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Detailed Studies and Control of Intensity-Related
Dynamics of Femtosecond Frequency Combs

From Mode-Locked Ti:Sapphire Lasers
Kevin W. Holman, R. Jason Jones, Adela Marian, Steven T. Cundiff, and Jun Ye

Abstract—The authors have conducted detailed experimental
investigations of the intensity-related dynamics of the pulse
repetition and carrier-envelope offset frequencies of passively
mode-locked Ti:sapphire lasers. Two different laser systems
utilizing different intracavity dispersion compensation schemes
are used in this study. Theoretical interpretations agree well with
experimental data, indicating that intensity-related spectral shifts,
coupled with the cavity group-delay dispersion, are important in
understanding the dynamics of the frequency comb. Minimization
of spectral shifts or the magnitude of group-delay dispersion leads
to minimization of the intensity dependence of the femtosecond
comb.

Index Terms—Lasers, nonlinear optics, solid state lasers, ultra-
fast optics.

I. INTRODUCTION

T HE use of stabilized mode-locked femtosecond lasers has
played a key role in the recent advances in optical fre-

quency measurement [1], [2], carrier-envelope phase stabiliza-
tion [3]–[5], optical clocks [6], [7], optical frequency synthe-
sizers [8], laser synchronization [9], and pulse synthesis [10].
These various applications provide strong motivation to develop
the ultrafast laser to be more reliable, more stable, and easier
to control. Conversely, with the aid of precision measurement
tools, we can enhance understanding of the mode-locking mech-
anism and dynamics of the laser.

Currently, the most versatile and reliable ultrafast lasers are
Kerr-lens mode-locked Ti:sapphire (Ti:s) systems. For these
lasers, there are two basic schemes that compensate for the
cavity group-delay dispersion (GDD) and therefore allow for
the generation of ultrashort pulses. One utilizes an intracavity
prism pair, while the other takes advantage of negatively
chirped mirrors. The latter system typically enables a reduced
cavity length at the expense of fixed intracavity GDD. In this
work, we use both a prism-based laser system with a repetition
rate of 100 MHz [11], and a prismless laser with a 750-MHz
repetition rate [12]. Both laser systems have successfully
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produced octave-bandwidth optical frequency combs when
broadened using microstructure fibers [13]. Compared with the
100-MHz laser, the reduced energy per pulse in the 750-MHz
laser requires a higher average power and an increased non-
linear interaction length for the continuum generation. On the
other hand, the 750-MHz laser has a higher power per comb
mode and, therefore, can produce a larger signal-to-noise ratio

in heterodyne detection of one of the comb lines with
a cw laser. The 750-MHz laser is also attractive in frequency
metrology due to its easier-to-identify comb mode orders with
a larger spacing.

There are two degrees of freedom associated with the optical
comb [14], [15]: the laser repetition frequency and the
carrier-envelope offset frequency , where
and . is the spectrally weighted
center frequency, is the round-trip cavity length, and is
the average group (phase) velocity inside the cavity. The abso-
lute frequency of each comb line is given by .
In the time domain, the pulse-to-pulse carrier-envelope phase
shift is expressed as .
For experiments sensitive to the carrier-envelope phase, fluc-
tuations in can often be stabilized by controlling the pump
laser power [3], which influences both and differently. For
example, strong-field processes such as high-order harmonic
emission are sensitive to this phase for short pulses which com-
prise only a few optical cycles [16], [17]. Using an acousto-
optic modulator (AOM) in the pump beam path to control the
pumping power, can be locked to zero, thereby stabilizing

to zero. A servo bandwidth 100 kHz can be achieved. A
high-speed servo will be particularly useful for taking advantage
of the high signal-to-noise ratio of the error signal when stabi-
lizing a femtosecond laser comb to an external optical cavity
[18]. On the other hand, in some schemes for implementing an
optical clock it is only necessary to stabilize [7]. For fre-
quency metrology applications the comb spectrum needs to be
stabilized absolutely, and both degrees of freedom need to be
stabilized. In this case, can be controlled with the cavity
length, . Changes in the cavity length have a minimal effect
on as is only slightly modified, which is verified in
practice [19].

Previous work has attributed the dominant source of noise
in to power fluctuations, explained in terms of spectral
shifts [3], self-steepening, and nonlinear refraction [20]. In this
paper, we report detailed experimental investigations of inten-
sity-related dynamics in both the repetition and the carrier-en-
velope offset frequencies for both laser systems. We observe
for the first time an interesting sign reversal in the dependence
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of and on the laser power. These dynamics are ex-
plained by a corresponding shift in the spectrum of the laser
pulse. Mode-locking conditions are found under which the in-
tensity-related spectral shift or the magnitude of GDD is min-
imized, leading to minimization of the noise of both and

. This new understanding has strong implications on the op-
timal use of the pump power to control the phase of femtosecond
lasers.

II. THEORETICAL CALCULATIONS OF INTENSITY DEPENDENCE

OF FEMTOSECONDCOMB PARAMETERS

The dependence of the frequencies and on the pulse
peak intensity (and hence the laser power) can be found by
differentiating the expressions for and with respect to

(1a)

(1b)

Here, is the intensity-related laser spectral shift. Denote
as the average refractive index in the laser

cavity, so that the product is equivalent to the true optical
path distance through the air and the Ti:s crystal during a cavity
round trip. Then, and .
(From these expressions we note thatand depend indi-
rectly on , since is slightly modified when changes.) This,
then, leads to the following expressions for the dependence of

and on . The appendix contains a detailed derivation
of these relations

(2)

(3)

All terms in (2) and (3), except and , are
constants taken from the literature. The last term in (2) and
the second set of brackets in (3) reveal the dependence on
the intensity-related spectral shift. Both equations are dom-
inated by the term proportional to ,
explaining the near coincidence in the sign change of
and with that of . From the dependence of

on the pulse peak intensity, given in (2), an experimental
measurement of and will uniquely determine
the dependence of the average group velocity on the laser
spectrum, namely, . This value is then used in
conjunction with to determine the dependence of
on the peak intensity, using (3), which can be compared with
an experimental measurement of .

In order to evaluate these expressions, several parameters
are needed. The cavity-filling factor (ratio of Ti:s crystal length
to overall cavity length) of the 750-MHz laser is needed to

Fig. 1. Experimental setup for measurement off and f and their
dynamics. Both direct frequency counting and lock-in detection are used.

determine the average value of the linear refractive index and its
dispersion. This filling factor is 0.006, yielding
and for the entire laser cavity. In
the calculation of , the contribution by the mirrors to
the linear dispersion is neglected. A rough estimation of the
maximum contribution by one mirror, attributing the pulse
delay to a reasonable dielectric mirror thickness, yields a
negligible contribution to . For the nonlinear contri-
bution, Gaussian beam propagation through the Ti:s crystal is
taken into account, giving an effective cavity-filling factor of
0.0037. From this, we determine ,
and , based on the value of

for Ti:s adopted from [20]. In order to convert from the
experimentally measured values of the average output power
to the quantity of interest, the pulse peak intensity, we need
the following parameters relevant to the laser cavity: the beam
waist inside the Ti:s crystal, 10m (20 m) for the 750-MHz
(100-MHz) laser; the output coupling, 3% (12%); and the pulse
bandwidth, 22 nm (50 nm).

III. EXPERIMENTAL INVESTIGATION OF INTESITY-RELATED

COMB DYNAMICS

The values of and and their intensity-related dy-
namics are determined by two approaches. For measurement
of relatively slow changes and/or thermal responses, we use
a direct-frequency-counting technique to track and .
For measurement of dynamic responses at Fourier frequencies
higher than a few tens of Hertz, we introduce sinusoidal modu-
lation to the laser intensity and use subsequent lock-in detection.
These two schemes are summarized in Fig. 1. In both scenarios,
the intensity of the laser is modulated by an AOM in the path
of the pump beam. The carrier-envelope offset frequency is de-
tected with a self-referencing interferometer [4]. For
direct frequency counting, and are recorded with two
frequency counters working at appropriately chosen gate times.
A radio frequency (rf) spectrum analyzer is utilized for analysis
of spectral linewidth and shape, as well as easy readout of the
mean values of the frequencies. For measurement of slow re-
sponses near dc, the laser intensity is modulated at about 0.1 Hz
so that the frequency counters with a gate time of 0.1 s can track
the changing frequencies with sufficient resolution and speed.
For measurement of fast dynamics involving lock-in detection,
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Fig. 2. Shift of! andf with respect to the average output power of the 750-MHz laser. Squares,! ; circles,f .

we mix the frequency signal of with another stable rf ref-
erence to produce a heterodyne beat that falls within the input
frequency range of a frequency-to-voltage (f–V) converter. The
frequency response (transfer function) of the f–V converter is
carefully measured so that the true response of the laser can be
extracted from the raw data after removing the effect of the f-V
converter. A lock-in detector and a fast digital oscilloscope are
used to measure the modulation magnitude of for modula-
tion frequencies up to 400 kHz.

A. Intensity Dependence of Comb Parameters at DC

Fig. 2 illustrates intensity-related shifts of the center fre-
quency of the pulse spectrum, , and the carrier-envelope
offset frequency, , for the 750-MHz laser. We obtain these
measurement results by slowly increasing (or decreasing) the
laser pump power, without any fast modulations. The value
of is determined from the weighted average of the pulse
spectrum displayed on an optical spectrum analyzer. Under
certain conditions, variation of the laser pump power may
result in the emergence of cw lasing components in addition
to the pulse spectrum. The cw frequency components inside
the laser cavity can have a significant influence on the pulse
dynamics. The ring-type cavity of the 750-MHz laser makes
it straightforward to detect any existing cw components by
monitoring the cavity output in the direction opposite to pulse
propagation. The laser is carefully adjusted to ensure that no
cw components are present within the range of power variation.
An autocorrelation measurement also confirms that the pulse
width remains constant within this same range. The measured
changes of the laser responses can therefore be attributed
entirely to mode-locking dynamics related to the pulse peak
intensity. Fig. 2 proves clearly that neither, shown as squares
with respect to the vertical axis at right, nor , displayed
as circles, is a monotonic function of the laser power. In other
words, there is a change in the sign of , which is ac-
companied by a sign change of . We use a second-order
polynomial fit to the data, and experimental values of the
intensity-related spectral shift are determined from the
derivative of this fit.

DC values of and are determined using
the direct-frequency-counting method mentioned previously.
Shown in Fig. 3 are some representative data of the slowly
modulated carrier-envelope offset frequency (pluses) with
fits to a sine function (solid lines) for various average values
of the output power for the 750-MHz laser. These data were
taken for laser powers below the zero crossing of ,

Fig. 3. Direct frequency counting of slow modulation off for the
750-MHz laser for powers below zero-crossing point ofdf =dI (pluses), and
sine function fits (solid lines). Modulation depth of power is roughly the same.
DC value off increases with power(df =dI > 0), whereas modulation
response decreases as it approaches zero crossing ofdf =dI .

i.e., before the sign change of , and with roughly the
same power modulation. Hence, as the laser power increases,
the dc value of increases while its modulation response
amplitude decreases. The original raw data of contained a
linear drift that has been subtracted, since only the modulation
amplitude is of interest. From the amplitudes of the sinusoidal
fit and direct measurements of the modulation depth of the
average output power, experimental values of and

are determined. These values are shown in Fig. 4,
with filled circles for and open circles for .
From the experimental values of and , we
can determine the values of using (2). The values
of are found to be negative, consistent with the
fact that the linear contribution to the GDD in the laser cavity
is negative in order to compensate for the positive nonlinear
contribution to the GDD. The calculated values of
are then used in conjunction with those of to compute

via (3), with the results shown as triangles in Fig. 4.
These calculated values of are in good agreement with
the directly measured data, showing our data is self-consistent
with (2) and (3).

B. Dynamic Response of the Carrier-Envelope
Offset Frequency

It is also interesting to study the dynamic response of,
which is determined via the lock-in detection technique of
Fig. 1. The modulation depth of given by lock-in detection,
along with direct measurement of the modulation amplitude
of the output power, determines the dynamic response of



HOLMAN et al.: DETAILED STUDIES AND CONTROL OF INTENSITY-RELATED DYNAMICS OF FEMTOSECOND FREQUENCY COMBS 1021

Fig. 4. Directly measured�f =�I (filled circles) and�f =�I (open
circles) versus the average output power of the 750 MHz laser. Calculated
�f =�I based on a parameter derived from the measured�f =�I data
are shown as triangles.

for modulation frequencies from 10 Hz up to 400
kHz. The magnitude of the response for three different laser
output powers of the 750-MHz laser is given in the top portion
of Fig. 5. (The data were taken at a different time from the
previous figures, and reached a maximum at a higher
laser power of 775 mW instead of 655 mW for previous
figures.) The two data curves represented by squares and
circles correspond to powers below the zero-crossing point of

. The third data set represented by
triangles corresponds to . The actual amplitude
response for this last data set is shown in the bottom panel of
Fig. 5. It is clear for Fourier frequencies below 1 kHz there
is a steep rise in response toward dc, which we attribute to
thermal effects in the Ti:s crystal. Above 1 kHz the response
curve is roughly flat, at least up to the measured frequency
range of 400 kHz. It is interesting to note that while the fast
response of does change sign following , the
sign of the thermal response is unaffected by the zero crossing
of . This can explain why the response magnitude
of approaches zero when the Fourier frequencies
approach dc in the case of . An increased positive
thermal response partially cancels the negative response of

related to mode-locking pulse dynamics.

IV. I NVESTIGATION OF LINESHAPE OFCARRIER-ENVELOPE

OFFSETFREQUENCY

The lineshape and width of the carrier-envelope offset
frequency are shown in the top portion of Fig. 6 for various
average output powers of the 750-MHz laser. The values of
associated with these various lineshapes are measured with a
spectrum analyzer as the laser power is increased, representing
a dc measurement of the frequency versus laser power. In
the bottom panel of the figure are the experimental values
of versus output power obtained with an intensity
modulation at 10 kHz. From the study presented in Fig. 5,
it is evident that if the value of obtained at 10-kHz
modulation is zero, then the dc measurement of
will produce a positive value since the thermal response is
positive. Therefore, the dc measurement will determine that

reaches a zero value at a higher power, where a
10-kHz modulation measurement already yields .
It is seen from the lineshapes in Fig. 6 that the phase noise

Fig. 5. Dynamic response (transfer function) off with respect to laser
power for the 750-MHz laser. Notice the change of the dynamic response when
f goes through the turning point. Bottom panel shows the true response
(inverted from the magnitude plot) for the 763-mW case.

Fig. 6. Top: linewidth off around the turning point(�f =�I = 0)
in the 750-MHz laser with corresponding center frequencies obtained at dc.
Bottom:�f =�I obtained at 10-kHz modulation.

associated with increases dramatically when
deviates from zero. The linewidth of is at a minimum
when , as measured by the 10-kHz modulation and
detection, crosses zero (not when the dc measuredreaches
a maximum). This is easy to interpret since at the zero-crossing
point of , the phase variation of is least sensitive
to pulse intensity fluctuations, which appear to be the dominant
source of noise for . This can be verified by considering
the root-mean-square power fluctuations of the pump, provided
by the pump laser manufacturer. A value of 0.02% of rms
power fluctuations for the pump laser is given, which can be
converted into frequency noise with the known coefficients of
the dependence of on the average Ti:s laser output power
and the dependence of this average output power on the pump
power. For the first point in Fig. 6 at 197 MHz, this conversion
yields an rms frequency noise of200 kHz. In comparison,
the measured width of the lineshape in Fig. 6 for this point is

500 kHz. For the last linewidth shown in Fig. 6, the power
fluctuations of the pump predict rms frequency noise of100
kHz, half that predicted for the first point. Indeed, the measured
linewidth is 300 kHz, roughly half that measured for the first
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Fig. 7. Comparison off linewidth between the 100- and 750-MHz lasers.
f linewidth is nearly independent of the pulse intensity for the 100-MHz
laser, while the narrowestf lineshape is shown for the 750-MHz laser. Inset
shows the resolution-limited linewidth of the stabilizedf for the 750-MHz
laser.

point. The linewidths predicted solely by power fluctuations of
the pump laser are in rough agreement with those measured.

In experiments involved with stabilization of , the
750-MHz laser is operated near the zero-crossing point of

. Under this condition, it is possible to phase lock
to a highly stable rf signal and achieve a linewidth basically of
that of the rf reference. Shown in the inset in Fig. 7 is such a
stabilized signal, with a linewidth approaching 10-mHz
level (not resolved by the resolution bandwidth shown in the
figure). The phase locked loop is implemented with the laser
pump power as the feedback actuator. On the other hand, if

is tuned away from zero, it becomes increasingly
difficult to phase lock to a rf reference for the 750-MHz
laser.

In contrast to this behavior, the 100-MHz laser system
typically displays a free-running (no feedback) linewidth
that is comparable to or narrower than the best values for the
free-running 750-MHz laser, as shown in Fig. 7. In order to
understand the underlying physical mechanisms responsible for
this difference in behavior, we study the intensity dependence
of the 100-MHz laser system as the prism insertion is varied.
The insertion changes both the width of the pulse spectrum
and decreases the magnitude of the net cavity GDD. Shown
in Fig. 8 are the linewidths of for the 100-MHz system
corresponding to various pulse spectral widths [full-width at
half-maximum (FWHM)]. From these data, it appears that the

linewidth decreases as the width of the pulse spectrum
increases, until the spectral width reaches about 47 nm. For
spectral widths broader than47 nm, the linewidth in
the 100-MHz laser is nearly constant. This observation is
confirmed by the results shown in Fig. 9 for mea-
sured as a function of the FWHM of the pulse spectrum. An
interesting threshold behavior is observed, where
decreases sharply with increasing spectral bandwidth, again
up to a bandwidth of 47 nm. For broader spectra,
remains unchanged, at a value of4 10 Hz m W . The
broader spectral bandwidth and corresponding decrease in the
magnitude of the net cavity GDD both reduce the intensity
dependence of by reducing the magnitude of
and , respectively. The observations made in the
100-MHz laser system are thus consistent with those from the

Fig. 8. Linewidths off for the 100-MHz laser corresponding to various
pulse spectrum bandwidths.

Fig. 9. Dependence of�f =�I on laser bandwidth for the 100-MHz laser.

750-MHz laser; a decrease in the magnitude of the intensity
dependent spectral shift and/or net cavity GDD reduces the
coupling of to intensity fluctuations, thereby minimizing
the corresponding free-running linewidth of . The fact
that for all recorded pulse bandwidths shown in Fig. 9, the
magnitude of for the 100-MHz laser is approximately
ten times smaller than the corresponding value for the 750 MHz
system, as shown in Fig. 4, explains why the linewidth
for the 100-MHz system is, in general, smaller than that of
the 750-MHz laser. The dependence of the dynamics of the
750-MHz laser on the pulse bandwidth could not be studied
since its bandwidth cannot be changed significantly for this
prismless system.

V. CONCLUSION

Our study of the dynamics of and for passively
mode-locked Ti:sapphire systems confirms a connection be-
tween the dependence of and on the laser intensity
and the intensity-related shift of the laser pulse spectrum. It is
seen that the signs of and are correlated with
that of , and a model attributing the changes in
and to the spectral shift is consistent with the experimental
data. When the intensity-related spectral shift is minimized at
the optimum value of the pump power for the 750-MHz laser,
the dependence of on laser intensity is minimized. For
the 100-MHz laser, the intensity dependence is diminished as
the spectrum is broadened, accompanied by a decrease in the
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magnitude of the net cavity GDD. The varying dependence of
the pulse spectrum on laser intensity is being investigated. One
possible contribution is a Raman-induced shift [21]. Another
factor which could act to shift the laser spectrum is an offset
between the gain band and loss band of the cavity. An increase
in the pulse intensity, resulting in a decrease in the gain due to
saturation, would shift the net gain profile of the cavity, thereby
shifting the pulse spectrum [22]. This offers an explanation for
the minimization of the intensity dependence of for the
100-MHz laser when the pulse bandwidth exceeds47 nm,
since a broad bandwidth limits the amount of spectral shift that
can occur. In addition, the decrease in the magnitude of the net
cavity GDD, which accompanies the broadening of the spectral
bandwidth for the 100-MHz laser, diminishes the effect of
a spectral shift. Therefore, it is expected that systems with a
larger magnitude of net cavity GDD have a stronger coupling to
intensity fluctuations. The large negative GDD of the 750-MHz
laser, which was found to be 400 fs from the values of

calculated from the data in Fig. 4, would explain
the larger dependence of on the intensity compared to the
100-MHz laser. A system with near-zero net cavity GDD, as
in a dispersion-managed mode-locked laser [23], should be
least susceptible to intensity noise of the laser. In fact, in such
systems utilizing prism pairs to achieve near-zero net cavity
GDD it has been observed that there is no correlation between
amplitude fluctuations of the laser and [24]. Within our
lab it has been noted that utilizing the pump power to stabilize

increases the amplitude noise of such lasers. The intensity
must be changed dramatically to affect , since there is not
strong coupling between the intensity of the laser and. This
is in contrast to prismless systems with fixed nonzero GDD,
where the fluctuations in are found to be directly related to
variations in the pulse intensity [25]. Because of these different
behaviors, it is important to tailor the stabilization scheme to
the laser system in use.

APPENDIX

In order to derive the intensity dependence of and ,
differentiate the expressions for and with respect to ,
yielding

(1a)

(1b)

Now, is a function of both (which depends on) and of
explicitly (through ). Therefore

(4)

The phase velocity is also a function of both ( depends
on through dispersion) and

(5)

Rewriting the expression for and plugging in (4) gives
the dependence of on

(2)

The same can be done for using (4) and (5)

(6)

The last term in brackets can be rearranged, using the expres-
sions for and and expanding

(7)

Substituting this expression into (6), one obtains the dependence
of on

(3)
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