k, ). (5.101)



129

To carry out the ¢ - oo limit we only need to consider properties of d;([N (k) —n]w/2) and known

properties of the Dirac delta distribution

Jim 7160 ([N (k) - nJw/2)8:([N (k) - n'Jw/2) =

o ity SN () = nt/2) sin([N (k) - n')wt/2)
oo HIN(k) - n][N(k) - n']w?/4

=1 ([N (k) —n]w/2) dpn = 20h 6 ([N (k) — n]hw) dp . (5.102)

To finish the derivation of the rate we will replace the delta function in energy by a delta function

in k-space where

27k S([N (k) = o) Sy = ?Tm S(k—kn) b, with  kn= 2h—”; (nhw-1,)  (5.103)

and

We(k) = Jim £ MO (e, ) = 3 [ME) (K)o (k k). (5.104)

n=ng

Using the selection rules
n=na, +na_+ng, +ns +2a = ng. =n-na, —na —ngs, —2a (5.105)

the sum over ng_is eliminated and we get the amplitude as

- la_ -
M (k) = W\/7 we® $ S TEEG) S S AT R0

la,=0na, ==la, la_=0na_=-la_

oo lk lA_ lA+ ll
X 3 K (W)L (ks e)

—(m;j+na, —ma_ ) —-na na, m;

ls, -
X Z >, Xig, (k&)Y S*(€+(0)) Z Z Bo(A,w,€) X4 (k& €)
ls,=0ng, =-ls, lg_=0a=—o0
y }/27;:4++7LA_+713+ +2a—n(é,_(0)) Z Y2mi+2(nA+ +ns++a)—n(f<)
l lg_ ls, Uy
x . (5.106)

—[mi+2(na, +ng, +a)-n] (na, +ng, +na +2a-n) ng, (M;+na, —na )
The partial wave expansions used when expanding the ionization amplitude for circularly po-

larized fields apply directly to the case of linearly and elliptically polarized fields as well. Although
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tedious, we believe that these formulas will prove to be an inexpensive alternative to numerical cal-
culations by the TDSE. The amplitude can be greatly simplified in specific limits such as € ~ +1 just
as in section where the right- (left-)handed circularly polarized fields may be non-perturbative

with corrections by a perturbative field of opposite left- (right-)handed polarization.



Chapter 6

Strong-field processes involving polychromatic fields

6.1 Introductionl]]

The generation of ultrashort vacuum ultraviolet (VUV) and deep ultraviolet (DUV) laser
pulses [41},66,|145] is important since excitation and ionization energies of many atoms, molecules,
nanoparticles, and materials lie in this spectral region. Such laser sources are used to trigger,
steer, probe, and image physical processes and chemical reactions on the ultrafast time scale, down
to the attosecond regime of electron dynamics [31,55,/100,/109k119}(127,|131,/156,/162]. Temporal
pulse characterization is often required to enable the analysis of the spectroscopic data. Many
ultrashort pulse characterization methods rely on the measurement of ions or photoelectrons via
the autocorrelation or the cross correlation approach (for an overview, see [133]). In cross correlation
methods the pulse to be characterized is used in superposition with a well-characterized infrared
pulse [39,73,87,(121},/134,/159], while for autocorrelation measurements, two replicas of the unknown
pulse are used [126130,{149,160L/161].

In this Chapter we will derive semi-analytic perturbative two-photon amplitudes for the
ionization of atoms by arbitrary polychromatic fields (section . These formulas are applied
to reconstruct isolated attosecond pulses and pulse trains from a provided autocorrelation trace
(ionization as a function of relative delay). A feedback loop is used and ionization is determined

from a model laser parameterized by a set of variational parameters. The field is recovered by

! Part of the material presented in this Chapter has been previously published in S. Walker, R. Reiff, A. Jaron-
Becker, and A. Becker, Optics Letters 46, 3083-3086 (2021) [168§].
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determining variational parameters such that the exact autocorrelation trace agrees with the trace
generated by the parameterized field. In the last section (section of this Chapter we will extend
the formulas into the non-perturbative limit. Time is partitioned into slices (¢,,-1,tm] (m € Z) [63]
narrow enough such that the formulas of section may be applied. We see that time-slicing
extends analytic perturbative principles into the nonperturbative limit. These formulas may prove
to be useful for nonperturbative processes involving short pulses and electrons bound by long-range

potentials.

6.2 Characterization of vacuum and deep ultraviolet pulses via two-photon

autocorrelation signals

In an autocorrelation measurement, ion signals are recorded as a function of the time delay
between the two replicas of the pulse. Generalized two-photon ionization cross sections for the
interaction of a single Gaussian pulse with the target are then used to fit the autocorrelation
trace and determine the pulse duration. This powerful method has been applied to estimate the
duration of attosecond extreme ultraviolet (XUV) pulses [160,(161], VUV and DUV pulses [66,
149]. Overall, the application of current pulse characterization techniques in the important VUV
and DUV spectral region is limited, since many methods, such as the widely used reconstruction
of attosecond beating by interference of two-photon transitions (RABBITT) [134] or attosecond
streaking technique [87], rely on the ionization of the target by absorption of a single photon from
the unknown pulse.

We consider an extension of the single-Gaussian autocorrelation technique, which enables
the characterization of the temporal pulse envelope of an isolated ultrashort VUV pulse or a pulse
train, i.e. the time-dependent amplitude and phase variation of the electric field. The extension
is based on the analytical solution of the time-dependent Schrédinger equation (TDSE) for the
perturbative two-photon ionization of an atom by a Gaussian laser pulse in the single-active-electron
approximation [86]. Since the solution includes both resonant and non-resonant pathways, it can

be used for the characterization of broadband pulses with photon energies in the regime of typical
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atomic excitation energies. The unknown pulse is approximated as a superposition of Gaussian
pulses, for which the amplitudes and temporal widths are determined via fitting to the two-photon
autocorrelation signal generated by the unknown laser pulse. We demonstrate this extension of
the single-Gaussian autocorrelation technique via applications based on results for ultrashort VUV

pulses from numerical simulations of macroscopic high harmonic generation (HHG).

6.2.1 Multi-color Gaussian approach

For the characterization, we use that the electric field of any arbitrary pulse can be written
as the real part of an expansion in a basis of multi-color Gaussian functions (Hartree atomic units

are used: e=h=m =1 a.u.):

~ig(t) _ (t-Tng)” .
F)y=1f(@)e > fnjexp s Wit | (6.1)

7.]

where |f(t)| and ¢(t) are the time-dependent amplitude and phase of the unknown pulse. f,, ; is
the complex amplitude, 7, ; is a translation in time, and 7;, ; is the width of a Gaussian pulse
with central frequency w;. In the examples below, we consider linearly polarized pulses, but the
expansion can be applied to other polarizations as well. Since each Gaussian has an independent
phase factor, in the multi-Gaussian approach the nonlinear phase accumulation w(t) = E can be
determined from the interferences in the two-photon autocorrelation trace. If a large frequency
variation is expected, an alternative basis of linearly chirped Gaussian functions can be utilized by
substituting Tg - T S +iayj, where oy, j is an additional parameter. For all pulses considered in
the present work, we have used o, j = 0 to limit the number of fitting parameters.

Next, we utilize the analytic solution of the two-photon ionization amplitude for interaction
of an atom in the single-active-electron approximation with two Gaussian laser pulses:

2 Tz oz
()(Tnz,szTnlm) anz,jzfnhthz,hTm,jl Z Zfm=Zm,i
FEm<0

1
2 2 . -
X exp ( 2Tn2d2 Af m” 5 1, JlA T IA fm Ty g + lAm,iTm,jl)

1
X {1 +erf[ﬁ (Tnm2 - T ja +1( majo A fom = T ]1Am7i)):|} . (6.2)
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We note that Eq. (6.2) is a generalization of the solution for a single Gaussian pulse given in Ref. [86]

+T2

n1,J1°

and is derived in section Here, T2 = T2

n2,j2

Api=Epi—wj, and Agy, = Ep oy —wjs,
where E,,; and Ey¢,, are the energy differences between the field-free intermediate (m) states
and the initial (¢) and the final (f) states, respectively. z¢,, and z,; are the transition dipole
moments between the respective states which can be obtained via various theoretical techniques
for an atom. In the present applications, we restrict the sum to intermediate states with F,, < 0.
To compute erf(x + iy), we have used a continued fraction approximation for the majority of the
complex plane |43] and patched the (nonphysical) singularities near the origin with the global
Padé approximation |173] and other singularities near the imaginary axis with the standard Padé
approximation. Since we want to characterize ultrashort pulses with large bandwidths, we have
also taken into account the one-photon ionization amplitude for interaction with the n-th Gaussian

pulse which is given by

1 . [T 1 .
a$) () = —Z\/gfn,an,jZf,i exp (—5T3,jA?ﬂi + ZAf,ﬂn,j) : (6.3)

The autocorrelation signal for the interaction with two replicas of the arbitrary pulse delayed
by a time interval T to each other can then be approximated by the multi-color Gaussian approach

as:
_ (1) CENE

Py, (r) = fEf>0 A () + AQ)(r)| dEy (6.4)

where the integral over £y includes all final levels f for the one- and two-photon processes, respec-

tively,

A () =25 ) (1) (14 P17 (6.5)
n g

Afl) (T) = Z Z Z Z aﬁfi) (Tn2,j2,7—n17j1) (1 + eiEf,iT)

nz jz n1 ji

(2) iwior , (2) i T
T ag; (Tna,jo + Ts Ty gy ) €727 + Ay (Tnoyja Tnu,gy + 7)1 (6.6)

In order to characterize the envelope of the unknown ultrashort pulse, we introduce an objective

function between the autocorrelation signal Pexact(7), measured with the unknown pulse, and the
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approximate multi-Gaussian signal Py, (7) as:

|Pexact(T) - PNg (T)|
Pexact(o) ’

objy, (1) = (6.7)

where Pexact (0) is the maximum ionization yield for which the two replicas of the pulse perfectly
overlap. For a given number of Gaussian pulses, N4, the L? norm of the objective function is
then minimized with respect to variation of fn,j , Tn,j and T;, ; using the standard non-linear least
squares approach, where the objective function has a complexity that scales as the square of the
number of basis functions used. Without loss of generality, for exactly one n,j we chose fn,j real

and fix 7, ; = 0.

6.2.2 Derivation of ionization amplitudes

Before applying the multi-color Gaussian approach we discuss the derivation of the one- and
two-photon ionization amplitudes used in the approach. The perturbative ionization amplitude

(Chapter [2]) used in the previous section can be described by the Lippmann-Schwinger equation
() = ¢i(w) + [ d'e1 Glaso)Vi(a)si(an), (6.8)

where ¢; is the initial atomic state calculated from the time-independent Schrodinger equation for
a single-active electron potential and V7, is the laser interaction. The exact Green’s function G is

now expanded as
G(z;x1) = Go(z; 1) + f dzo G(x;20) Vi (22)Go(z2; 1) (6.9)
in terms of the atomic Green’s function
Gofa') = =6 (1-1')  6;(2) 6;"), (6.10)

where fj describes a sum over all bound and an integral over all continuum states ¢;(z).

The two photon ionization amplitude is then determined from the second order truncation

V@)~ 6+ [ d'as Golwia)Vi(wn)ilan)

+fd4x2fd4x1 Go(x;22) Vi (22)Go(x2; 21) Vi (21) i (21)  (6.11)
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using the interaction potential
Vi(x)=F(t)-r=Re[f(t)]z T, (6.12)

where
F0) =700 = ¥ fuyesp[ - 6.13
- e = and exp EET iw; (6.13)
n,j n,j

is the laser field expanded in a basis of multi-color Gaussian functions. fn,j is the complex ampli-
tude, 7, ; is a translation in time, and 7}, ; is the width of a Gaussian pulse with central frequency

w;. A detailed description of the first- and second-order terms are presented in sections

and [6.2.2.2)

6.2.2.1 One-photon ionization amplitude

The first-order term in Eq. (6.11)), corresponds to the lowest order one-photon process

v () = f A2y Go(z: 21) Vi (21) (1), (6.14)

Inserting the field interaction and taking ty — —oo for a finite pulse the correction becomes

\I/(l)($) = j Cbm(x)zmszdtl exp[ ( 12T7;n,3) ] W(Em=-E;)t1 (fn,]e iw;ty +f Wytl)
U2V S

and simplifies to

abs) () = 7 jf ¢m(x)zmz2fn]fdt1 exp[ ¢ 12T72n’]) ”Am:idtl]' (6.15)

for photon absorption processes. Taking the limit as ¢ - co and projecting onto a continuum state

¢r(x) gives the contribution for each Gaussian in the laser field as

A2
. ™ ~ .
a;’li)(q-n’m) = _Z\/ngv"T"Jf”J exp (zrn,jAfﬂ. _ 2sz’1 ) ) (6.16)
n7j

6.2.2.2 Two-photon ionization amplitude

The second-order, two photon term in Eq. (6.11)) is given by

VO (2) = [ d'ay [ d'e) Golwsan)Viea)Golasin) Vi (e1)i(a1). (6.17)
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Inserting the field and following the same steps as the one-photon case before we obtain the ¢ (x)

component
(2) __T f f
ayi (Tng,jos Tnagi) = 4 2fm%m,ifna gy Tna g Fro o T o
m
. X A?’n 7 A2 m
X XP | 17y gy Bemii + iTng jo A fim = 5~ ~ 57
ni,j1 n2,j2
) 2 . 2
x < erf T2 T2 (Tng,jz - Tnl,jl - ZAm,Z'T'rLl,jl + /LAfaanz,]é) +1
nig1 T A ngge

after Gaussian integration where photon absorption processes alone are considered.

In general, erf(x+iy), is poorly conditioned and expensive to compute in the standard integral
form. We use a continued fraction approximation for the majority of the complex plane [43] and
patch the nonphysical singularities near the origin with the global Padé approximate and other
singularities near the imaginary axis with the standard Padé approximate. The evaluation involves

defining g(z,a) = e%erf(z), and approximating it as
g9

e [5/5]ert(a2iy (2) |2 ¥ 2i[ < 1.1

4/m+bz2

9(z,a) ~ {sign (Re[2]) \/e2a P P z€Q (6.18)

_22 !
sign (Re[z]) e” (1 - % (22 + o 12{21 / ) ) else,
z4+3/2

in the complex plane. Here b~ 0.14, Q) is the set of all z such that |z| < 1.4 and |z + 24| > 1.1, and

[m/n];(.,) (2) is the Padé approximate of a function f centered around zg with order m in the

numerator and order n in the denominator.

6.2.3 Application and results

To test the characterization with this multi-Gaussian approach, we have obtained ultrashort
pulses using results of numerical macroscopic simulations of HHG spectra [144]. First, calcula-
tions of the microscopic single-atom response have been performed by solving the time-dependent
Schrodinger equation within the dipole approximation with Hamiltonian

H(t):—%vz—%+E(t)-y, (6.19)
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where E(t) and y are the electric field and polarization direction of the driving laser pulse. The
wavefunction has been expanded in 30 spherical harmonics and the radial part of the wavefunction
and the potential have been discretized utilizing fourth order finite difference on a radial grid with
spacing dr = 0.2 a.u. and grid sizes up to rmee = 100 a.u. |[163]. As absorbing boundary, we
have used exterior complex scaling (ECS), where the edge of the grid (10%) is rotated into complex
space by an angle n = /4. We have used the Crank-Nicolson method to propagate the wavefunction
starting from the initial state of the hydrogen atom with time step dt = 0.1. To obtain the HHG
spectra P(w) = |a(w)[?, the dipole acceleration a(t) has been evaluated using the Ehrenfest theorem
a(t) = (—8% (—%)) and the complex harmonic response a(w) is then obtained by taking the Fourier
transform (without windowing).

For the macroscopic radiation signal, we have considered the low gas density regime that is
free from longitudinal phase-matching effects. We then followed the approach used in Ref. [81],
in which the macroscopic yield is obtained as the superposition of the fields generated at different
points in the medium. Application of this approach requires single-atom simulations for a large
number of intensities and phase factors. In the present simulations 5 x 10° single-atom results
have been used via an interpolation scheme based on 100 exact TDSE results. The success of the
interpolation method has been verified elsewhere [144].

In Fig. a), we show the below- and near-threshold part of the numerical macroscopic
HHG signal obtained for a gas jet of hydrogen atoms interacting with a 20-cycle, 800 nm pulse
at peak intensity 4 x 10® W/cm?. From this spectrum, we have first extracted isolated ultrashort
pulses by applying a Gaussian filter in the frequency domain centered about the harmonic Hy, i.e.
e~ (H-H0)*/28% \here £ =0.35 in the present work. The temporal shape of the pulse filtered about the
9th harmonic varies significantly from that of a Gaussian pulse (Fig.[6.1(b)). For the application of
the characterization method, we used replicas of the pulse with an intensity of 3.16x 10" W / cm? to
determine the autocorrelation signal shown in Fig. ﬂ(c) The signal has been obtained by solving
the time-dependent Schrodinger equation for the interaction of a helium atom with the two pulses;

a single-active-electron potential for the helium atom [143| has been used for these calculations.
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Figure 6.1: (a) Macroscopic high harmonic spectrum in hydrogen atom driven by 20-cycle, 800
nm laser pulse at 4 x 10% W/cm?: full spectrum (black line) and spectrum after application of a
Gaussian filter about 9th harmonic (red line). (b) Temporal profile of filtered 9th harmonic and

(c) autocorrelation signal using filtered 9th harmonic [168].

To characterize the filtered 9th harmonic, we have chosen a single-color approach in which all
Gaussian pulses have the central frequency of the 9th harmonic. The results of the approximations
for the time dependent amplitude |f(t)| (blue) and phase variation w(t) (red) using up to six
Gaussian pulses (solid lines) are compared in Fig. with the original pulse (dashed lines). The
reconstruction with a single Gaussian (panel (a)) provides an estimate of the pulse width, but
the double-hump structure in the amplitude and the phase variation is, of course, not reproduced.
Already inclusion of a second Gaussian pulse (panel (b)) provides a significant improvement in this

respect, however the minimum in between the two humps, the small post-pulse structure and most
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of the phase variation is still not well reproduced. Using four (c) and six (d) Gaussian pulses, first
the main part of the amplitude and then the post-pulse structure and even the phase variation in
major parts of the pulse, is well reproduced. We however note that using autocorrelation signals,

time-independent phases cannot be determined and a certain pulse cannot be distinguished from

the pulse with time-reversed envelope.
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Figure 6.2: Comparison of time-dependent amplitude |f(¢)| (blue line) and phase variation w(t)
(red line) of the filtered 9th harmonic (dashed line) and reconstructed pulse with (a) 1, (b) 2, (c)

4 and (d) 6 Gaussians (solid line). The temporal profile is also provided as insets within each

subplot [168].

While the results in Fig.[6.2) visualize the potential of the method, we quantify the convergence

by errors for the ionization signal using the objective function as:

Errory, [ Pon] = \/[ dr objy, (1)%, (6.20)
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and the error in the field defined as:

ErrorNg[f]:\/ [t Fesaer () = v, (D (6.21)

in Fig. |6.3l Results for both the filtered 9th (blue) and the filtered 11th (red) harmonic are
compared with each other. In both cases, the error in the ionization signal (panel (a)) drops
smoothly with an increase of the number of Gaussians included in the method. The number of
Gaussians necessary for similar degree of convergence is smaller for the 11th harmonic, since the
pulse envelope (not shown) is less complex than that of the 9th harmonic. The convergence in
the error for the ionization signal corresponds to a decrease of the error in the field (panel (b))
that reflects the observation in Fig. [6.2] that the pulse envelope is well reconstructed with just a
few Gaussians. At the same time, we note that already two Gaussians are sufficient to provide an

estimate of the FWHM pulse duration below 10 a.u. for for both harmonics.
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Figure 6.3: Error analysis of Gaussian pulse characterization method for filtered 9th (blue) and

11th harmonics (red): (a) Errory,[Pon] (Eq. 6.20), and (b) ErrorNg[f] (Eq.(6.21)) [168].

After applying the method to isolated ultrashort pulses by filtering the spectrum about a
single harmonic, we consider the more complex temporal profile of a pulse train. To this end, we
have used a flat top filter to the macroscopic HHG spectrum, where the leading edge is the same
Gaussian filter used for the 9th harmonic and the trailing edge is a Gaussian filter applied to the

11th harmonic. The temporal shape of the resulting pulse train and the autocorrelation signal
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obtained with the pulse train are shown in Fig. [6.4[a) and (b), respectively.
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Figure 6.4: (a) Temporal profile of the filtered 9th to 11th harmonic spectral range, (b) autocor-
relation signal, and comparison of time-dependent amplitude (blue) and phase variation (red) of
the original pulse (dashed lines) and reconstructions (solid lines) obtained with one (c¢) and three

(d) Gaussians per central frequencies at 9th and 11th harmonic |168].

Since the spectral filtering covers two harmonics, we have used a two-color approach with
central frequencies equal to those of the 9th and 11th harmonics. Comparison of the original pulse
train with the reconstructions shows that one Gaussian pulse per central frequency (panel (c))

provides a good approximation, including the duration of the train as well as the duration of the
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individual pulses in the train. However, the rather flat overall envelope with several pulses in the
train having similar amplitudes as well as most of the phase variation is not well reproduced. Using
three Gaussian pulses per central frequency (panel (d)) improves the agreement with the original
pulse in these aspects significantly.

Thus, using an extension of the two-photon autocorrelation technique based on multiple
Gaussian pulses about one or several central frequencies enables a characterization of the amplitude
and phase variation of isolated ultrashort pulses and pulse trains. The potential of the method is
demonstrated using VUV pulses obtained from numerical simulations of macroscopic high harmonic
spectra. We note that the method can be further improved by using alternative basis sets with more
parameters or more sophisticated search algorithms in the fitting procedure. The same approach
can also be applied to two-photon cross-correlation signals of two isolated ultrashort VUV pulses,
e.g., if one of the two pulses is first characterized via autocorrelation. Furthermore, the analytic
solutions of two-photon absorption may be extended to other techniques such as RABBITT for
VUV and DUV pulse characterization. The accuracy of the method depends on the determination

of one- and two-photon transition dipoles, for which several theoretical methods are available.

6.3 Non-perturbative limit

6.3.1 Time-slicing

In the prior section we derived efficient semi-analytical models for perturbative multipho-
ton processes via arbitrary polychromatic pulses. In this limit difficulties such as the long-range
Coulomb potential are non-existent and there are no limitations on the properties of the incident
radiation as long as the intensity is sufficiently weak and perturbation theory is extended to a
sufficiently high order. Unfortunately, when transitioning into the strong field limit perturbation
theory will break down (section and alternative methods are required.

In the previous Chapters [3] [] and [5] we explored various non-perturbative models for strong

field processes, where each had unique benefits and difficulties. The first and most reliable method
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is the direct numerical integration of the time dependent Schrédinger equation, which proves to be
exact in the limit of converged parameters, but may become prohibitively computational expensive
and requires additional models for analysis. The rest of the strong field approximations [57,98.(136),
146] provide nearly exact analytic results for short-range potentials and long monochromatic pulses.
For short polychromatic pulses these formulas either become cumbersome or require additional
numerical time integration. Additionally, due to the lack of accurate Coulomb corrections across
the entire electromagnetic spectrum (Chapter|5)) application to electrons bound by long-range forces
may be reliably approximated only in the limits v > 1 and v <« 1. Higher order corrections such
as in Ref. [58] may yield correct long-range threshold behavior for arbitrary 7, but those have not
been systematically investigated.

In this section we will combine favorable properties of both perturbative and non-perturbative
models in order to determine a semi-analytic strong field amplitude for processes involving arbi-
trary polychromatic fields and electrons bound by arbitrary (possibly long range) forces. Here, we

decompose the interaction picture propagator Ur(tys,t;) [151] defined by

(Wr(ty))=Ur(ty, ti)|¥r(ti)) (6.22)

into M different time-levels ¢, between some initial time ¢; = o and final time t; = t57, where

to <ty <<ty [63,75]. Taking final and initial matrix elements |E);) and |Ep) we have

(Em|Ur(tar, to)| Eo) = (EM|T[ ﬁ Ul(m)] |Eo), (6.23)

m=1

where we introduce the shorthand notation
Ur(m) = Ur (tm,tm-1) (6.24)

and 7T is the time-ordering operator.
Assuming each time-slice 0t,, = t,, — t;—1 is sufficiently small, then the propagator Uj(m)
may be approximated perturbatively over the interval as it is done in numerical time integration

schemes such as the Crank Nicolson method [42] which we have used for direct numerical solutions
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of the TDSE. Each interval is perturbative, but the combined contribution from all intervals is non-
perturbative. Instead of evaluating the propagator over §t,, numerically, we now choose U; as the
interaction picture propagator for a complete basis of atomic reference states |E,,) interacting with
an external laser field V7 (x) = E(t) - r just as we have done for perturbative two-photon ionization

by short pulses (section [6.2.2)). We expand the external field as

f(t) = Zan,j(t)Z—Zan,]eXp[ (tZTQ’J) —z’wjt]z. (6.25)

and

E(t) = Re[f(1)] (6.26)

as before. We will use E(t) = F'(t)z to avoid confusion with what we will later call the energy at
time ¢, E(t).

The approximation involves finding sufficiently small time intervals ét,, such that

Ur(m) =1+ S UP (m) » 1+ U (m) (6.27)
k=1

approximates the interval well. The last expression on the right is the first order Dyson approxi-
mation [51]. Here dt,, may be chosen independently for each m.

In this approximation we decompose the transition amplitude into a linear combination of

Gaussian contributions

UM (m) = ZU(l)(m)

with approximation

UL (m) ~ 1+ Z Ut (m).

Next, one partitions the first order coefficient into a part responsible for absorption and one for

emission of a photon

Ul (m) = Ul (m) + UL (m),
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where

aps 1 abs . abs
ElUS () Et) = =i/ = Foi Togemesn (-5 T2, (AE)2 +iai)r, ;)

1 2 A (abs) 1 2 A (abs)
X {erf[ﬂTm (tm = Tn,j — 115 ;A ) —erf \/iTn,j (tm,l = Tn,j — 115 ;A ) (6.28)

and

(Bl ()| Enr) = =iy % Fo Tugzmesp (-5 T2, (A7) + 67, )

1 1
x ¢ erf tm — Tn T2 A(eml) ]—e f[ tm—1—Tn T2 A(eml) ]} 6.29
{r[ﬁTm( a )]-er \/§Tn,j( A )] ©2)

are the dipole-transition matrix elements for single photon absorption and emission process, re-

(abs)

spectively. The shorthand notations A, = E,, - E,-1 —w; and A(eml) =B, - By +w; are

used.

6.3.2 Perturbation theory

The approximate propagator becomes

M M M
U (T/2,-T)2) = T[ I1 UI(m)] N T[ IT1(1+ U}”(m))] = Yyt (6.30)
m=1 K=0

m=1
after each time-slice has been expanded in a first-order Dyson series. The sum over K on the right-
hand side corresponds to terms containing K first-order Dyson contributions, where the zeroth-order
term

M 21 -y© (6.31)

corresponds to the zeroth order of the standard Dyson series.
At first order

U = 3 U0 (m) - U (6.32)

m=1n,j

similarly represents the first-order Dyson series, where all ”diagrams” containing a single photon

are summed over. At second order

u < Z > ol (m ”Z > ol (m ] (6.33)

mo= m1+1n27]2 mi 1”17]1
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deviates from the Dyson result unless dt,, > 0 (M — oo) where

Up? = lim U, (6.34)

Continuing now to the Kth order process

(K M) M ( ) M+2-K ( ) M+1-K ( )
UI ’ = Z Z UnK JK (mK) Z Z Unz ]2 Z Z Unl Jl
mir=mg-1+1lng,jKx mo=mi+1na,jo mi1=1 mni,j1

where the Dyson prediction

U - = lim g (6.36)

is again recovered for 6t,,, - 0 (M — o).

Such an expansion extends analytic perturbative principles into a new non-perturbative limit
where results agree with the time-dependent Schrédinger equation in the limit of converged pa-
rameters. The approximation is immediately applicable to problems involving short pulses and
long-range interactions. Integration over each finite time-interval (¢,,-1,%,,] is performed analyti-
cally and may be interpreted in terms of photon absorption and emission processes. The propagator
accounts for the temporal variation of the field over the interval in contrast to the Crank-Nicolson
method which assumes a piecewise constant over each 6t,,. Since the time-dependence of the field is
approximated over the interval it is expected that significantly larger ét,,, may be required yielding
an improvement over the Crank-Nicholson method. We plan on exploring these ideas more in the

future.



Chapter 7

Summary

Throughout this thesis we have explored ionization processes ranging from the x-ray and
ultraviolet limit where electrons propagate as they would in an atomic system and applied radi-
ation induces electronic transitions between atomic states before eventually transferring into the
continuum to the opposite adiabatic infrared limit where large numbers of photons are required for
ionization and electrons appear to tunnel through a static barrier. We summarized criteria respon-
sible for the breakdown of perturbation theory and outlined key aspects of the non-perturbative
theory. We discussed key steps responsible to derive the ionization amplitude of Keldysh and rec-
ognized its origins in the tunneling model of Oppenheimer. Additionally, we proved equivalence
of Keldysh’s amplitude with the model of Perelomov, Popov and Terent’ev for the case of a final
plane-wave Volkov state and all possible combinations of initial states and applied radiation fields.

Numerical calculations were performed bridging the short wavelength limit of single photon
perturbative ionization to the long wavelength limit of non-perturbative multiphoton ionization.
These calculations found an optimal wavelength regime for generation of electron pulses for probing
chiral systems in the intermediate wavelength limit where neither adiabatic tunneling theory nor
perturbation theory are capable of describing the ionization process.

Breakdown was demonstrated of the asymptotic saddle point approximation for ionization of
electrons bound to p—states. We overcame this issue by evaluating Keldysh’s amplitude exactly. Our
explorations recognized the intermediate wavelength limit where the asymptotic tail of the initial

bound-state alone cannot determine ionization. Descriptions of ionization in this intermediate
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wavelength regime prove difficult for electrons bound by long-range potentials both due to the
inapplicability of perturbation theory and lack of sufficient Coulomb corrections to describe proper
long-range threshold behavior in the strong field theories.

In the final Chapter we developed an analytic model for the perturbative two-photon ioniza-
tion of atoms by arbitrary polychromatic radiation fields. As an application these formulas were
applied to reconstruct isolated attosecond pulses and pulse trains from a provided autocorrelation
trace generated in a pump probe ionization measurement. We generalized the amplitude to the
non-perturbative limit by partitioning time into sufficiently small slices such that our perturbative
formulas may be applied over each interval. We believe that this complementary approach may al-
low for an accurate semi-analytic physical description of strong-field processes involving long-range

Coulomb potentials and short laser pulses.
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