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Detailed Studies and Control of Intensity-Related
Dynamics of Femtosecond Frequency Combs
From Mode-Locked Ti:Sapphire Lasers

Kevin W. Holman, R. Jason Jones, Adela Marian, Steven T. Cundiff, and Jun Ye

Abstract—The authors have conducted detailed experimental produced octave-bandwidth optical frequency combs when
investigations of the intensity-related dynamics of the pulse proadened using microstructure fibers [13]. Compared with the
repetition and (_:arrier-t_envelope offset fre_quencies of passively 100-MHz laser, the reduced energy per pulse in the 750-MHz
mode-locked Ti:sapphire lasers. Two different laser systems laser requires a higher average power and an increased non-

utilizing different intracavity dispersion compensation schemes i . ion | h for th . - on th
are used in this study. Theoretical interpretations agree well with Inear interaction length for the continuum generation. On the

experimental data, indicating that intensity-related spectral shifts, Other hand, the 750-MHz laser has a higher power per comb
coupled with the cavity group-delay dispersion, are important in mode and, therefore, can produce a larger signal-to-noise ratio

understanding the dynamics _of the frequency comp. Minir_nization (S/N) in heterodyne detection of one of the comb lines with
of spectral shifts or the magnitude of group-delay dispersion leads 5 cw laser. The 750-MHz laser is also attractive in frequency
to minimization of the intensity dependence of the femtosecond metrology due to its easier-to-identify comb mode orders with
comb. a larger spacing.
Index Terms—tasers, nonlinear optics, solid state lasers, ultra-  There are two degrees of freedom associated with the optical
fast optics. comb [14], [15]: the laser repetition frequen€fie,) and the
carrier-envelope offset frequen¢yee,), where frep, = v,/
|. INTRODUCTION and feeo = (wc/27r)_(1 — vg/vp). we is the spectrally weigh_ted
- center frequency, is the round-trip cavity length, ang (v, ) is
T HE use of stabilized mode-locked femtosecond lasers &g average group (phase) velocity inside the cavity. The abso-
played a key role in the recent advances in optical frgse frequency of each comb line is given iy = m. foep+ feco-
quency measurement [1], [2], carrier-envelope phase stabilizahe time domain, the pulse-to-pulse carrier-envelope phase
tion [3]{5], optical clocks [6], [7], optical frequency synthe-ghift is expressed ad¢ = 2 foco/ frep = wele(1/vy — 1/v).
sizers [8], laser synchronization [9], and pulse synthesis [1@lor experiments sensitive to the carrier-envelope phase, fluc-
These various applications provide strong motivation to develgpiions inA¢ can often be stabilized by controlling the pump
the ultrafast laser to be more reliable, more stable, and easigfe, power [3], which influences bott) andu,, differently. For
to control. Conversely, with the ai_d of precision measuremegkample, strong-field processes such as high-order harmonic
tools, we can enhance understanding of the mode-locking meglyission are sensitive to this phase for short pulses which com-
anism and dynamics of the laser. . prise only a few optical cycles [16], [17]. Using an acousto-
Currently, the most versatile and reliable ultrafast lasers &Btic modulator (AOM) in the pump beam path to control the
Kerr-lens mode-locked T|:_sapph|re (Ti:s) systems. For theﬁﬁmping powerf.., can be locked to zero, thereby stabilizing
lasers, there are two basic schemes that compensate forAfg/ﬁto zero. A servo bandwidtk 100 kHz can be achieved. A
cavity group-delay dispersion (GDD) and therefore allow fQfjgh-speed servo will be particularly useful for taking advantage
the generation of ultrashort pulses. One utilizes an intracavily'tne high signal-to-noise ratio of the error signal when stabi-
prism pair, while the other takes advantage of negativelying a femtosecond laser comb to an external optical cavity
ch|r.ped mirrors. The latter system typ_lcally er_1ables a reduc.:mg]. On the other hand, in some schemes for implementing an
cavity length at the expense of fixed intracavity GDD. In th'_%ptical clock it is only necessary to stabilife.,, [7]. For fre-
work, we use both a prism-based laser system with a repetitigiency metrology applications the comb spectrum needs to be
rate of 100 MHz [11], and a prismless laser with a 750-MHgapilized absolutely, and both degrees of freedom need to be
repetition rate [12]. Both laser systems have successfulliapilized. In this casef,., can be controlled with the cavity

length,l.. Changes in the cavity length have a minimal effect
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Direct frequency counting

of frep @nd feeo ON the laser power. These dynamics are e:
plained by a corresponding shift in the spectrum of the las P Comter 1y
pulse. Mode-locking conditions are found under which the ir & Spectum
i i i H H analyzer 1
Fensﬂy—relatgd spect(a] shn‘t or the magnl.tude of GDD is mir o]
imized, leading to minimization of the noise of bofh,, and o —
. ) S - Counter 2 Jrvem ;
feeo- This new understanding has strong implicationsonthe @ =~ [Aom e Q- P
timal use of the pump power to control the phase of femtoseco . Spectrum
lasers Ti:s laser & O Ad analyzer 2
' f--2f interferometer " b i Lock-in
feeo detection
[I. THEORETICAL CALCULATIONS OF INTENSITY DEPENDENCE
OF FEMTOSECONDCOMB PARAMETERS &= &Ly f‘?”| Oscilloscope f“

The dependence of the frequencfes, and f.., on the pulse Rf offset reference signal Lodein
peak intensityl (and hence the laser power) can be found L _
differentiating the expressions fg., and f.., with respect to

I Fig. 1. Experimental setup for measurement fof, and f... and their
dynamics. Both direct frequency counting and lock-in detection are used.
df 1 do Yy q y g
rep — __g 1a
dI lo dI (1a)
dfceo 1 dw, vy wevg (1 du 1 dv, determine the average value of the linear refractive index and its
dI  orx ol - E gg gﬁ - Eﬁ dispersion. This filling factor is 0.006, yielding, = 1.004 56

(1b) and dig/dw = 6 x 10~2°[s] for the entire laser cavity. In

. . . ) the calculation ofdn/dw, the contribution by the mirrors to
Here 0w, /01 is the intensity-related laser spectral shift. Denoige |inear dispersion is neglected. A rough estimation of the
n(n = my + n»1) as the average refractive index in the lasgfaximum contribution by one mirror, attributing the pulse
cavity, so that the produ¢l..) is equivalent to the true optical yejay to a reasonable dielectric mirror thickness, yields a
path distance through the air and the Ti:s crystal during a caviégligible contribution todro /dw. For the nonlinear contri-
round trip. Theny, = ¢/ [ + w. (di/dw),, ] andv, = ¢/n. pytion, Gaussian beam propagation through the Ti:s crystal is
(From these expressions we note thatandv, depend indi- axen into account, giving an effective cavity-filling factor of
rectly onl., sincen is slightly modified wheri. changes.) This, 5 0037. From this, we determing,~7.3 x 102 [m2W—1]

then, leads to the following expressions for the dependencepfy dis /dw~1.2 x 10-3%[sm2W 1], based on the value of
Jrep @ndfeeo ON 1. The appendix contains a detailed derivatiopyr, /4., for Ti:s adopted from [20]. In order to convert from the

of these relations experimentally measured values of the average output power
dfrep _ lv_i Ty + dny dwe 0 (1 to the quantity of interest, the pulse peak intensity, we need
dal ~ Il ¢ 12T\ T " “ar1 Ow. \ v, the following parameters relevant to the laser cavity: the beam

waist inside the Ti:s crystal, 10m (20 xm) for the 750-MHz

- _ _ 2) (100-MHz) laser; the output coupling, 3% (12%); and the pulse
Bfeco _weVy | (dn2) _ _ (dno bandwidth,~22 nm (50 nm).
dl rez |0\ dw " 2\ dw o

1 Ow, v w2 9 1 Ill. EXPERIMENTAL INVESTIGATION OF INTESITY-RELATED

— -2 g — ComMB DYNAMICS

2 01 Up vy Owe \ Vg

o7 The values off,., and f.., and their intensity-related dy-
_%_"] ) (3) namics are determined by two approaches. For measurement
¢ Owe of relatively slow changes and/or thermal responses, we use

All terms in (2) and (3), excepiw./0I andd(v;')/dw,, are a direct-frequency-counting technique to tragk, and fcco.
constants taken from the literature. The last term in (2) ai@r measurement of dynamic responses at Fourier frequencies
the second set of brackets in (3) reveal the dependencehigher than a few tens of Hertz, we introduce sinusoidal modu-
the intensity-related spectral shift. Both equations are domation to the laser intensity and use subsequent lock-in detection.
inated by the term proportional t@w./dI)(d(v,"')/dw.), These two schemes are summarized in Fig. 1. In both scenarios,
explaining the near coincidence in the sign changéfaf,/dI the intensity of the laser is modulated by an AOM in the path
and df.../dI with that of dw./J0I. From the dependence ofof the pump beam. The carrier-envelope offset frequency is de-
frep ON the pulse peak intensity, given in (2), an experimenticted with af — 2f self-referencing interferometer [4]. For
measurement aff.., /dI anddw./dI will uniquely determine direct frequency countingf.., and f.., are recorded with two
the dependence of the average group velocity on the laf®guency counters working at appropriately chosen gate times.
spectrum, namelya(fug*l)/awc. This value is then used in A radio frequency (rf) spectrum analyzer is utilized for analysis
conjunction withow. /01 to determine the dependencefRf, of spectral linewidth and shape, as well as easy readout of the
on the peak intensity, using (3), which can be compared withean values of the frequencies. For measurement of slow re-
an experimental measurementdgf../dI. sponses near dc, the laser intensity is modulated at about 0.1 Hz
In order to evaluate these expressions, several parameggrshat the frequency counters with a gate time of 0.1 s can track
are needed. The cavity-filling factor (ratio of Ti:s crystal lengtithe changing frequencies with sufficient resolution and speed.
to overall cavity length) of the 750-MHz laser is needed tBor measurement of fast dynamics involving lock-in detection,
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Fig. 2. Shift ofw,. and f.., with respect to the average output power of the 750-MHz laser. Squaresircles, f.co .

we mix the frequency signal of.., with another stable rf ref-
erence to produce a heterodyne beat that falls within the inp
frequency range of a frequency-to-voltage (f—V) converter. Th 125+
frequency response (transfer function) of the -V converter [
carefully measured so that the true response of the laser can=,
extracted from the raw data after removing the effect of the f-! £ 115
converter. A lock-in detector and a fast digital oscilloscope ar
used to measure the modulation magnitudé.gf for modula-
tion frequencies up to 400 kHz. 105 1

130

110 640 mW

T T T T T
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A. Intensity Dependence of Comb Parameters at DC 0.1 s gate interval
Fig. 2 illustrates intensity-related shifts of the center fre-

iar Fig. 3. Direct frequency counting of slow modulation ¢f., for the
quency of the pU|Se spectruna,., and the carrier enVeloDe?SO-MHz laser for powers below zero-crossing poingfif., /dI (pluses), and

offset frequencyyc.., for the 750-MHz laser. We obtain thesesine function fits (solid lines). Modulation depth of power is roughly the same.
measurement results by slowly increasing (or decreasing) th@value off... increases with powefdf.../d! > 0), whereas modulation
laser pump power, without any fast modulations. The val(jgsPonse decreases as it approaches zero crossiig.ofd! .
of w. is determined from the weighted average of the pulse
spectrum displayed on an optical spectrum analyzer. Undér, before the sign change df.../dI, and with roughly the
certain conditions, variation of the laser pump power ma&gme power modulation. Hence, as the laser power increases,
result in the emergence of cw lasing components in additiéie dc value off.., increases while its modulation response
to the pulse spectrum. The cw frequency components insi@@plitude decreases. The original raw datgf contained a
the laser CaViW can have a Signiﬁcant influence on the pu|g@ear drift that has been Subtracted, since Only the modulation
dynamics_ The ring-type Cavity of the 750-MHz laser makéﬁ']plltude is of interest. From the amplitudes of the sinusoidal
it straightforward to detect any existing cw components bif and direct measurements of the modulation depth of the
monitoring the cavity output in the direction opposite to puls@verage output power, experimental valuesdft,,/dI and
propagation. The laser is carefully adjusted to ensure that #foeo/d! are determined. These values are shown in Fig. 4,
cw components are present within the range of power variatio#th filled circles for df..,/dI and open circles fodfce,/dI.
An autocorrelation measurement also confirms that the pufgeom the experimental values @f,,/dl and dw. /01, we
width remains constant within this same range. The measuf&h determine the values afv, ") /dw. using (2). The values
changes of the laser responses can therefore be attribed(v,")/dw. are found to be negative, consistent with the
entirely to mode-locking dynamics related to the pulse pe#&ct that the linear contribution to the GDD in the laser cavity
intensity. Fig. 2 proves clearly that neither, shown as squaresis negative in order to compensate for the positive nonlinear
with respect to the vertical axis at right, ng.., displayed contribution to the GDD. The calculated valuesigb, ') /dw.
as circles, is a monotonic function of the laser power. In othare then used in conjunction with thosef. /91 to compute
words, there is a change in the signdff../dI, which is ac- dfceo/dI Via (3), with the results shown as triangles in Fig. 4.
companied by a sigh changeaf,./91. We use a second-orderThese calculated values ... /d! are in good agreement with
polynomial fit to thew, data, and experimental values of théhe directly measured data, showing our data is self-consistent
intensity-related spectral shiftu. /97 are determined from the With (2) and (3).
derivative of this fit. ) i

DC values Ofdfep/dI and df.../dI are determined using B. Dynamic Response of the Carrier-Envelope
the direct-frequency-counting method mentioned previousfy/fsét Frequency
Shown in Fig. 3 are some representative data of the slowlylt is also interesting to study the dynamic responsé¢.af,
modulated carrier-envelope offset frequency (pluses) witbhich is determined via the lock-in detection technique of
fits to a sine function (solid lines) for various average valugsg. 1. The modulation depth gf., given by lock-in detection,
of the output power for the 750-MHz laser. These data weatong with direct measurement of the modulation amplitude
taken for laser powers below the zero crossingifif,/dI, of the output power, determines the dynamic response of
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circles) versus the average output power of the 750 MHz laser. Calculat A.5x107 . i .
Afeeo/ AT based on a parameter derived from the meastvéd,, /A data : 0 100k 200k 300K 400k
are shown as triangles. Modulation Frequency (Hz)

. . ig. 5. Dynamic response (transfer function) ff. with respect to laser
dfceo/dI for modulatmn frequencies from 10 Hz.up to 40cgowerforthe 750-MHz laser. Notice the change of the dynamic response when
kHz. The magnitude of the response for three different lasgr., goes through the turning point. Bottom panel shows the true response

output powers of the 750-MHz laser is given in the top portiofverted from the magnitude plot) for the 763-mW case.
of Fig. 5. (The data were taken at a different time from the
previous figures, andf.., reached a maximum at a higher
laser power oi~775 mW instead ofv 655 mW for previous 2604
figures.) The two data curves represented by squares and
circles correspond to powers below the zero-crossing point of
dfceo/dI (dfeeo/dI > 0). The third data set represented by
triangles corresponds tf..,/dI < 0. The actual amplitude 201 /
response for this last data set is shown in the bottom panel of
Fig. 5. It is clear for Fourier frequencies below 1 kHz there
is a steep rise in response toward dc, which we attribute to
thermal effects in the Ti:s crystal. Above 1 kHz the response
curve is roughly flat, at least up to the measured frequency
range of 400 kHz. It is interesting to note that while the fast 0L o = = o
response ofif.../dI does change sign followingf.../dI, the Average Output Power (mW)
sign of the thermal response is unaffected by the zero crossing
of dfeeo/dI. This can explain why the response magnitudf@d: 6. Top: linewidth off.., around the turning pointA fe.. /Al = 0)

" -In_the 750-MHz laser with corresponding center frequencies obtained at dc.
Of dfeco/dl E_lpproaCheS zero when the_Fou”er freql"_e_nc%%ttom:Afceo/AI obtained at 10-kHz modulation.
approach dc in the case @f.../dI < 0. An increased positive

thermal response partially cancels the negative response of . . . .
df.o/dI related to mode-locking pulse dynamics. associated withf.., increases dramatically whetf..,/dI
- deviates from zero. The linewidth of.., is at a minimum

when df.../dI, as measured by the 10-kHz modulation and
detection, crosses zero (not when the dc measfigdeaches
a maximum). This is easy to interpret since at the zero-crossing
The lineshape and width of the carrier-envelope offsebint of df.../dI, the phase variation of.., is least sensitive
frequency are shown in the top portion of Fig. 6 for variout pulse intensity fluctuations, which appear to be the dominant
average output powers of the 750-MHz laser. The valugis.gf source of noise forf..,. This can be verified by considering
associated with these various lineshapes are measured withearoot-mean-square power fluctuations of the pump, provided
spectrum analyzer as the laser power is increased, represenynghe pump laser manufacturer. A value of 0.02% of rms
a dc measurement of the frequency versus laser power.plower fluctuations for the pump laser is given, which can be
the bottom panel of the figure are the experimental valuesnverted into frequency noise with the known coefficients of
of df..o/dI versus output power obtained with an intensitihe dependence of.., on the average Ti:s laser output power
modulation at 10 kHz. From the study presented in Fig. &nd the dependence of this average output power on the pump
it is evident that if the value ofif.../dI obtained at 10-kHz power. For the first point in Fig. 6 at 197 MHz, this conversion
modulation is zero, then the dc measurementdfif,/dI yields an rms frequency noise 8f200 kHz. In comparison,
will produce a positive value since the thermal response tise measured width of the lineshape in Fig. 6 for this point is
positive. Therefore, the dc measurement will determine tha&600 kHz. For the last linewidth shown in Fig. 6, the power
df.co/dI reaches a zero value at a higher power, whereflactuations of the pump predict rms frequency noise-a00
10-kHz modulation measurement already vyielfis,/dT < 0. kHz, half that predicted for the first point. Indeed, the measured
It is seen from the lineshapes in Fig. 6 that the phase nolsewidth is~300 kHz, roughly half that measured for the first
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Fig. 7. Comparison of... linewidth between the 100- and 750-MHz lasers.

feeo linewidth is nearly independent of the pulse intensity for the 100-MHg; Li idths of f g : :
laser, while the narrowegt.. lineshape is shown for the 750-MHz laser. InsebLgf'seslspe(l:?ﬁmdéasngv\ﬂs%sor the 100-MHz laser corresponding to various
shows the resolution-limited linewidth of the stabilizéd,, for the 750-MHz '
laser.

o 8x10°+
point. The linewidths predicted solely by power fluctuations of E
the pump laser are in rough agreement with those measured."g  6x10*+
In experiments involved with stabilization of..,, the o
750-MHz laser is operated near the zero-crossing point ¢~  4x10°
dfeo/dI. Under this condition, it is possible to phase lofk, 3
to a highly stable rf signal and achieve a linewidth basically o ™, 2x10°
that of the rf reference. Shown in the inset in Fig. 7 is such i &’
stabilized f.., signal, with a linewidth approaching 10-mHz
level (not resolved by the resolution bandwidth shown in the
figure). The phase locked loop is implemented with the lase.
pump power as the feedback actuator. On the other handpif , ,
dfceo/dl is tuned away from zero, it becomes increasingly'g' 9. Dependence af f.../AT on laser bandwidth for the 100-MHz laser.
difficult to phase lockf.., to a rf reference for the 750-MHz
laser. 750-MHz laser; a decrease in the magnitude of the intensity
In contrast to this behavior, the 100-MHz laser systemlependent spectral shift and/or net cavity GDD reduces the
typically displays a free-running (no feedback), linewidth coupling of f.., to intensity fluctuations, thereby minimizing
that is comparable to or narrower than the best values for e corresponding free-running linewidth gf.,. The fact
free-running 750-MHz laser, as shown in Fig. 7. In order tihat for all recorded pulse bandwidths shown in Fig. 9, the
understand the underlying physical mechanisms responsiblerfzagnitude ofif..,/dI for the 100-MHz laser is approximately
this difference in behavior, we study the intensity dependentan times smaller than the corresponding value for the 750 MHz
of the 100-MHz laser system as the prism insertion is varieslystem, as shown in Fig. 4, explains why tfig, linewidth
The insertion changes both the width of the pulse spectrdor the 100-MHz system is, in general, smaller than that of
and decreases the magnitude of the net cavity GDD. Shotine 750-MHz laser. The dependence of the dynamics of the
in Fig. 8 are the linewidths of.., for the 100-MHz system 750-MHz laser on the pulse bandwidth could not be studied
corresponding to various pulse spectral widths [full-width aince its bandwidth cannot be changed significantly for this
half-maximum (FWHM)]. From these data, it appears that thgismless system.
feeo linewidth decreases as the width of the pulse spectrum
increases, until the spectral width reaches about 47 nm. For \.. CONCLUSION
spectral widths broader thak47 nm, the f.., linewidth in . .
the 100-MHz laser is nearly constant. This observation is Yl study of the dynamics Ofcco and f,, for passively
confirmed by the results shown in Fig. 9 fdf.../d] mea- mode-locked Ti:sapphire systems confirms a con'nect|oln be-
sured as a function of the FWHM of the pulse spectrum. Aieen the dependence ¢f., and f.,, on the laser intensity
interesting threshold behavior is observed, whéfe.,/dI and the |ntenS|_ty-reIated shift of the laser pulse spectrum. It is
decreases sharply with increasing spectral bandwidth, ag8fi¢n thatthe signs @f.../dI anddf..,/dI are correlated with
up to a bandwidth of- 47 nm. For broader spectrdf..,/dI that of dw./9I, and a model attributing the changes fin,
remains unchanged, at a value-~of x 10 °[Hz m*W~']. The andf..; to the spectral shift is consistent with the experimental
broader spectral bandwidth and corresponding decrease in@a&. When the intensity-related spectral shift is minimized at
magnitude of the net cavity GDD both reduce the intensitjie optimum value of the pump power for the 750-MHz laser,
dependence off.., by reducing the magnitude dfw./01 the dependence of.., on laser intensity is minimized. For
and d(v, ')/dw,, respectively. The observations made in ththe 100-MHz laser, the intensity dependence is diminished as
100-MHz laser system are thus consistent with those from ttie spectrum is broadened, accompanied by a decrease in the
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magnitude of the net cavity GDD. The varying dependence of
the pulse spectrum on laser intensity is being investigated. One
possible contribution is a Raman-induced shift [21]. Another
factor which could act to shift the laser spectrum is an offset
between the gain band and loss band of the cavity. An increase

1023

_ Ow. 0

B
9l dw. Vg
1(_
+ - (nrl—wc(
c

dny

T (4)

).)

in the pulse intensity, resulting in a decrease in the gain dueTbe phase velocity, is also a function of both, (7= depends
saturation, would shift the net gain profile of the cavity, therebyn w. through dispersion) and

shifting the pulse spectrum [22]. This offers an explanation for
the minimization of the intensity dependence f@f, for the
100-MHz laser when the pulse bandwidth exceedd7 nm,
since a broad bandwidth limits the amount of spectral shift that
can occur. In addition, the decrease in the magnitude of the net

(LY _L[oweon 0 o
dl \v, ) ~ ¢ | oI ow, " o107
1[0w. Om  _
_E [6[ awc+n2:|. (5)

cavity GDD, which accompanies the broadening of the spectRéwriting the expression falf,., /dI and plugging in (4) gives
bandwidth for the 100-MHz laser, diminishes the effect dhe dependence ¢f., on I

a spectral shift. Therefore, it is expected that systems with a
larger magnitude of net cavity GDD have a stronger coupling to
intensity fluctuations. The large negative GDD of the 750-MHz
laser, which was found to be —400 ¢ from the values of
d(v;")/0w. calculated from the data in Fig. 4, would explain
the larger dependence ¢f., on the intensity compared to the
100-MHz laser. A system with near-zero net cavity GDD, as
in a dispersion-managed mode-locked laser [23], should be

Afrep _ Vg d (1
I~ 1.dI Vg
. ].'Ug _ dma
A [n2+wc<dw>wc
ow, O 1
+c ol oo, <g>] 2

least susceptible to intensity noise of the laser. In fact, in su€he same can be done fédf...,/dI using (4) and (5)

systems utilizing prism pairs to achieve near-zero net cav&t%CO
GDD it has been observed that there is no correlation betwe%?— =
amplitude fluctuations of the laser arfd., [24]. Within our

lab it has been noted that utilizing the pump power to stabilize
feeo INCcreases the amplitude noise of such lasers. The intensity
must be changed dramatically to affefct,, since there is not
strong coupling between the intensity of the laser Angl. This

is in contrast to prismless systems with fixed nonzero GDD,
where the fluctuations irf.., are found to be directly related to
variations in the pulse intensity [25]. Because of these different
behaviors, it is important to tailor the stabilization scheme

the laser system in use.

APPENDIX

In order to derive the intensity dependencef@f, and f..o,
differentiate the expressions fér., and f... with respect td,
yielding

dfrep 1 duy
ar Ldl (1a)
dfcco 1 Ow, 1Y
dl— 2m OI vy
wevg (1 duy, 1 dv,
L 92 ___9) 1b
21 vy (Up dl vy dI (1b)

Now, v, is a function of bothu. (which depends o) and of/
explicitly (throughm). Therefore

i Iwe 1— Vg
2w 01 Vp
N We Vg d 1 n d 1
LeZ9 [y = = vo— [ —
21 vy Pdr \ v, dI \ v,
iaw(, {— Vg  Wely on wcvg i i
2 01 Up c Ow, vy Owe \ Vg
We Vg Mg (Vg — Vp) + Vyw @ (6)
2mc vy, 2\ P 97N\ dw o, ’

t'Phe last term in brackets can be rearranged, using the expres-
sions forv, andv, and expandin@

v
Zw,
n

(@) () ] @

Substituting this expression into (6), one obtains the dependence

d<1>_awc 9 <1) Of feeo ONT

dl \vy )~ 91 dwe \v, Afeco w2V |- (M2 __ (dmo) |1 O

10 (_ _ dmng dIl 2w e |0\ Udw 2\ dw 2 01

+—W o + Mol + we d_ We We
) e XK_U_a)ﬂv_”?a 1\ wew, om
dno Vp vy Owe \ g ¢ Ow. |’
FI 7

o, (dw)) o
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