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Thesisdirectedby ProfessorChrisH. Greene

The photoabsorptionspectraof Rydberg atomsin static, external electric andmagneticfields

provide anexcellentopportunityto studythepropertiesof a nonintegrablephysicalsystem.This thesis

developsa generaltheoryfor predictingandinterpretingthephotoabsorptionspectraof thesesystems.

Using ideasfrom both quantum-defecttheoryandsemiclassicalapproximations,suchasclosed-orbit

theory, I introducescatteringmatricesto describethe final stateof an electronin a photoabsorption

experiment. The scatteringmatricesencapsulateall of the importantphysicsof the system,and are

relatedto importantobservablesof thesystem,suchastheboundstatespectrumandthephotoabsorption

crosssection.

Initially, theframework for calculatingthephotoabsorptioncrosssectionis presentedin complete

generality. An exact expressionfor the energy smoothedphotoabsorptioncrosssectionis derivedand

is shown to provide a useful link betweenquantum-defecttheory and semiclassicalapproximations.

Althoughtheformulais anexactresult,it alreadycontainsmany of thephysicalinsightsof semiclassical

approximationsaboutthe time (or action)domainphysicsof the electron. Both the complicationsof

multielectronatomsand arbitrary configurationsof static, electromagneticfields are included in the

theory.

After thebasicframework hasbeendeveloped,semiclassicalapproximationsareintroducedfor

thespecificcaseof analkali-metalatomin anexternalmagneticfield. I deriveasemiclassicalS-matrixto

describethescatteringof theelectronoff thecombinedCoulombanddiamagneticlong-rangepotentials.

Therelationshipof thesemiclassicalapproximationto accuratequantumcalculationsis thenexplored.

Finally, thesemiclassicalS-matrixis usedto constructa semiclassicalformula for thephotoab-

sorptioncrosssection.Here,the focusis on theFourier transformedcrosssection,or recurrencespec-

trum, which shows sharppeaksthatcorrespondto certainquantummechanicalpathsof theelectronas

it scattersoff the long-rangepotentials.Thesemiclassicalapproximationof thecrosssectioninterprets
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thesequantumpathsby correlatingthemwith classicalclosedorbits of the electron. By taking a sur-

prisingcancellationbetweenghostandcore-scatteredorbitsinto account,a resumedsemiclassicalcross

sectionis derived. This formula givesa convergent,semiclassicaltheoryfor the recurrencespectraof

nonhydrogenicatoms.Resultsarepresentedfor diamagneticlithium andrubidium.
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Chapter 1

Intr oduction

This thesisis concernedwith a classof nonintegrablesystemsfrom atomicphysics: atomsin

static,externalelectromagneticfields. Thesesystemspresenta challengenot foundin their integrable1

ornear-integrablecounterparts,suchasthehydrogenatomor thelow lying statesof atomsandmolecules.

To illustratethe difficulty with nonintegrablesystemsI wish to imaginea dialoguebetweena diligent

graduatestudentandheradvisor. Thegraduatestudenthasbeenhardat work in thelab takingphotoab-

sorptionspectraof an atomhaving a nonintegrableHamiltonian. After monthsof building electronics

andtweakinglasers,thegraduatestudenthasscansof a region of thespectrumwith anexcellentsignal

to noiseratio. Theadvisorentersthelab to seethenew results.

“Yes,I receivedyouremailandI wantedto seesomeof thespectrayou havetaken.”

“Of course,” repliesthegraduatestudent,asshepulls out thelab notebookcontainingthenewly

obtainedscans.“Here is theregion from 109,700to 109,900wavenumbers.At first I thoughtthespec-

trum wasall noise,but I have repeatedthe experimentover the samerangethreetimesandall of the

featuresarereproducible.”

Slightly skeptical,theadvisorputson his eyeglassesto takeacloserlook at thedifferentscans.

“Wow, they do look identical. I guessafter all of the work you have donethesemight be real

absorptionpeaks.”

Pleasedby heradvisor’sconfidence,thestudentreplies,“I think they are.”

It now becomesclearthat theadvisoris thinking aboutthephysicsof thespectrum.“You have
1 A quantumsystemwith h degreesof freedomis integrableif thereexist h independentoperators ijlk thatcommutewith the

Hamiltonianandwith eachother. This setof operatorsis sometimesreferredto asa “completesetof commutingobservables.”
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beendoingaliteraturesearchonthissystem,right?Whatdoweknow aboutthis largeabsorptionpeak?”

“Which one?”asksthestudent.

“This oneright herethatstandsout sostrongly. You would think this peakwouldshow up in the

lower resolutionexperimentsthathavebeenperformedpreviously.”

“Oh, yes,I did find this article thatmentionsa largepeakat thatenergy �m�m� at about109793.5

wavenumbers.”

Encouraged,theadvisorinquiresfurther, “well thenwhatdo we know aboutit?”

With a puzzledlook thestudenthesitates“well �m�J� uhh �J�m� it is at thatenergy there,andit’s that

high.”

“Well obviously, I canseethat,but whatelsedo we know?”

The studentknows that sheshouldsaysomething,so shestretches,“um �m�m� it is right next to

thosetwo peaks?”

Justasthestudentis beginningto doubtthereliability of bothherliteraturesearchandtheexper-

imentaldata,theadvisorgetsa light in his eyeandproclaims,

“Oh, of course,you areright, that’s all thereis to know aboutthatpeak.This systemis noninte-

grable!”

The point of this dialogueis to emphasizethat the only good quantumnumberof a strongly

nonintegrable,autonomoussystemis its energy. This is in contrastto anintegrableor partially integrable

system,which hasoneor moregoodquantumnumbersotherthantheenergy. It is well known [1] that

every goodquantumnumbercorrespondsto a symmetryof theHamiltonian.Eachtime a symmetryof

a systemis stronglybroken,thequantumnumberassociatedwith thesymmetryis no longerusefulfor

describingthe eigenstatesof the system. What is often not appreciatedis that the quantumnumbers

of an eigenstategive us an intuitive pictureof the physicsof the state. Given the quantumnumbers,

we immediatelyhave accessto information about the nodal structureof the wavefunctionand other

issuessuchasdegeneracies.Thus,quantumnumbersareoneof themainwaysthatwe “see” quantum

mechanicalstates.Themaindifficulty in nonintegrablesystemsis thenin our ability to gainanintuitive

pictureof thequantummechanics.
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Perhapsthebiggestadvancetowardsunderstandingthequantummechanicsof multi-dimensional,

nonintegrablesystemshasbeenthedevelopmentof semiclassicalapproximationsfor thesolutionsof the

Schrödingerequation.This is demonstratedin thefollowing brief historyof thestudyof atomsin strong

magneticfields,or diamagneticatoms.

1.1 Historical background

At the beginning of the 20th century, the newly discoveredquantummechanicsdivergedfrom

classicalmechanics.As Einstein[2] andothersrealized,quantizationusingclassicaltrajectoriesquickly

raninto difficultiesin multidimensional,nonintegrablesystems.Theinvarianttori usedto quantizeinte-

grablesystemsbegin to breakdown asintegrability is lost. While theWKB [3] quantizationprocedure

for onedimensionalsystemsandthemultidimensionalextensionfor integrablesystems(EBK) [2, 4,5, 6]

hadlimited success,nosuchsemiclassicalquantizationprocedurecouldbefoundfor nonintegrablesys-

tems.

To someextent,thestatusof nonintegrablesystemsin quantummechanicsat thispoint in history

is not surprising. A similar impasseexisted for nonintegrableclassicalsystems.The difficulties for

the classicalcasewereelucidatedby the work of Henry Poincaré[7]. The issueat the time was the

predictionof the long time behavior of thesolarsystem.Poincaréshowed,to thedismayof many, that

all classicalperturbativeexpansionsof themotionof thesolarsystemcontainirremovablesingularities

dueto resonances.Without the benefitsof moderncomputationalpower, Poincare’s theoremshattered

theonly availablemethodof solution.At thelevel of bothquantummechanicsandclassicalmechanics,

progresson theunderstandingof nonintegrablesystemssloweddrasticallyfor aboutfifty years.

In the 1950sand 1960s,work by Kolmogorov [8], Arnol’d [9, 10] and Moser [11] began to

illuminatethenatureof classicalnonintegrability. Theresultsof theirwork, known astheKAM theorem

[12], givesadetailedaccountof exactlyhow theinvarianttori in phasespacebreakupassymmetriesare

broken. Also, beginningwith thework of EdwardLorenz[13], computersbeganto give dramaticnew

insightsinto thenatureof stronglynonintegrableclassicalsystems.Essentially, classicalchaoshasbeen

discovered.Thebreakupof invarianttori into finerandfinerphasespacestructurescouldnow bestudied
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in detail. It wasseenthattheinvariantstructuresin thephasespaceof chaoticsystems- periodicorbits-

occupiedinfinitesimallysmallvolumesof phasespace.This seemedincompatiblewith oneof themain

ideasof quantummechanics:thatphasespacevolumesarelimited by thefundamentalconstantn through

the Heisenberg uncertaintyprinciple. However, asclassicalchaoswasstudiedmorethoroughlyin the

1960sand1970s,it wasrealizedthatsemiclassicalquantizationof classicallychaoticsystemsmight be

possibleafterall. Themajorbreakthroughcamewith thework of Balian,Bloch andGutzwiller. Balian

andBloch[14, 15, 16, 17] showedthatoscillationsin thedensityof statesof electromagneticcavitiesand

quantumbilliards couldbeunderstoodin termsof classicalperiodicorbits. Gutzwiller [18, 19, 20, 21]

elaboratedon this ideathroughhis derivationof a “trace formula” for thequantumdensityof statesof

a smoothnonintegrableHamiltonian. With Gutzwiller’s derivation, classicalmechanicsreenteredthe

realmof quantummechanicsfor good.

Gutzwiller’s semiclassicaltraceformulafor thequantumdensityof statesintroduceda new way

of looking at thespectrumof Hamiltonianshaving chaoticclassicaldynamics.Excellentdiscussionsof

thetraceformulacanbefoundin [22, 23, 24]. In his approach,thedensityof statesis brokenup into a

smooth,averagepart )�o'�� + , andanoscillatingpart pq�o'_� + :
�$'�� + � rsp�'����L� r + � )�o'_� + �8pq�o'_� + � (1.1)

Thefamoustraceformula,

pq�$'�� + � �
nPt uwv

x uqv
det'T)y uwv � � +{zm|�}

�
n � uwv '_� + �L@ uwv t E � (1.2)

givesa relationshipbetweentheoscillatingpartof thedensityof statespq�$'�� + andtheclassicalperiodic

orbitsof thesystemin thelimit
� uwv(~ n9� Theseperiodic orbits aresolutionsof theclassicalequations

of motionthatreturnto aninitial pointin phasespaceafteraperiod
x uwv . Ontheright sideof Eq.(1.2),the

properties(action
� uqvP� Maslov index @ uwv , andstability matrix )y uwv ) of thesepurelyclassicalorbitsare

seento provideall of theinformationaboutthequantummechanicaldensityof states.Theonly signature

of thequantumworld ontheright sideof Eq.(1.2)is theappearanceof theconstantn . Althoughasimilar

traceformulafor integrablesystemshasbeenderivedby Berry [25, 26], theresultof Gutzwiller applies

to chaoticsystemswheretheperiodicorbitsarewell isolatedin phasespace.



5

Thephysicsin thetraceformula(1.2) is manifestedwhenthedeltafunctions p�'������ r + in the

exactdensityof states(1.1)aresmoothedoverusingsomeconvolutionfunctionof width \�� . Theresult-

ing smootheddensityof statesshows dramaticoscillationswith energy. Thegreatadvanceof the trace

formula (1.2) is to allow the interpretationof theseoscillationsin termsof theclassicalperiodicorbits

having
x uwvD� Mf�.��,� � Thus,entiresequencesof energy smoothedeigenstatesof nonintegrableHamilto-

nianscanbeinterpretedwith only a few classicalperiodicorbitsof thecorrespondingclassicalsystem.

This representsahugeimprovementover interpretingthedensityof statesby saying“this eigenstatehas

anenergy of �m�J� andit is next to this one,this oneandthis one.”

Atoms in external magneticfields representone of the most importantexamplesof this type

of analysis. The experimentsof Gartonand Tomkins [27, 28, 29] were the first to show interesting

new physicsin the spectraof diamagneticatoms. Their major discovery was that the nearthreshold

photoabsorptionspectraof atomsin strong(0-6 Tesla)magneticfieldsshow dramaticoscillationswith

energy, which are independentof the atombeingstudied. The large spacingof these“quasi-Landau”

resonancesgM n9c ( c is the magneticfields in a.u.), as Edmonds[30] and Starace[31] elucidated,is

relatedto aclassicalorbit of theRydberg electronhaving period Mg Mf��m� � Thisclassicalorbit, thequasi-

Landauorbit, beginsat thenucleus,travelsout perpendicularlyto themagneticfield andreturnsto the

nucleusafterdeflectingoff themagneticfield. It is ironic thattheobservationof theseglobaloscillations

dependedcritically onthepoorresolutionof theexperimentalspectrum;highresolutionspectrarecorded

later(see[32] for example),whenexperimentalmethodsimproved,show densesequencesof seemingly

randomabsorptionlines.

Soonthereafter, experimentandtheoryshowed that the quasi-Landauoscillationsweremerely

the tip of the iceberg. Higher resolutionexperimentson hydrogenin a ��� ��� Teslafield [33, 34, 35]

revealedthe contributionsof additional, longer period classicalorbits of the highly excited electron.

This experimentalwork by Welge’s groupin Bielefeld,Germany demonstratedthat thecontribution of

eachsuchorbit to thephotoabsorptioncrosssectioncouldbeextractedby takingtheFouriertransformof

theexperimentalspectrum.Theresultingrecurrencespectrum shows strongpeaksin thetime domain

at theperiodsof thesenewly uncoveredclassicalorbits.A quantitativetheoryof therecurrencespectrum
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wasfirst providedby Du andDelos2 [37, 38]. This theoryandits extensionsareknown asclosed-orbit

theory.

Closed-orbittheoryechoesmany of theideasof Gutzwiller’s traceformula(1.2). Like thetrace

formula for the densityof states,the photoabsorptioncrosssection @$'_� + in closed-orbittheory[38] is

written in termsof anaveragepart )@�'_� + andanoscillatingpart pP@$'�� + :
@$'_� + � )@$'�� + �8pP@$'�� + � (1.3)

Using semiclassicalwavefunctionsaway from the nucleus,Du andDelosshowed that the oscillating

partof thephotoabsorptioncrosssection3 canbewrittenasa sumover theclosedclassicalorbitsof the

atomicelectronin anexternalfield:

pP@$'�� + �U�.t M��9� � v � � v zm|�} � � v �L@ � v t E � ?PtV � '���� ��� + (1.4)

As in thetraceformula(1.2),thephaseof eachoscillatingtermis determinedby theclassicalaction
� � v

andMaslov index @ � v of eachclosedorbit. Theamplitude
� � v involvesbothpropertiesof theclassical

orbit of the electron(its classicalstability and initial andfinal polar angles)alongwith propertiesof

the initial quantumstateof the atom(dipole matrix elements).The closedorbits that determinethe

physicsof pP@$'_� + in a semiclassicalapproximationare classicaltrajectoriesof the Rydberg electron

thatarelaunchedradially outward from the nucleus,scatteroff the long rangeCoulombandmagnetic

field andthenreturnradially to the nucleus.Closedorbits, ratherthanperiodicorbits, arerelevant in

photoabsorptionexperimentsbecausetheinitial atomicstateis stronglylocalizednearthenucleus.

For light atomsin externalmagneticandelectricfields, closed-orbittheoryhasproven to be a

quantitative andelegantmethodof calculatingandinterpretingrecurrencespectra.Over the pasttwo

decades,multiple generationsof experimentshave measuredthe recurrencespectraof hydrogen[39],

lithium [40] andhelium[41, 42, 43, 44, 45] in strongmagneticfields.Almostuniversally, theagreement

of theseexperimentswith thepredictionsof closed-orbittheoryhasbeenspectacular;both the location

andamplitudeof recurrencepeaksarepredictedto within a few percent.In addition,the closedorbits
2 A similar treatmentwas developedsimultaneouslyby Bogomolny [36] althoughhis approachhasnot received as much

attention.
3 Practitionersof closed-orbittheoryoften usean oscillator-strengthdensity ��������� insteadof the atomicabsorptioncross

section.Thetwo arerelatedby theformula �����������"�� ¢¡����9�����¢£
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underlyingeachrecurrencepeakprovide a simple interpretationof the time domainphysics. Similar

agreementis shown in theStarkrecurrencespectraof theselight atomssubjectedto astaticelectricfield

[46, 47, 48, 49]. To achieve this level of agreementwith experiment,two extensionsof closed-orbit

theoryhavebeennecessary.

First, the effectsof a nonhydrogenicionic corehave beenincluded. Following quantum-defect

theory [50], the electron-coreinteractionsare characterizedby a set of energy independentquantum

defects.Whencombinedwith semiclassicalwavefunctionsaway from thecore[51, 38], thesequantum

defectspermit an extensionof closed-orbittheory to single-channelatoms. Suchresults,obtainedby

Dandoetal. [52, 53] andby Shaw andRobicheaux[52, 53, 54], predicttheemergenceof new recurrence

peaks,calledcore-scatteredrecurrences,whenthequantumdefectsareturnedon (seealso[55]). These

appearas a result of one primitive closedorbit of period
xl¤

scatteringinto anotherof period
x M to

producea new peakat thecombinedperiod
xl¤ � x M . For helium[56, 45] andlithium [40], experiments

haveconfirmedtheexistenceof thesenonclassicalcore-scatteredfeatures.

Second,artificial divergencesassociatedwith bifurcationsof closedorbitshavebeenregularized

to give a uniform semiclassicalapproximation[57, 58, 59]. As theexternalfield strengthor theenergy

of the Rydberg electronis increased,bifurcationsof the closedorbits occur [39]. Thesebifurcations

causewell known divergencesin the semiclassicalamplitude
� � v in Eq. (1.4) at the pointswherenew

orbitscomeinto existence. This effect is unphysicalastheexactquantumrecurrencespectrumis finite

everywhere.Delosandcoworkers[60, 61] haveusednormalform theoryto investigatethebasictypesof

bifurcationspresentin diamagneticatoms.Becauseeachtypeof bifurcationhasa differenttopologyin

phasespace,a general,uniform semiclassicaltheoryhasprovendifficult. In spiteof this,someprogress

hasbeenmade.GaoandDelos[62] have givena uniform approximationfor thebifurcationsof certain

classesof orbits in an external electric field; thoseparallel to the field, the “uphill” and “downhill”

orbits. Usingtheseresults,Shaw andRobicheaux[54] have giventhemostpromisinggeneralizationof

closed-orbittheoryto date,whichincorporatesbothbifurcationsandcore-scatteringfor Starkrecurrence

spectra.Thevalidity of their formulationhasbeenverifiedby accuratequantumcalculationsandarecent

experiment[49]. For the caseof atomsin magneticfields, the only work on a uniform semiclassical
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treatmenthasbeenby Main and Wunner[63]. While suggestive, their approachcontainsadditional

unphysicaldivergencesbelow the bifurcationpointsthat mustbe dealtwith (i.e. canceledby handor

ignored). Additionally, their theory hasnot yet beentestedcritically. Thus, while therehave been

somespectacularsuccessesin regularizingbifurcationsin closed-orbittheory, muchwork remainsto be

performedin this area.For themostpart,however, theinclusionof core-scatteringandbifurcationsinto

closed-orbittheoryenablesthepredictionof recurrencespectraof light atoms.

Heavier atoms,however, have proven difficult for closed-orbittheory. Thus far, the success

of closed-orbittheoryhasbeenlimited to atomswith at most two nonzeroquantumdefects. Recent

experimentson barium[64, 65, 66] andargon[67] in electricfieldsshow dramaticdifferencesfrom the

predictionsof closed-orbittheory. Evenwhenthe core-scatteringeffectsdescribedabove areincluded

for theseatoms,agreementremainsdismal. Furthermore,it appearsthat thepresenceof threenonzero

quantumdefects(asin rubidium)causestheexpansionsof Dandoet al. [53] andShaw andRobicheaux

[54], which work beautifully for helium and lithium, to diverge. Thus, the presenceof multichannel

ionic coresandmultiple ionizationthresholdsseemto presenta fundamentaldifficulty for semiclassical

approaches.

Thedifficulty thenis theshortrangeinteractionbetweentheRydbergelectronandamultichannel

positive ion. This is somewhat ironic giventhe successof multichannelquantum-defecttheory[68] in

treatingthis physics.Sinceits introductionby Seaton[50] in the 1950s,multichannelquantum-defect

theory (MQDT) hasbecomeoneof the mainstaysof modernatomic theory. In MQDT, the quantum

defectsaregeneralizedinto ashort-rangescatteringmatrix
� core, which fully characterizesthescattering

of theRydberg electronfrom theionic core.Themultiple ionizationthresholdsandinelasticelectron-ion

scatteringcharacteristicof complex atomsareall handledaccuratelyandelegantlyin this fully quantum-

mechanicalapproach.However, becauseMQDT requiresasimplelong rangepotential,a new approach

mustbefoundwhenexternalfieldsdestroy thesimplicity of theelectron’smotionfar from thenucleus.

Thus, thereexists a dilemmain the theory of atomsin static, external magneticand electric

fields.While semiclassicalmethods,suchasclosed-orbittheory, provideanefficientandelegantwayof

treatingthemotionof aRydberg electronfarfrom thenucleus,they fail whentheelectronis within afew
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Bohr radii of the ionic coreof a multichannelatom. On theotherhand,quantum-defecttheoryhandles

this short rangephysicswithout difficulty - but only when the long rangephysicsis integrable. An

understandingof multichannelatomsin nonintegrableconfigurationsof externalelectricandmagnetic

fields requiresthat both the short rangeand long rangephysicsof the Rydberg electronare treated

accurately.

Oneway out of thedifficulties(core-scattering,bifurcations)involvedin semiclassicalapproxi-

mationsis to solve theSchrödingerequationexactly. This approachhasbeentakenby a numberof re-

searchers[69, 70, 71, 72, 73, 74] andis importantto mention.Thesemethods,which involvelargescale

quantum-mechanicalcalculations,haveprogressedthrougha combinationof increasedcomputerpower

andefficient algorithmsfor solvingtheSchrödingerequation.Typically, a variationalapproachsuchas

& -matrix theory, alongwith anexpansionof thewavefunctionin abasisset(B-splines,Sturmians,finite

elements),is usedto convert themultidimensionalSchrödingerequationto a matrix diagonalizationor

elseto thesolutionof an inhomogeneouslinearsystemof equations.Accuraterecurrencespectrahave

beencalculatedfor atomsin strongmagneticfields (1-10000Tesla)usingthesetechniquesandshow

excellentagreementwith experiments[32, 43, 44]. Successfulapplicationsto dateincludea numberof

singlechannelatomsin magneticfields,suchasthealkali-metalatoms[71, 74, 72, 75], andBa andSr

[71, 76, 77] at their lowestthresholds.Similar calculationshavebeenperformedfor multichannelatoms

moleculesin electricfields[78, 79, 80, 81, 82] usingthemethodsof Harmin[83] andFano[84]. Here,

thelong rangephysicsis simplerthanthemagneticfield casebecausemotionof theRydberg electronin

thecombinedCoulombandelectricfieldsis separablein paraboliccoordinates.

While thesefully quantummechanicalapproachesaccuratelypredict the recurrencespectraof

many atomsin externalmagneticandelectricfields,theirusefulnessremainslimited. Unlikeclosed-orbit

theory, exactquantumcalculationsstruggleto yieldphysicalinsightinto thespectrathey provide. Wecan

predict thespectra,but thedevelopmentof qualitativeunderstandingis difficult or seeminglyimpossible

using fully quantumapproaches.For integrablesystems,this difficulty is overcomeby labeling the

quantumstateswith quantumnumbers.However, asI have emphasizedin this Introduction,quantum

numberother than“energy” areuselessin stronglynonintegrablesystemssuchasatomsin magnetic
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fields. Thus,asexperimentsbegin to probemultichannelatomsin externalfields, interpretationof the

photoabsorptionspectraremainsthe mostdifficult issue. Examplesof this difficulty areprovided by

recentexperimentson Ba [65, 66] andAr [67] in electricfields,wheresimplefeaturesin therecurrence

spectraremainuninterpretedto a largedegree.

1.2 Outline of the results

In this thesisI developaunifiedtheoryof complex atomsin externalelectricandmagneticfields.

Using the ideasandmethodsfrom bothmultichannelquantum-defecttheoryandclosed-orbittheory, I

describea completepictureof the photoabsorptionprocess.In sucha process,the atomicelectronis

movedfrom an initial state ¥ ¦ 6�§ at energy � 6 to a final state ¥ ¦l4 § having energy �¨�Z� 6 �©n � � after

absorbingaphotonof frequency � . Determiningthefinal statewavefunction¥ ¦l4 § , is themaintaskin any

calculationof thephotoabsorptioncrosssection. In this thesis,I obtainthis final statein a roundabout

manner. As quantum-defecttheoryshows,all of theinformationcontainedin thequantumstate¥ ¦l4 § can

berepackagedinto oneor morescatteringmatrices.This reformulationof theelectron’sfinal stateleads

to asimplephysicalpictureof theelectron’smotion.Becauseeveryderivationandformulacontainedin

this thesisrelieson this physicalpicture,it is usefulto presentthepicturehere:

Thestatereachedby anatomicelectronin aphotoabsorptionexperimentis acombinationof two

time-independentscatteringprocesses.In the first, the electronis launchedoutward from the nucleus,

scattersoff the long rangefields, and thenreturnsto the nucleus. In the second,the electrontravels

inwardto scatteroff theresidualionic core.

Chapters2 and3 presentthis physicalpictureanda mathematicaldescriptionthatappliesto any

atomin any configurationof staticexternalelectricandmagneticfields. After reviewing the important

elementsof quantum-defecttheory, I introducetwo scattering(or
�

) matrices:one for the scattering

of the electronoff the long rangefields
� LR, andanotherfor the short rangeelectron-corescattering

� core. Thesetwo scatteringmatricescompletelydeterminethe Rydberg electron’s boundstateenergy

eigenvalues.I derivebothaquantizationconditionanda normalizationconditionfor theboundstatesin

termsof the
�

-matrices.The result is a completelygeneralmethodfor quantizingmultichannelatoms
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in externalfields.Connectionswith previoustreatmentssuchasHarmin’s theoryof theStarkeffect,and

Bogomolny’ssemiclassicalquantizationschemeareelucidated.

In Ch. 3 a relationshipbetweenthe
�

-matricesand the total photoabsorptioncrosssectionis

derived. Ratherthanfocusingon the infinite resolutionspectra,I smoothover thedetailsof individual

absorptionlines andexplore the energy-smoothedspectruminstead.This approachis inspiredby the

resultsof closed-orbittheory, andshows that an exact quantummechanicalgeneralizationof closed-

orbit theorycanbe derived in termsof
�

-matrices. In addition,the resultalsoconnectswith familiar

formulasof quantum-defecttheory. Thefinal formula for thephotoabsorptioncrosssection,while still

anexactquantum-mechanicalresult,containsmuchof thephysicalinsightof semiclassicalmethodslike

closed-orbittheory. Again, I emphasizethattheresultsof Chs.2 and3 arecompletelygeneral,applying

to any atomin any configurationof externalelectromagneticfields. Beginning with Ch. 4, however, I

specializeto thecaseof singlechannelatomsin externalmagneticfields.While multichannelatomscan,

in principle,beincludedinto my formulationof thephotoabsorptionprocess,anumberof subtlefeatures

aboutsinglechannelatomsmustbeunderstoodfirst.

Chapters4 and5 give thedetailsof how the long-rangescatteringmatrix
� LR canbecalculated

in a either a fully quantummechanicalor semiclassicalframework. First, In Ch. 4, the methodsof

variational& -matrix theoryareextendedto calculateanaccuratequantum
� LR. While thesecalculations

arebasedon familiar techniquesin atomic theory, a few extensionsareneeded.The mostsignificant

of theseis theanalyticcontinuationof the long-range
�

-matrix to complex energies. This is neededto

producetheenergy smoothedcrosssectionof Ch. 3 andcanbeaccomplishedwithin theframework of

& -matrixtheorywithoutdifficulty. I endCh.4 by presentingcalculationsfor anatomin astaticmagnetic

field that implementthemethodsof thechapter. Thesecalculationsshow that the long-range
�

-matrix

canbeanalyzedin thespirit of closed-orbittheoryby takingtheFouriertransform,or recurrencestrength,

of its matrix elements.This allows thedetectionof nonclassicalpaths,or ghostorbits,of theelectronas

it scattersoff thelong-rangefields.

In Ch. 5, I introducesemiclassicalapproximationsinto my
�

-matrix theoryof photoabsorption.

More specifically, I usea semiclassicalGreen’s function to derive a semiclassicallong-range
�

-matrix
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for the motion of an atomicelectronin a staticmagneticfield. By writing
� LR asmatrix elementsof

an energy domainGreen’s function, a versatileapproachfor deriving semiclassicalapproximationsto

the
�

-matrix is achieved. This treatmentallows a detailedstudyof how the closed-orbitsareselected

to contribute to the recurrencespectra.The generalityof my methodis demonstratedas it is usedto

treata numberof specialcaseswherethe primitive semiclassicalapproximationfails, suchasnearthe

bifurcationsof closedorbits. My resultsboth reproduceandextendtheusualtreatmentof closed-orbit

theory.

Chapter6 usesthesemiclassical
�

-matricesof Ch.5 andthepreconvolvedphotoabsorptioncross

sectionof Ch.3 to developasemiclassicaltheoryfor thephotoabsorptionrate.After thefailureof anaive

approachto thesemiclassicalapproximationis outlined,I useaccuratequantum
�

-matricesto uncover

animportantrelationshipbetweencore-scatteredorbits,andothernonclassicalorbitscalledghostorbits.

When this relationshipis put into mathematicalterms,an improved, resummedsemiclassicaltheory

canbedeveloped.In contrastto previoussemiclassicaltheoriesfor nonhydrogenicatoms,my resultis

generallyconvergentwhenmorethanonequantumdefectis large. After deriving the final result,it is

appliedto anumberof testcases,includinglithium andrubidiumin anexternalmagneticfield.

Atomic units ( -L�ª�«�;n�� �
, ¬U� � ?{N ) will be usedthroughoutthis dissertationunless

otherwisestated.Oneatomicunit of magneticfield is equalto E9� ?��� � 
�® Tesla.

1.3 Scaledvariable recurrencespectroscopy

Oneof the mostsignificanttechniquesin the studyof atomsin externalelectricandmagnetic

fields is theuseof so-calledscaledvariables.BecauseI will usethesescaledvariablesthroughoutthis

thesis,theirmainfeaturesaresummarizedhere.A detaileddescriptionfor thecaseof hydrogenin static

magneticfield canbefoundin AppendixA.

In standardspectroscopy, crosssectionsaremeasuredor calculatedasafunctionof theenergy � .

Whenanexternalelectromagneticfield is appliedto thesystemunderconsideration,thefield strengthis

typically heldconstantwhile theenergy is varied. In this Introduction,I have describedhow theglobal

featuresin the energy domaincrosssection @$'_� + canbe extractedby Fourier transformingthe cross
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sectionto the time domain. The resultingrecurrencespectra@$' x + shows peaksat the periods
x�¯

of

certainclassicalorbitsof thesystem.Themaindifficulty with this approachis thattheclassicalperiods

dependon theenergy
x$¯ � x�¯ '�� + . Thus,eventhoughtheFouriertransformedspectrumshowspeaksat

theperiods
x�¯ � thepeaksaresomewhatwashedout by theenergy varyingtimescalesof thesystem.

A beautifulalternative to this approachwasfirst introducedby Welge’s groupandhasbecome

known asscaledvariable recurrencespectroscopy. Here,insteadof varyingonly theenergy � while

recordingthe spectrum,both the energy � andmagneticfield c arevaried,while holding the scaled

energy = �>�(c � Mwe0g fixed. Theresultingphotoabsorptioncrosssection@$'1% + becomesa functionof the

scaledmagneticfield %^�LEPt,c�� ¤ e0g . Theadvantageof this approachis thattheclassicalperiods
x ¯

are

replacedby thescaledactions )� ¯ of theclassicaltrajectories,whichdependonly on thescaledenergy = .
Thiscanbeseenin thethoroughexplorationof thescalingpropertiesof theclassicalHamiltonianfound

in AppendixA.

It is alsoseenthat theFourierdomainof the variable% is the scaledaction )� . Thus,whenthe

scaledcrosssection@$'A% + is Fourier transformed,theresultingscaledrecurrencespectrum@$'9)��+ shows

sharppeaksat thescaledactions )� ¯ of theclassicalorbits.Becausethescaledactionsthemselvesdonot

dependon % , a cleanFourier transformationcanbe obtainedanddetailedstudiesof the scaledaction

domainphysicscanbeperformed.In addition,only a singlesetof classicalorbits (a singlevalueof = )
needsto beconsideredwheninterpretingor calculatingtherecurrencespectrum@$'9)�l+ .

Otherthanin the first few experimentson atomsin magneticfields thesescaledvariableshave

beenusedalmostexclusively ratherthanthephysicalenergyandmagneticfield strength( �(�Jc ). I follow

this usageof scaledvariablesin this thesis.For thereaderunfamiliar with scaledvariablesI offer a few

rulesof thumb for thinking aboutthe “scaled” physicsof an atomicelectronin an externalmagnetic

field. First, the scaledenergy = is completelyresponsiblefor determiningthe qualitative featuresof

theelectron’smotion.As = increasesfrom �:° to zero,boththeclassicalandquantumHamiltoniansgo

from beingfully integrable(only aCoulombpotential)to beingstronglynonintegrablein two dimensions

(Coulomb+ magneticfield). Second,thescaledmagneticfield % functionsasthe“energy”-lik evariable

whenthe photoabsorptioncrosssectionis measured.The readeris encouragedto ignorethe fact that
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% is calledthe “scaledmagneticfield” whenattemptingto gain insight aboutthe qualitative meaning

of the scaledvariables. Third, the scaledaction )� becomesthe “time”-lik e variableusedto analyze

the recurrencespectrum.Thesegeneralideasshouldeasethe transitionto thinking in termsof scaled

variables.AppendixA canbeconsultedfor amoretechnicaldiscussionof scaledvariables.



Chapter 2

Time independentscatteringmatricesand quantization

Much of atomicphysicsinvolvesscatteringprocesses.Traditionally, scatteringinvolvesthecon-

tinuumstatesof particlesthatcollide at a relativeenergy �²±©
 . However, thetoolsof scatteringtheory

arealsousefulin treatingboundstatephysics.Thischapterdescribeshow scatteringtheory, andscatter-

ing matricesin particular, canbeextendedto treatthebound( � � 
 ) andcontinuum( �³±�
 ) statesof

anatomicelectronin externalelectromagneticfields.

Theuseof scatteringmethodsto unify boundandcontinuumphysicsis notnew. Quantum-defect

theorywasdeveloped,beginning in the1950s,by Seaton[85, 86, 87, 88] to describethe interactionof

anelectronwith apositive ion. Whentheinteractionof theelectronwith thepositive ion is encapsulated

in a scattering(or
�

) matrix, diversephenomenasuchasphotoabsorption,autoionization,electron-ion

scatteringand dielectronicrecombinationof atomscan be treatedwithin the sameframework. The

�
-matricesintroducedin this chapterandusedthroughoutthe following chaptersrely heavily on the

conceptsandmethodsof quantum-defecttheory. Becauseof this, I begin by reviewing therelevantparts

of quantum-defecttheory. A morethoroughintroductionto quantum-defecttheorycanbe found in a

numberof review articles[50, 68].

After therelevanttoolsof quantum-defecttheoryhavebeenintroduced,
�

-matricesfor thetreat-

mentof atomsin externalfieldsemergewith a few simpleextensions.Theemphasisin this chapteris

on thebasicdefinitionsandpropertiesof these
�

-matricesandthephysicalpictureuponwhich they are

built. The detailsof how the
�

-matricescanbe calculatedaredelayeduntil later chapters.Oneof the

centralresultsof this thesisis thederivationof semiclassicalapproximationsfor the
�

-matrices(Ch.5).
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However, unlessotherwisenoted,all of theformulasandderivationsin thischapterwill beexactresults.

It is importantto show how exact,quantummechanicalexpressionsfor observablessuchasthebound

stateenergiesandthephotoabsorptioncrosssectionof atomsin externalfieldscanbederivedin termsof

the
�

-matrices.Evenbeforesemiclassicalapproximationsareintroduced,muchphysicalinsightabout

thesenonintegrablesystemscan be gainedby phrasingeverything in termsof the
�

-matricesof this

chapter.

Section1 reviews the neededtools of quantum-defecttheory. Section2 extendsthe resultsof

quantum-defecttheoryto includetheeffectsof externalfieldsappliedto theatom.Section3 concludes

with a shortdiscussionof theresultsof Sec.2.

2.1 Quantum defecttheory

Quantum-defecttheory(QDT) reliesonmany of thesameconceptsastraditionaltime-independent

scatteringtheory[89]. Themostimportantof theseis theasymptoticregion. Whentwo particlescollide,

mostof thecomplicatedphysicsoccurswhentheparticlesareverycloseto eachother. Typically, outside

this complicated“interaction” region, thephysicsbetweentheparticlessimplifiesgreatly. For instance,

whenan electroncollideswith a positive ion, the complicatedmany body dynamicsbetweenthe ap-

proachingelectronand the particlescomprisingthe ion canbe neglectedwhen the electronis farther

thanabout10-20Bohrradii away. Beyondthisdistancethelong-rangeelectron-ioninteractionis simply

a sphericallysymmetricCoulombpotential.Theword “asymptotic” reflectstheusualcaseof particles

colliding in thecontinuumwherethephysicssimplifiesastheinterparticleseparation5 (alsocalledthe

fragmentationcoordinate)tendsoff to infinity.

However, it is notnecessaryfor thefragmentationcoordinateto approachinfinity to usethetools

of scatteringtheory. Rather, scatteringtheoryis usefulaslong asthephysicssimplifiesin someregion

of space.It is this perspective thatundergirdsthesuccessof QDT. Thatis, QDT usesthefactthatwhen

an atomicelectronis in a highly excited boundstate,it spendsmostof its time far from the residual

ion in a pure Coulombpotential. Thus, in QDT two regions of spaceare identified. First, at small

distances(5 � � 
 a.u.)theelectroninteractsstronglywith theconstituentsof theionic core.In thiscore
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regionthecomplicatedinteractionsbetweentheelectronandtheionic core,includingelectron-electron

repulsionandthePauli exclusionprinciple,areimportant.Second,at largedistances(5 ± � 
 a.u.)these

complicatedinteractionsare unimportantand the electronmoves in a pure Coulombpotential. This

constitutesthe long-rangeor matching region. Herethe full solutionsof the Schrödingerequationin

the coreregion arematchedto a simpleform involving Coulombfunctions,channelfunctionsandthe

coreregion
�

-matrix
� core.

2.1.1 Energy normalized Coulomb functions

Beforethe
�

-matrixcanbedefined,thepropertiesof theCoulombfunctionsmustbeoutlined.As

Seatonpointsout[50], “the wholeof quantum-defecttheoryhingesonaknowledgeof theirmathematical

properties.” TherelevantSchrödingerequationfor thesesolutions,

� �E
H MH 5 M � #´'�#*�

� +
E 5 M � �5 �,' 5 + �b���µ' 5 + � (2.1)

is thatof anelectronin anattractive Coulombpotential,wherethefirst derivative with respectto 5 has

beeneliminatedby thesubstitution¦(' 5 + �L�µ' 5 +�¶ 5 . This second-orderlinearequationfor theCoulomb

function �µ' 5 + hastwo linearly independentsolutions,which canbe chosenin a numberof ways. The

choiceusedin this paper( �·��¸ �m ���¸ ) follows thatof [68] andleadsto an
�

-matrix formulationof QDT.

For brevity, the explicit energy and # dependenceof thesefunctionswill often be omitted. Theseand

alternatepairsof linearly independentCoulombfunctionshavebeenstudiedin depthby Seaton[50] and

by Greeneet al. [90, 91].

More detailsof theseCoulombfunctionscanbefoundin theabovereferences,but a few of their

moreimportantpropertiesarementionedhere.Thepair (  · �m$� ) areenergy normalized1 andobey the

traveling-waveboundaryconditions( �¹$º¢' 5 + �¼»l!"½�' 5 + �¹�' 5 + in a WKB [24] approximation)typical of

scatteringtheory. However, it shouldberealizedthatfor negativeenergies,thetraveling waveboundary

conditionshold only in the classicallyallowed regions; thesefunctionsdiverge exponentiallyat both

1 Two solutionsareenergy normalizedif ¾f�*¿À9Á1Â �*¿À�ÃOÁÅÄ �dÆÇ���XÈ(�,ÉÅ� .
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5 C[° and5 Cª
 when � � 
 . TheWronskiansof thesefunctions,

W  �¸ �m�·¸ �  �¸ �· º¸ �8 � º¸ �·¸ � E.!t � (2.2)

W  �¸ �m �¸ � W  ·¸ �m ·¸ �U
9� (2.3)

will beusedthroughoutthis work. Thewidely usedregularandirregularCoulombfunctions2 of QDT

( ���� ) arerelatedto the pair (  · �m$� + by the relation  ¹ �Ê'2�l�Ë»Ì!" +�¶ÎÍ E . Becausethis thesisdeals

primarily with highly excitedRydberg states,theirzero-energy form [92],

 ¹¸ ' 5 + �oC[»l! Í 5*ÏXÐ ¤ � M0ÑM ¸ · ¤ ' Í � 5 + '���Cª
 + � (2.4)

will be useful. Furthermore,when # is “small” and 5 is “large” the asymptoticforms of the Hankel

functionsin Eq. (2.4)canbeused[93]:

ÏXÐ ¤ � M0ÑM ¸ · ¤ ' Í � 5 + �ÒC Et Í � 5 - ¹GÓ ÐÕÔ Öw× ��ØÙ Ð M
¸ · ¤ Ñ �ÚØÛ Ñ ' large 5 + � (2.5)

The semiclassicalapproximationsdevelopedin later chapterswill usetheseapproximateforms of the

Coulombfunctions.Next theotherdegreesof freedomareaddressed.

2.1.2 Channel functions

In quantum-defecttheory, all of the informationaboutthe ionic coreandthe spin andangular

degreesof freedomof the Rydberg electronis containedin channelfunctions. Thesedegreesof free-

domaretypically quantizedfrom thestartby expandingthefull wavefunctionin a discretesetof these

channelfunctionsÜ Ó 'ÕÝ + . Then,in any region,the Þ linearly independentsolutions(labeledby � + of the

Schrödingerequationcanbewritten in termsof thesechannelfunctions[68] andthemultichannelradial

wavefunction ß ÓAà ' 5 + :
¦ à ' 5 �2Ý + �

�5 Ó Ü Ó 'OÝ
+ ß ÓAà ' 5 + � (2.6)

Thediscreteindex ! labelsthestates(or channels)of the ionic coreaswell asthespin of the Rydberg

electron. The continuouscoordinateÝ denotesthe angulardegreesof freedomof the electron. As an
2 This pair of Coulombfunctions ���ÎáÕâ�� leadsto analternative form of QDT that involvesa real symmetricã -matrix rather

thanacomplex unitary ä -matrix.
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example,in the alkali-metalatomsthe channelfunctionsaremostoften just the sphericalharmonics

å ¸�æ '�3.�JÜ + . Typically, thechannelfunctionsform a completeandorthonormalset. Whentheexpansion

of the wavefunction(2.6) is usedin the Schrödingerequationand the resultingequationis projected

ontothechannelfunctions,theradialwavefunction ß ' 5 + (now written asa matrix) is foundto obey the

multichannelradialSchrödingerequation:

�
E ß ºçº ' 5 + �L'_���8� + ß ' 5 + �U
9� (2.7)

wheretheeffectivepotentialmatrix is definedas:

� ÓAè ' 5 + � é Ó Fê ME 5 M �U�d' 5 �0Ý + é è � (2.8)

At a total energy � therearetwo qualitatively differenttypesof channels:openchannelsand

closedchannels.The ! th channelis openwhena Rydberg electronin thatchannelcanescapeto infinity

( �ë±ë� Ó where � Ó is the ionizationthresholdenergy for the ! th channel). The ! th channelis closed

whenthe electronin that channelis bound( � � � Ó ). In multichannelcontexts, the energy in the ! th
channelwill alwaysbemeasuredwith respectto the ionizationthresholdenergy � Ó in thatchannel,so

thatquantitiessuchastheCoulombfunctions  ¹Ó will befunctionsof �b�8� Ó .
2.1.3

�
-matrices in quantum-defecttheory

As earlypractitioners[85, 94] of QDT realized,themostimportantfeatureof theenergy normal-

izedCoulombfunctionsis thatthey allow theresultsof scatteringtheoryto becontinuedbelow threshold

to negativeenergies.Thework of QDT beginsafterthemultichannelradialwavefunctionß coreÓAà ' 5 + in the

complicatedcoreregion hasbeendeterminednumerically. In the matchingregion (5 ± � 
 a.u.), this

functionis expressedas,

ß coreÓìà ' 5 + � �
! Í E �·Ó ' 5 +�í Óìà �8 �Ó ' 5 +�î ÓAà � (2.9)

wherethematrices
í

and
î

encapsulateany non-Coulombicphysicsof thecoreregion. Themultichan-

nel
�

-matrixstate(now writtenasamatrix)
y core' 5 + is simplyalinearcombinationof thesenumerically
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determinedsolutions,

y core' 5 + ��ß core' 5 +�î � ¤ � �
! Í E  · ' 5 +_� core �L � ' 5 + � (2.10)

sothat the
�

-matrix is just
� core � í î � ¤ . This specificlinearcombinationof solutions,then,servesto

definethecore-region
�

-matrix. As long asthe
�

-matrix state(2.10)is usedin theCoulombregion no

approximationsaremade.For thecaseof hydrogen(
� core � � ) the

�
-matrix state(2.10)reducesto the

regularCoulombfunction  Ó ' 5 + . It is importantto mentionthatat this point,only thephysicalboundary

conditionsat 5 �8
 havebeenimposed,while theboundaryconditionat 5 �>° remainunspecified.The

key pointof QDT is thatbecausetheboundaryconditionsat 5 ��° arenot imposed,the
�

-matrix in Eq.

(2.10)variesslowly with energy. In mostcasesit canberegardedasindependentof energy over ranges

of about1 eV. All of therapidenergy dependenceof physicalobservablescomesfrom thepropertiesof

theenergy normalizedCoulombfunctions.To illustratehow theboundaryconditionsat 5 �³° canbe

imposed,I now sketchthederivationof thewell known modifiedRydberg formula[95, 96],

� r ¸ �ï� �
E�'Aðñ�DR ¸ + � (2.11)

for theboundlevelsof analkali-metalatom.The R ¸ arethequantumdefectswhich vanishfor the“non-

defective” caseof hydrogen.Thecore-regionscatteringmatrix
� core for analkali-metalatomis diagonal

in a sphericalrepresentationandcanbewritten in termsof thesequantumdefects:

� core¸�¸ Ã ��p ¸�¸ Ã - Mw� ÓAò�ó � (2.12)

Theboundaryconditionappropriatefor boundstatesis imposedby equatingalinearcombination

of thewavefunctionof Eq. (2.10)to a linearcombinationof wavefunctionsthatdecayexponentiallyas

5 C[° . Thesingle-channeldecayingsolutionis known astheWhittakerCoulombfunction[68] ô �$¸ ' 5 +
andis written in termsof thepair (  · , $� ) andtheCoulombphaseõL�Ìt�'_ö(�U# + , where ö÷� � ¶ Í ��E9�
is theeffectivequantumnumber:

ô �$¸ ' 5 + � �
! Í E  ���¸ ' 5 + - M Óìø �L ·��¸ ' 5 + - � ÓAø � (2.13)
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ThematchingequationbetweenEq.(2.10)andEq.(2.13),

y core' 5 + � C c core ��ô ' 5 + � C c LR � (2.14)

involvesundeterminedcoefficients c core¸ and c LR¸ . In solving for thevectorsof coefficients
� C c core and

� C c LR, it is foundthattheall of theboundaryconditions(atboth 5 �8
 and5 �>° ) canbesatisfiedonly

whenthecondition,

det' � � � core- M Óìø Ð � Ñ + �<
�� (2.15)

is true. When
� core �²- Mw� Óìò , asfor analkali-metalatom,theRydberg formulaof Eq. (2.11)emergesas

thezerosof thisequation.For thepurposesof this thesis,I regardEq. (2.15)asthefundamentalequation

giving theboundstatespectrumof theRydberg statesof anatom.In thefollowing sectionthis equation

is generalizedto includetheeffectsof a staticexternalelectromagneticfield appliedto theatom. This

analysisof theboundstatephysicsapplieswhenall of thechannelsareclosed.For channelsthatbecome

openasthe energy is increased,outgoing-wave boundaryconditionsat 5 �¨° mustbe applied. The

formulasappropriateto thiscasecanbefoundin thestandardQDT literature,but arenotprovidedin this

review.

To usethemethodsof QDT to treatatomsin externalelectromagneticfields,adifficulty mustbe

faced.Whena staticfield (magnetic,electric,or a combinationof them)is appliedto anatom,thelong

rangesphericalsymmetryis broken.Thelong rangepotentialof theelectronthenbecomes,

�³�>� �5 ��ù M c M� �8ß:ú�� (2.16)

where c is the magneticfield in atomicunits ( c�' Tesla
+�¶ E�� ?���� � 
�® + and ß is the electricfield in the

sameunits ( ß�'�� ¶ � +�¶ �9� � V�E�?û� � 
 ¤q¤ + . It is clearthat theexternalfieldsdestroy thesimplelong-range

Coulombphysicsthatallowedscatteringtheoryto beusedbelow threshold.Thefollowing sectionshows

how thisdifficulty canbeovercome.
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2.2 ü -matrices for atomsin external fields

As discussedabove,themainphysicalrequirementfor usingscatteringtheoryto treataproblem

is that the motion simplifiesin someregion of space.The key point is that sucha region exists for an

atomicelectronin externalelectromagneticfields.While externalfieldsdodestroy thelong-rangespher-

ical symmetryof the Rydberg electron’s motion, theelectronicphysicsremainssimpleat intermediate

distances(
� 
 � 5 � � 
�
 a.u.),evenin thepresenceof strongexternalfields.In thisintermediaterangeof

radii, boththeeffectsof theionic coreandof theexternalfieldscanbeneglected,andagaintheRydberg

electronevolvesin a pureCoulombpotential.For example,in a 6 Telsamagneticfield at a distanceof

5 � � 
�
 a.u.,the ratio of the diamagneticenergy to the Coulombenergy is approximately
� 
{� / � This

featureof an atomicelectronin externalfields wasfirst recognizedby Clark andTaylor [70] andhas

sincebeenusedin mosttheoreticaltreatments,bothquantumandsemiclassical,of thesesystems.This

allows the methodsof QDT andscatteringtheoryto be extendedto the caseof a Hamiltonianthat is

nonintegrable.

With this in mind, this thesisis foundedon thefollowing physicalpicture.Thequantumstateof

a highly excitedatomicelectronin thepresenceof externalfieldscanbepicturedasa time-independent

scatteringprocess.In this process,theelectronscattersmultiple timesoff of theionic coreandthelong-

rangefields (Coulombandexternal),eachtime returningto the simpleCoulombicregion. All of the

informationaboutthesescatteringeventsis containedin two scatteringmatrices:acoreregionscattering

matrix
� core anda nontrivial long-rangescatteringmatrix

� LR. It is importantto rememberthateach
�

-

matrix elementis a quantummechanicalamplitudeto scatteroff thecoreor long-rangeregion a single

time. The remainderof this chapterand the next shows how thesetwo
�

-matricescontrol the most

interestingphysicsof atomsin externalelectromagneticfields.

At thispoint it is usefulto summarizethepropertiesof thethreebasicregionsin whichanatomic

electronin externalfields moves. Figure2.1 providesa graphicalrepresentationof this partitioningof

configurationspace.

(1) Core region (5 � � 
 a.u.): Here, complicatedinteractionssuchas the electron-electronre-
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Long-Range Region

Core Region

r=infinity

Matching sphere (r=10-100 a.u.)

Figure2.1: The variousregionsof configurationspacein which a Rydberg electronin externalelec-
tromagneticfields travelsareshown. The coreregion (5 � � 
 a.u.),matchingregion (

� 
 � 5 � � 
�

a.u.),andthelong-rangeregion (5 ± � 
�
 ) areshown asconcentricsphericalshells.Usingthematching
region as“home base”the electronscatterseitherinwardoff the ionic core(shown asa filled circle at
thecenter),or outwardoff thelongrangeCoulombandexternalfield potentials.Eachof thesescattering
processesis encapsulatedin a scatteringmatrix.
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pulsionandthe Pauli exclusionprinciple dominatethe physicsof the Rydberg electron. The

externalfieldscanbe ignoredin this region. As in standardQDT, thephysicsin this region is

encapsulatedin anenergy independentscatteringmatrix
� core.

(2) Matching region (
� 
 � 5 � � 
�
 a.u.): Here, the Rydberg electronseesonly a spherically

symmetricCoulombpotential.I call it thematchingregionbecausesolutionsfrom thecoreand

long-rangeregionsarematchedin this region to “
�

-matrix states.” Thus,this region functions

muchlikeanasymptoticregion in traditionalscatteringtheory.

(3) Long-rangeregion (
� 
�
 � 5 � � 
 / a.u.): Here,thesphericallysymmetricCoulombpotential

andtheexternalelectromagneticfieldscompeteonanequalfooting. Dependingonwhatconfig-

urationof externalfieldsareapplied,thephysicscanbe integrable(electricandCoulombfield

only) or nonintegrable(Coulombfield plus magneticfield or magneticandelectricfields). In

eithercase,theHamiltonianis not separablein thesamecoordinatesystemasthecoreregion,

if at all. Thephysicsin this region is encapsulatedin a long-rangescatteringmatrix
� LR.

The exact boundariesbetweentheseregionsaresomewhat flexible anddependon factorssuchasthe

totalenergy, externalfield strengthsanddetailsof theionic core.Theimportantpoint is thatthephysics

is qualitatively differentin eachregion.

Althoughthis thesisfocusesonboundstatephysics,onefurthercomplicationthatemergesabove

thresholddeservesmentionhere.Abovetheionizationthreshold,afourthregionis identifiedbeyond5 �
� 
 / . Here,theCoulombfield hasbecomefar lessimportant,andtheexternalfieldsdominatethephysics.

Again, the detailsof the physicshereare determinedby the configurationof external fields that are

applied.For thecaseof anexternalmagneticfield, theelectronmovesout in decoupledLandauchannels

alongthedirectionof the magneticfield. For an appliedelectricfield, the electronapproachesinfinity

asanoutgoingwave in paraboliccoordinates.For thecasesof parallelor crossedelectricandmagnetic

fields,thephysicsis morecomplicatedat infinity, but nonethelessis still approximatelyintegrable.
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2.2.1
�

-matrix states

Now, usingthis matchingregion (
� 
 � 5 � � 
�
 a.u.) like an asymptoticregion in traditional

scatteringtheory, scatteringmatricesfor anatomicelectronin externalfieldsareintroduced.As before,

all but theradialdegreeof freedomwill beexpandedin asetof channelfunctionsé Ó 'OÝ + . LikebothQDT

andtraditionalscatteringtheory, the
�

-matricesaredefinedby writing down particularlinearcombina-

tionsof solutionsof theSchrödingerequation,the“
�

-matrix states,” in thematchingregion. However,

now therearetwo
�

-matrix states.Thefirst,
y core' 5 + , is relatedto thenumericallydeterminedsolution

ß core' 5 + regular at 5 �³
 anddeterminesthe core-region
�

-matrix
� core. The second,

y LR ' 5 + , is re-

latedto thenumericallydeterminedsolution ß LR ' 5 + having physicalboundaryconditionsat 5 �ï° and

determinesthe long-range
�

-matrix
� LR. In termsof the Coulombfunctionsandthe

�
-matricesthese

solutionsare:

y core' 5 + � �
! Í E  · ' 5 +_� core �8 � ' 5 + � (2.17)

y LR ' 5 + � �
! Í E  � ' 5 +_� LR �8 · ' 5 + � (2.18)

Theseforms of the solutionsare only valid in the Coulombmatchingregion (
� 
 � 5 � � 
�
 a.u.).

While it may seemthat these
�

-matrix statesare“just anothersetof linearly independentsolutionsof

theSchrödingerequation,” their usefulnesswill bedemonstratedthroughoutthis thesisasthey areused

to derivea numberof importantresults.

A numberof propertiesof these
�

-matricesareworth mentioning.By comparingthelong-range

�
-matrix state

y LR ' 5 + (2.18)with theWhittakerCoulombfunction(2.13)it is seenthatthelong-range

�
-matrix with no externalfields is simply the diagonalmatrix

� LR '�� + �ý- M ÓAø Ð � Ñ . Thus, unlike the

core region
�

-matrix, the long-range
�

-matrix dependsstronglyon the energy. Whenexternalfields

areappliedthis strongenergy dependenceremains,but
� LR '�� + becomesnon-diagonalbecauseof the

brokensphericalsymmetryin the long-rangeregion. As in standardscatteringtheory, bothof these
�

-

matricesareunitaryandhavefinite dimensionatagivenenergy � ontherealaxis.Thedimensionof the

�
-matricesis determinedby thenumberof locally openchannelsin thematchingregion. For analkali-

metalatom,thisnumbercanbeestimatedby themaximumclassicallyallowedangularmomentum# ata
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radius576 somewherein thematchingregion

# max � E 5 M6 �ï� �5Ç6 � �E � (2.19)

As statedabove, the two
�

-matrices
� core and

� LR determinethemostinterestingpropertiesof

atomicRydberg statesin externalfields. The first suchpropertythat I investigateis the boundstate

energiesof theRydberg electron.

2.2.2 Quantization using
�

-matrices

Thehighly excitedeigenstatesof a nonintegrableHamiltonianarecharacterizedby globalchaos

in the classicaldomainanda lack of goodquantumnumbersin the quantumdomain. Becausemuch

of our intuition aboutquantumeigenstatesrelieson the existenceof goodquantumnumbers,physical

insightabouttheeigenstatesis moredifficult to gainin a nonintegrablesystem.Someof thetraditional

methodsof quantization(separationof variables,perturbationtheory)fail completelyfor nonintegrable

systems.Others,suchasvariationalmethods,struggleto giveany insightaboutthehighly excitedstates

they provide. Becauseof this, it is desirableto haveamethodof quantizationthatis ableto givephysical

insightaswell asaccurateeigenvalues.

HereI presentanalternative to thetraditionalmethodsof quantization;onethatinvolvesthetwo

scatteringmatrices
� core and

� LR '_� + . Theresultderivedbelow,

det
� � � core� LR '_� + �<
�� (2.20)

wasfirst suggestedby Aymaretal. [68], but nothingwasknown at thetimeaboutthedetailsof thelong-

range
�

-matrixwhenexternalfieldsareappliedto theatom.Thesedetailsturnout to beverysignificant

as any physical insight containedin Eq. (2.20) must be provided by the
�

-matricesthemselves. A

detaileddiscussionof the physicscontainedin
� LR is delayeduntil Chs.4 and5 whereI show how

to calculatethis
�

-matrix usingaccuratequantumcalculationsandsemiclassicalapproximations.As

expected,this condition(2.20) is identical to that of QDT (2.15)with the matrix - M ÓAø replacedby the

long rangescatteringmatrix
� LR. Although the derivation of Eq. (2.20) is not difficult, I recordthe

detailshereassomeof theintermediateresultswill beusefullateron.
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To derive the quantizationcondition(2.20), I constructthe linear combinationof solutionsthat

satisfiesthe physicalboundaryconditionsat both 5 �ë
 and 5 �þ° . Becausethe
�

-matrix states

y core' 5 + and
y LR ' 5 + in Eqs.(2.17) and(2.18)satisfy the neededboundaryconditionsat 5 �^
 and

5 �²° respectively, thephysicalsolutionin thematchingregion mustbea linearcombinationof either

of thesesolutions. The physicallinear combinations(
� C¦ core and

� C ¦ LR) arewritten in termsof the
�

-

matrix states,Eqs.(2.17)and(2.18),andyetundeterminedexpansioncoefficients c coreÓ and c LRÓ :

� C ¦ core' 5 + � y core' 5 + � C c core � �
! Í E  · ' 5 +�� core �L � ' 5 + � C c core (2.21)

� C ¦ LR ' 5 + � y LR ' 5 + � C c LR � �
! Í E  � ' 5 +�� LR �L · ' 5 + � C c LR � (2.22)

Thesetwo physicalsolutionsmustbe identical. Thus,equatingEq. (2.21) to Eq. (2.22)somewherein

thematchingregion (
� C ¦ core' 5 6 + � � C ¦ LR ' 5 6 + ) yieldsanequationfor thecoefficients

� C c LR,

� � � core� LR '_� + � C c LR �U
�� (2.23)

alongwith a two equationsrelating
� C c core and

� C c LR:

� C c LR � � � core� C c core (2.24)

� C c core � � � LR '_� + � C c LR � (2.25)

A nontrivial solutionof theseequations(2.23andeither2.24or 2.25)existsat a givenenergy � only if

thefollowing conditionis satisfied:

det
� � � core� LR '�� + �8
9� (2.26)

Thezerosof thisequationgivetheboundenergy levels � r of theatomicelectronboundto amultichannel

positive ion in thepresenceof externalfields. In theseformulasI have explicitly written out theenergy

dependenceof the long-range
�

-matrix
� LR '_� + to emphasizethat it variesrapidly as the energy is

changed.Theenergy dependencesof theotherquantities,suchas
� core, aremuchweaker andcanoften

beneglected.Additionally, it shouldbekeptin mindthat
� LR '_� + is astrongfunctionof theexternalfield

strengthsc and ß , whereas
� core doesnotdependontheseparametersfor thecomparatively weakfields

( c � � 
�
 Tesla)underconsiderationhere.As long asexactquantummechanical
�

-matricesareused,
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the quantizationcondition(2.26) is exact. More importantly, whena semiclassicalapproximationfor

� LR is used,Eq. (2.26)becomesa semiclassicalquantizationconditionfor nonintegrable,multichannel

atoms.

A numberof researchers[77, 97, 98, 99, 100] have given quantizationconditionssimilar to

Eq. (2.26). This body of researchshows that the quantizationformula (2.26) representsa completely

generalmethodfor quantizingmultidimensional,nonintegrablesystems.The only assumptionI have

madein its derivation is thatat someradius(in thematchingregion), theeffectsof both the ionic core

andthe externalfieldson the electroncanbeneglected.Works by Prosen[99] andalsoRouvinezand

Smilansky [100] show thatthisassumptionis notstrictly necessaryandI outlinetheirapproachhere.To

quantizea nonintegrableHamiltonianof
H

spatialdimensions,configurationspaceis divided into two

volumes��ÿ and ��� , whichareseparatedby a
H � � dimensionalsurface.Thissurface,calledthesurface

of section,is equivalentto aconfigurationspaceversionof theclassicalsurfaceof sectionintroducedby

Poincaréto reducethe dynamicsof an autonomousHamiltoniansystem(E H -dimensionalphasespace)

to thatof adiscretemapof thesurfaceontoitself. Thissurfaceof sectionis thenusedto define
�

-matrix

statessimilar to Eqs.(2.17)and(2.18),alongwith
�

-matrices
� a and

� b for the two volumes. Their

[99, 100] quantizationcondition,

det
� � � a '_� +�� b '_� + �8
9� (2.27)

is identicalto theoneI havederivedhereandshows thegeneralnatureof this approach.

However, the first formulationto usea Poincarésurfaceof sectionto quantizea nonintegrable

Hamiltonianis Bogomolny’s
x

-matrix method[97]. In this breakthroughwork, Bogomolny deriveda

semiclassicalquantizationcondition,

det
� � � x '�� +�� �8
9� (2.28)

for nonintegrablesystemsin termsof the“transfermatrix”
x '_� + , which iteratesa quantizedversionof

thePoincarémap.In his work, thematrix
x '�� + is definedonly semiclassicallyandis shown to befinite

andunitary in the limit n8C 
 . RouvinezandSmilansky [100] have shown that
x '�� + is equalto the

product
� a '�� +�� b '�� + in thesamelimit.
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Theseworkselucidatesomeinsightful propertiesof quantizationconditionswritten asa secular

determinantinvolving finite, unitary
�

-matrices. A few of thesepropertiesarepresentedherefor the

casestudiedin this thesis,namely, anatomicelectronin externalfields. As Bogomolny demonstrates,

becausethe
�

-matricesarefinite andunitary, theseculardeterminant,Eq. (2.26),canbeidentifiedasa

dynamical(or Selberg) zetafunction[101, 102] �0S.'�� + :
� S '_� + � det

� � � core� LR '�� + � (2.29)

It is calleda zetafunctionbecauseit sharesmany interestingpropertieswith thewell known Riemann

zetafunction [103] �Î'�� + along the line ��� � ¶ Eû�L!	� . An excellent discussionof theseremarkable

connectionscanbefoundin thetext of BrackandBhaduri[24]. Two suchpropertiesthat �qS.'�� + shares

with theRiemannzetafunctionaretheexistenceof a functionalequation,

� S '�� + ��- Mf� Ó�
� Ð � Ñ ��S '�� + � (2.30)

andthesocalledRiemann-Siegel relation,

� S '_� + ����'�� + �8- Mw� Ó�
� Ð � Ñ �  '_� + � (2.31)

Thequantity )ÞX'�� + is themeannumberof stateswith energy lessthan � , which is simply

)ÞX'�� + � H a�� H a��
'ÕEPt�n + a�� '��b� Ï ' F� � F� +0+ (2.32)

for
H

degreesof freedom.In general,the ��'_� + in Eq.(2.31)canbewrittenasafinite sumover tracesof

powersof thematrix
� core� LR,

� a � b or
x

. By nomeansis thisdiscussionof thedynamicalzetafunction

complete;rathermy goalhasbeento sketchthe relationshipbetweenmy work andthatof others.The

onenew aspectof my work that hasnot beennotedin the literaturethusfar is that functionssuchas

det
� � � core� LR '_� + have the properties,Eqs.(2.30) and(2.31), of a dynamicalzetafunction even

whenexactquantummechanical
�

-matricesareused.Previously, thedynamicalzetafunctionhasonly

beenusedin the context of semiclassicalapproximations.Thus,I proposethatwhenexact
�

-matrices

areused,Eq. (2.29)representsa quantum-mechanicalzetafunction.
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Onefinal relationship[100] expressesthedensityof states,

�o'_� + � r p�'_���8� r + � (2.33)

in termsof thezetafunction,Eq. (2.29),andthemeandensityof states)�$'�� + � a 
� Ð � Ña � �

�$'�� + � )�Ò'_� + � �
t Im

HH � ��������� � � � core� LR '�� + � (2.34)

This relationshipshows that the matrix
� � � core� LR '�� + controlsthe oscillatingpart of the

densityof states.Now I show thatthis matrixalsocontrolsthenormalizationof theboundstates.

2.2.3 Normalization

At a boundstateenergy � , the physicalwavefunction
� C¦ � ' 5 + takesthe form of the

�
-matrix

states,Eq. (2.21)or (2.22), in the matchingregion. A studyof the normalizationof thesestatesgives

furtherinsightinto thephysicsof theboundstatesof theRydberg electron.Thenormalizationcondition

derivedhereis similar to thatof Aymaret al. [68], andusesthemethodgivenin Greene[90]. As with

thequantizationcondition(2.26),an importantfeatureof thenormalizationconditionis that it depends

only on the matrix
� � � core� LR . Thebeginningpoint of thederivation is the familiar normalization

condition,written in termsof themultichannelradialwavefunction
� C ¦ � ' 5 + (eitherEq.2.21or 2.22):

 
6 d5 � C ¦ � ' 5 + M � � � (2.35)

Integrals(or sums)over the angularandspin degreesof freedomarenot presentbecausethe channel

functionsareassumedto beorthonormal.At first glanceit appearsthatthis integralrequiresthephysical

wavefunctionat all radii. A well known trick of QDT usesGreen’s theoremto convert the volume

integral to a surfaceintegral in the matchingregion [90]. This is advantageousbecausethe
�

-matrix

forms,Eqs.(2.21)or (2.22),of
� C¦ � ' 5 + canthenbeused.Thetransformationto a surfaceintegral,

�
ÿ H 5 � C ¦ I � ' 5 + � C ¦ � ' 5 + � ��!�"� Ã # � �

ÿ H 5 � C ¦ I � Ã ' 5 + � C ¦ � ' 5 + (2.36)

� ��!�"� Ã # � �
E{'�� º �L� + W � C ¦ � Ã � � C ¦ � �ÿ �
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involvestheWronskian,

W
� C ¦ � Ã � � C ¦ � � � C ¦ I � Ã H �ÅC¦ �H 5 � H � C ¦ I � ÃH 5 � C ¦ � � (2.37)

evaluatedat theendpoints
� ����$ � of the integrationrange.This formula is derivedby first writing down

theSchrödingerequationsfor
� C ¦ � and

� C ¦ I � Ã :
�
E � C ¦ º º� �L'_�b�8� + � C¦ � � 
 (2.38)�

E � C¦ I º º� Ã � � C ¦ I � Ã '2� º �L� + � 
9� (2.39)

Left multiplying Eq. (2.38)by
� C ¦ I � Ã andright multiplying Eq. (2.39)by

� C ¦ � , subtractingthe two and

usingGreen’s theoremon theresultgivesEq. (2.36). To useEq. (2.36)to normalizethewave function

(2.35)therangeof integrationis brokenup into two integrals,

 
6 H 5 � C ¦ � ' 5 + M � ×�%6 H 5 � C ¦ core� ' 5 + M �  

×&%
H 5 � C ¦ LR� ' 5 + M � (2.40)

wheretheintermediateradius576 is chosento besomewherein thematchingregion. WhenEq.(2.36)is

usedfor eachtermontheright sideof Eq.(2.40),thenormalizationconditionfor aboundstateatenergy

� r becomes:

� � ��!'"� Ã # � �
ET'´� º �L� r + W

� C¦ core� Ã ' 5 6 + � � C ¦ core�)( ' 5 6 + � W
� C ¦ LR � Ã ' 5 6 + � � C ¦ LR�*( ' 5 6 + � (2.41)

To obtainthisresultonemustusethefactthewavefunctions
� C ¦ core�*( and

� C ¦ LR�*( vanishat 5 �U
 and5 �ï°
respectively. Because5 6 is in thematchingregion, the

�
-matrix formsof

� C ¦ core (2.21)and
� C ¦ LR (2.22)

canbeusedin Eq. (2.41)alongwith Eq. (2.24),
� C c LR �ï� � core� C c core, to give:

� � �'!�"� Ã # �*( �
E{'�� º �L� r + � C c coreI W ¤ � � coreI WM � core � C c core� (2.42)

W
¤ � � �E W  �� Ã � core �8 · � Ã´�J · �*( � core �8 ��*( � (2.43)

WM � � �E W  · � Ã � LR  '�� º + �8 �� Ã �m ��*( � LR '�� r + �L · �*( � (2.44)

The matricesW
¤

andWM canthenbe simplified usingthe definition of the Wronskian(2.37)andthe

Wronskiansof  ¹ givenin Eqs.(2.2) and(2.3). Finally, thelimit � º C � r is takenusingl’Hospital’s
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rule. After somealgebra,andusingEq.(2.23),thefinal form of thenormalizationconditionreads:

� � �
EPt � C c LRI HH � ! � � � core� LR � C c LR � (2.45)

As in the quantizationcondition, the matrix
� � � core� LR controlsthe normalizationof the bound

states.As Harmin’s work [83] on the Starkeffect demonstrates,normalizationconstantssuchasthis

matrixarecloselyrelatedto thedensityof statesof thephysicalsystem.Thisis consistentwith Eq.(2.34)

that relatesthe quantumdensityof statesto this matrix. In addition, in the next chapterthe matrix

� � � core� LR � ¤ appearsasa “densityof statesmatrix” in theatomicphotoabsorptioncrosssection.

Alternatively, asAymaretal. [68] pointout, thenormalizationcondition(2.45)canbeexpressed

in termsof theHermitiantimedelaymatrices[104] for thecoreandlong-rangeregions:

î coreÐ LRÑ �<! � coreÐ LRÑ H � coreÐ LRÑ IH � � (2.46)

Theresult,

� � �
E.t � C c LRI î coreI � î LR � C c LR �

shows that the normalizationof the boundstatesinvolvesa sort of balancebetweenthe physicaltime

scales(encapsulatedin
î LR and

î core) in thecoreandlong-rangeregions.

2.3 Discussion

In theprevioussection,ideasfrom scatteringtheoryandQDT wereusedto studyRydberg states

of atomsin staticexternalelectromagneticfields. Thefollowing pictureof theelectron’smotionunder-

girdsthisapproach:thestateof theRydbergelectronis picturedasatime-independentscatteringprocess

wheretheelectronscattersrepeatedlyoff thecoreandlong-rangeregionseachtimereturningto aradius

in the“matchingregion” whereit seesa pureCoulombpotential.The
�

-matrix states,Eqs.(2.17)and

(2.18),formalizethis ideaby introducingtwo unitary
�

-matrices
� core and

� LR. Using these
�

-matrix

statesI have deriveda quantizationcondition(2.20)anda normalizationcondition(2.45)for thebound

statesof theRydberg electron.Thesetwo equations,which arethemainresultsof this chapter, begin to

show thatthemostimportantphysicsof theelectronis containedin thematrix
� � � core� LR �
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Thisapproachof dividing configurationspaceinto two regionsanddefiningan
�

-matrix for each

region is advantageousfor a numberof reasons.First,
�

-matricesareideally suitedto semiclassicalap-

proximations.In Ch.5 I derivesuchanapproximationfor thelong-range
�

-matrixusingasemiclassical

Green’s function. Semiclassically,
� LR is written asa sumover classicalorbits, closed-orbits,that are

launchedoutwardfrom a spherein thematchingregion,scatteroff thelong-rangefieldsandthenreturn

to thesphereafter time
x

. I show that theclassicalaction
� ¯

(not to beconfusedwith thematrix
� LR)

of eachsuchorbit contributesto thephaseof the
�

-matrix in theform (seeEq.(5.39)):

� LR '�� + � ¯ � ¯ - Ó�+�, Ð � Ñ � (2.47)

The matrix
� Ó of eachorbit dependson the stability, Maslov index, andinitial andfinal anglesof the

orbit. While the resultsof this chaptercan be written in termsof either - -matricesor & -matrices,

thesemiclassicalapproximationsfor thesematricesareneedlesslycumbersomecomparedto thatof the

�
-matrix (2.47).

Second,
�

-matricesgive importantphysicalinsightnot availablein otherapproaches.This can

be seenby looking at the traceof the time delaymatrix for the long-rangeregion in a semiclassical

approximation.A substitutionof thesemiclassicalform of
� LR � Eq.(2.47),into thedefinitionof thetime

delaymatrix,Eq. (2.46),gives,

Tr
î LR '�� + � Tr ! � LR

H � LRIH � � ¯ x$¯ '_� + � ¯ � (2.48)

where
x ¯ '_� + � a +�,a � denotesthe periodof the ½ th classicalorbit and � ¯ � Tr ' � ¯ � I ¯ + is a number

indicatingthe relative importanceof theorbit. This shows that the
�

-matrix
� LR givesdirectaccessto

thetime domainphysicsof theRydberg electron.Chs.4 and5 show that thequantitativedetailsof this

timedomainphysicsin
� LR canbeextractedby Fouriertransforming

� LR '�� + into thetimedomain.

Third, andfinally, dividing configurationspaceinto two regionsleadsto an efficient approach.

Oncethe long-range
�

-matrix hasbeencalculatedfor a given configurationof externalfields, the ob-

servablesof many differentatomsin that configurationof fields canbe calculatedby simply usingthe

� core appropriateto eachatom.
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Of course,thebestargumentfor formulatingthetheoryin termsof
�

-matricesis theirusefulness.

This chapterhasbegunto build a casefor this viewpoint by showing that the
�

-matrices
� LR and

� core

determinetheboundstatephysicsof anatomicelectronin thepresenceof anexternalelectricor magnetic

field. In thenext chapter, I continuealongtheselines,exploring therelationshipbetweenthe
�

-matrices

andtheatomicphotoabsorptioncrosssection.



Chapter 3

Coarsegrained photoabsorption spectra

Thephysicalobservablefocusedonin this thesisis thephotoabsorptioncrosssectionof atomsin

externalelectromagneticfields. This observablehasprovidedboththeoristsandexperimentalistsa rich

wayof probinga classicallychaoticHamiltonian.Thegoalof this chapteris to forgea link betweenthe

importantenergy observableandthisscatteringmatrices
� LR and

� core of thepreviouschapter.

Thenear-thresholdphotoabsorptioncrosssectionof atomsin externalfieldspresentsa difficulty

for the traditionalapproachof spectroscopy. Typically, the low lying spectraof atomsareinterpreted

by assigninga setof quantumnumbersto eachabsorptionline. While at timesthesequantumnumbers

areonly approximate,thisprogramgivesacompletedescriptionof theatomicstateswhenthedensityof

statesis sufficiently low. However, neartheionizationthresholdof atomsin externalfields,thisapproach

fails asthe densityof statebecomesenormous.Even for hydrogen,the simpleRydberg seriespresent

with no externalfields becomesan unrecognizabletangleof closedspacedabsorptionlines whenan

externalmagneticfield is applied.Evenwhenapproximatequantumnumberscanbe found,suchasin

theStarkeffect, theprospectof labelingthousandsof quantumstatesis daunting.

An alternative to interpretingeachboundstateindividually is to directly focuson the energy-

smoothedcrosssection.In theearliestdiamagneticRydberg stateexperiments[30], this approachwas

necessarybecausetheexperimentalresolutionwasinsufficient to resolveindividual linesnearthreshold.

However, as theoreticalmethodssuchas closed-orbittheory [37, 38, 36] progressed,it was realized

that this approachof studyingthe large-scaleenergy structuresin the crosssectionwas actually the

preferredway to studythesesystems;even whenexperimentalresolutionallowed the identificationof
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individual lines. In the spirit of Gutzwiller’s semiclassicaltheory for the energy-smootheddensityof

states[19, 18, 20, 21], Delos and coworkersshowed that the global oscillationsof the crosssection

with energy could be relatedto certainclassicalorbits in the system. Theseclassicalorbits, closed-

orbits, begin at the nucleus,scatteroff the long-rangefields andreturnto the nucleusa time
x�¯

later.

As discussedin the introduction,the main resultof closed-orbittheory[38] is a formula for the near-

threshold,energy-smoothedcrosssectionthat involvesan oscillatingterm
� ¯ zm|�} '_� x�¯ + for eachsuch

orbit. This givesa simpleinterpretationof theglobaloscillationsin theenergy domaincrosssection.

Theapproachin thischapterfollowsthatof closed-orbittheory. Thegoalwill notbeto predictthe

infinite resolutionphotoabsorptioncrosssection;ratherthe focusis on obtainingtheenergy-smoothed,

or “preconvolved”crosssectiondirectly. Thiswork is meantto extendandgeneralizeclosed-orbittheory

to a moregeneralclassof systems.Whereasclosed-orbittheoryandits extensionshave beenlimited to

singlechannelatomswith a singleionizationthreshold,theapproachgivenherelaysthefoundationfor

the treatmentof multichannelatomswith multiple escapethresholdsin any configurationof external

fields.

As with thepreviouschapter, thefocushereis ontheexactquantummechanicsof anatomicelec-

tron in externalelectromagneticfields. Thesubtletiesof introducingsemiclassicalapproximationsinto

thecrosssectionareaddressedin Ch.6. It is importantto seehow thephysicalinsightsof semiclassical

methodsare, to a greatextent, alreadypresentin the exact quantum-mechanicalcrosssection. Sec-

tion 3.1,usingRobicheaux’spreconvolvedquantum-defecttheory[105] for guidance,developsanexact

expressionfor the preconvolvedphotoabsorptioncrosssectionof an atomin externalelectromagnetic

fields. In Sec.3.2,this crosssectionis interpretedandits generalpropertiesarediscussed.

3.1 Preconvolvedquantum-defecttheory

To obtainan energy-smoothedphotoabsorptioncrosssection,onecanproceedin two different

ways. The first is to calculatethe infinite resolutioncrosssection @$'�� + on a fine energy meshand

thenperforma numericalconvolutionwith somesmoothingfunctionof width . to obtainthesmoothed

crosssection @0/�'�� + . An alternative approachis to convolve the crosssectionanalytically, beforeany
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quantitiesarecalculated.This methodof “preconvolution” avoids the costly calculationof the infinite

resolutioncrosssectionaltogetherandgives @0/�'_� + directly in termsof simpleparametersof QDT.

The first suchexampleof a preconvolved photoabsorptioncrosssectionwas derived by Ro-

bicheaux[105]. His resultfor theconvolvedcrosssection@0/G'�� + shows thatpreconvolution is handled

elegantlyin thecontext of multichannelQDT. Robicheauxbeginsby writing theconvolvedcrosssection

in termsof a generalizedGreen’s function. After that, the tools of QDT areusedto find the relevant

Green’s functionin termsof familiarelementsof QDT. Thefinal formula,

@ / '_� + �8VPt M �*� Re FH � � � core- M ÓAø � ¤ � � � core- M ÓAø FH I � (3.1)

dependsonly onthecore-region
�

-matrix
� core� thelong-rangeCoulombphase- M ÓAø21 Ð � Ñ in eachchannel,

anda vectorof dipole matrix elements FH betweenthe initial atomicstateandenergy-normalizedfinal

states.By analyzingthepropertiesof theCoulombfunctionsin thecomplex plane,Robicheauxshowed

that convolving the exact crosssectionwith a Lorentzianof width . wasequivalentto evaluatingthe

QDT parameterõ è '_� + at a complex energy ���`!�. ¶ E . More specifically, in Eq. (3.1), õ è '_� + takesthe

values,

õ è '_� + � t��E{'_����!�. ¶ E:�8� è + � � � è � (3.2)

� !m° �¼±ï� è �
above andbelow the thresholdenergy � è . Becausethe dipole vector FH andthe

�
-matrix

� core canbe

calculatedon a coarsemeshof real energies, Eq. (3.1) yields an extremely efficient methodfor the

calculation@0/�'_� + .
Althoughefficient andelegant,theresultof Eq. (3.1) is only valid whenthe long-rangefield of

theelectronis a pureCoulombpotential.Themethodsusedto derive it rely critically on theproperties

of Coulombfunctionsat largedistances.Becauseexternalelectromagneticfieldsdestroy thelong-range

sphericalsymmetry, a new approachfor the preconvolved crosssectionmust be found for this case.

On the otherhand,the quantizationformula,Eq. (2.26),of thepreviouschaptersuggeststhata simple

replacementof thematrix - M ÓAø by thelong-range
�

-matrix
� LR in Eq.(3.1)couldgivethedesiredgener-
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alization. In thenext section,I derive anexpressionfor thepreconvolvedphotoabsorptioncrosssection

for anatomin externalfieldsandshow thatthis naiveguessis indeedcorrect.

3.1.1 Energy smoothingof the crosssection

The first stepin deriving a convolved crosssectionis to relatethe convolved crosssectionto

a Green’s function evaluatedat complex energies. Following Robicheaux[105], the convolved cross

section@0/�'�� + is definedasthe integral of theexactcrosssection@$'_� + with a Lorentzianof full width

at half maximum(FWHM) . �
@ / '_� + � .EPt H � º @$'_� º +'����L� º + M �3. M ¶ V � (3.3)

While otherconvolutionfunctionscanbeused,theLorentzianleadsto anelementaryresult,

@ / '_� + ��@$'_�ï��!�. ¶ E + � (3.4)

which is obtainedby performingthe integrationin Eq. (3.3) by themethodof contourintegration. Be-

causethe exact crosssectionhasonly simple poleson the real energy axis, only the residueof the

integrandat the pole of the Lorentzian, � º � �³�Ì!�. ¶ E , is neededwhenthe contouris closedin the

upperhalf of thecomplex plane.Thestandardexpressionfor theatomicphotoabsorptioncrosssection

in a perturbative laserfield [1],

@$'_� + �8VPt M � '_���8� 6 + Ó ¦ 6 45 ¦ �� � Ó
M � (3.5)

servesasthestartingpoint in finding @$'��²�D!�. ¶ E ). Theatomis takento bein theinitial quantumstate

¥ ¦ 6Î§ with energy � 6 beforeit makesa transitionto the energy-normalizedfinal states ¦ �� � Ó having

outgoing-wavesin the ! th channelonly. Thedipoleoperator 45 is givenin termsof thephotonpolariza-

tion vector 4= andthepositionoperatorF5 :
45 � 4=*6 F5 � (3.6)

As usual,therule of averagingover indistinguishableinitial statesandsummingover indistinguishable

final statesis implied in Eq. (3.5). In addition,� ���ï�©� 6 is thefrequency of thelaserusedto excite

thetransition.
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Next, thephotoabsorptioncrosssectionis writtenin termsof theoutgoing-waveGreen’sfunction.

Oncethis stepis accomplished,the methodsof QDT canbe usedto calculatethe final result. As an

operator[106], theoutgoing-waveGreen’s functionis definedas:

4� · '_� + � ��!'"7 # 698 '_�ï��! = � 4Ï + � ¤ � (3.7)

Therelationshipbetweenthis operator(3.7)andthecrosssection(3.5),

@ / '_� + �ï��VPt �9� Im 45 ¦ 6 4� · '����ñ!&. ¶ E + 45 ¦ 6 � (3.8)

is well known andis derivedin a numberof articles[38, 106]. An importantfeatureof this form of the

crosssectionis that it is valid bothabove andbelow the ionizationthreshold.With this equation(3.8),

thecalculationof theconvolvedphotoabsorptioncrosssectionhasbeenreducedto thecalculationof the

Green’s function 4� · '�� + at complex energies. In the next subsection(3.1.2)I give the detailsof how

this Green’s functioncanbecomputedwhenanexternalfield is appliedto theatom. Thecasualreader

is encouragedto skipaheadto thefinal result,which is presentedin subsection3.1.3.

3.1.2 Finding the Green’s function

Thegoalthen,is to deriveanexpressionfor theoutgoing-waveGreen’s function

� · ' F� � F� º�: � + (3.7)atcomplex energies.Thederivationpresentedhereis thefirst to includethenontrivial

effectsof externalfieldsin thelong-rangeregion. While it lacksrigor atcertainpoints,themainideasare

presentandprovidea framework for futurework. A discussionof theremainingopenquestionsfollows

thederivation.

As statedin the previous chapter, the result is expectedto involve the all important matrix

� � � core� LR � This is achievedby usingthe
�

-matrix states,Eqs.(2.17)and(2.18), to constructthe

requiredGreen’s function.This follows thestandardmethodin thetheoryof Green’s functions[107] of

usingsolutionsof thehomogeneousequationto build theGreen’s function,which satisfiestheinhomo-
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geneousequation1 ,

�
E ; M < �8�b�8�d' F� + ��' F� � F� º : � + �ïp�' F� � F� º + � (3.9)

In thisapproach,theboundaryconditionson ��' F� � F� º�: � + areimposedby constructingit out of solutions

¦ à ' F� + of the homogeneousequation(Eq. (3.9) with p�' F� � F� º + C 
 ) that satisfy the samedesired

boundaryconditions. Again, the desiredGreen’s function derived hereis regular at 5 �ë
 and has

outgoing-wave boundaryconditionsat 5 �K° . I mentionthis becausein future chaptersthis same

approachwill be useto find Green’s functionsobeying differentboundaryconditions. It is important

to remember, thatwhile all of thetheseGreen’s functionssatisfythesameequation,Eq. (3.9), they are

not identical. The detailsof the derivation aremorestraightforward whenchannelexpansionsof the

wavefunction,

¦ à ' 5 �0Ý + �
�5 Ó é Ó 'OÝ

+ y Óìà ' 5 + � (3.10)

andtheGreen’s function,

��' F� � F� º : � + � �575 º Ó � è é Ó 'ÕÝ
+ )� ÓAè ' F� � F� º : � + é è 'OÝ º + � (3.11)

)� Óìè ' 5 � 5 º : � + � 5Ç5 º�= é Ó ¥'��' F� � F� º : � + ¥7é è § � (3.12)

areused.ThemultichannelGreen’s function,Eq. (3.12)(now writtenasamatrix )� ), is asolutionof the

equation,

�
E )� ºçº ' 5 � 5 º : � + �L'_���8� ' 5 +2+ � � p�' 5 � 5 º + � (3.13)

with the multichannelwavefunction
y ' 5 + obeying a similar, but homogeneousequation(2.7). The

matrix � ' 5 + is themultichanneleffectivepotentialof Eq. (2.8).

Thesolutionsof thehomogeneousequationsatisfyingthedesiredboundaryconditionsarethe
�

-

matrix states,Eqs.(2.17)and(2.18),of thepreviouschapter. Thecore-regionstate,
y core' 5 + , is regular

1 SomeauthorsdefinetheGreen’s functionwith anadditionalminussignin front of thedeltafunctionin Eq. (3.9). I usethis
conventionasit is consistentwith whatis typically usedin semiclassicalapproximations[24].
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at theorigin andtakestheform,

y core' 5 + � �
! Í E  · ' 5 +_� core �8 � ' 5 + � (3.14)

in the matchingregion. The long-rangestate,
y LR ' 5 + , is an outgoingwave at infinity (althoughnot

necessarilyin sphericalchannels)andtakestheform,

y LR ' 5 + � �
! Í E  � ' 5 +_� LR �8 · ' 5 + � (3.15)

in the matchingregion. Outsidethe matchingregion, the numericalforms of thesesolutionsmustbe

used;this is implied when they arewritten as
y core' 5 + and

y LR ' 5 + . Now an ansatzfor the Green’s

function,

)� ' 5 � 5 º + � y LR ' 5 + � ' 5 º + 5 ± 5 º � (3.16)

� y core' 5 + c ' 5 º + 5 � 5 º �
is given in termsof undeterminedcoefficients

� ' 5 º + and c ' 5 º + . Thesecoefficientsaredeterminedby

requiringthat theGreen’s function is continuousat 5 � 5 º andhasa discontinuityin thefirst derivative

givenby,

�'!�"7 # 6 8
HH 5 )� ' 5 � 5 º + ×�>�×

Ã · 7
×�>�× Ã � 7 �UE�� (3.17)

Theserequirementsupontheansatz(3.16)areenforcedin thematchingregionwherethe
�

-matrixstates,

Eq. (3.14)and(3.15),canbeused.This leadsto asetof linearequations,

 � � LR �8 · � �  · � core �8 � c � 
�� (3.18)

 � º � LR �L · º � �  · º � core �8 � º c � E.! Í E9� (3.19)

for thecoefficientmatrices
� ' 5 º + and c ' 5 º + . A long but straightforwardalgebragivesthesolutions:

� ' 5 º + � E.tÒ! � � � core� LR � ¤ � corey coreI ' 5 º + � (3.20)

c ' 5 º + � E.tÒ! � LR � � � core� LR � ¤ y LRI ' 5 º + � (3.21)

Thesecoefficients,Eqs.(3.20) and(3.21), alongwith the ansatzfor the Green’s function, Eq. (3.16),
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determinetheGreen’s function:

)� ' 5 � 5 º : � + � EPtÒ! y LR ' 5 + � � � core� LR � ¤ � corey coreI ' 5 º + 5 ± 5 � º (3.22)

� EPtÒ! y core' 5 +�� LR � � � core� LR � ¤ y LRI ' 5 º + 5 ± 5 º �
It is desirableto simplify thisform of theGreen’sfunction.Until now, all of thestepsthathavebeentaken

have beenwell justified; the resultis thusfar exact. To usethis Green’s function to calculatethecross

section,it is usefulto write the long-rangesolution
y core' 5 + in Eq. (3.22) in termsof the core-region

solution
y LR ' 5 + . At a boundstateenergy, two suchrelationshipscanbe derived usingEqs.(2.21),

(2.22),(2.24),and(2.25)of thepreviouschapter(Ch.2):

y LR ' 5 + � � y core' 5 +_� coreI � (3.23)

y LR ' 5 + � � y core' 5 +_� LR � (3.24)

I now assumethat theserelationships,Eqs.(3.23)and(3.24),hold betweentheboundstateenergiesas

well. This is areasonableassumptionif the
�

-matrixsolutions(3.14)and(3.15)varyslowly with energy.

Usingtheserelationships,Eqs.(3.23)and(3.24),in theexpressionfor theGreen’s function,Eq. (3.22),

givesthesimpleresult,

)� ' 5 � 5 º : � + �>��EPtÒ! y core' 5 +�� coreI � � � core� LR � ¤ � corey coreI ' 5 º + � (3.25)

Because
y core ' 5 + appearssymmetricallyfor both 5 and 5 º in this expression,therestrictions5 ± 5 º or

5 � 5 º canbe dropped.A subtlepoint aboutthis Green’s function (3.25) is that it is only part of the

outgoing-wave Green’s function. As Robicheauxdocuments,anadditional“smooth” Green’s function

mustbeaddedto Eq. (3.25)to form theoutgoing-waveGreen’s function. ThesmoothGreen’s function

canbeobtainedby aphysicalargument(see[105]) abouttheabovethresholdcrosssectionandreads:

)� S ' 5 � 5 º : � + �Ì!´t y core' 5 + y coreI ' 5 º + � (3.26)

Adding )� S ' 5 � 5 º�: � + (3.26) to Eq. (3.25), the final form of the outgoing-wave Green’s function is ob-

tained:

)� · ' 5 � 5 º : � + �ï�l!´t y core' 5 +�� coreI � � � core� LR � ¤ � � � core� LR � corey coreI ' 5 º + � (3.27)
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As expected,thisGreen’s functiondependsontheubiquitousmatrix
� � � core� LR andthecore-region

�
-matrix states

y core' 5 + thatwill beusedto definedipolevectors.

There are two unresolved questionsin this derivation. First, I have usedthe relationships,

Eqs.(3.23) and(3.24), away from boundstateenergieswherethey areknown to be valid. Although

I expectthis to beanexcellentapproximation,this needsto bejustifiedin a morerigorousmanner. Sec-

ond,thefull natureof thesmoothGreen’sfunction )� S ' 5 � 5 º?: � + andits relationshipto theoutgoing-wave

Green’s functionneedsto beexploredfurther. In spiteof theseremainingquestions,thereis little doubt

that theGreen’s function,Eq. (3.27),derivedhereis theoutgoingwave Green’s functionneededfor the

crosssection.This is becausethematrix
� � � core� LR , whichvanishesat theboundstateenergies � r ,

ensuresthattheGreen’sfunctionof Eq.(3.27)hasthesamepolestructurein thecomplex energyplaneas

theoutgoingwaveGreen’s function,Eq. (3.7). Usingtheideasof Labastieet al. [106] it is alsopossible

to show that the normalizationcondition,Eq. (2.45),ensuresthat the residuesof thesepolescoincide

with thoseof Eq.(3.7).Thus,basedontheanalyticpropertiesof Eq.(3.27)in thecomplex energy plane,

theGreen’s functionI haveconstructedherecandiffer from thetrueoutgoing-waveGreen’s functionby

at mostananalyticfunctionof theenergy (thesmoothGreen’s function).

3.1.3 Putting it all together

With an expressionfor the outgoing-wave Green’s function, Eq. (3.27), the final form of the

convolvedcrosssectioncanbegiven. A substitutionof theGreen’s function(3.27) into theexpression

for thecrosssection(3.8)givesthegeneralizationof Robicheaux’s formula,

@ / '_� + �8VPt M��*� Re FH � � � core� LR '��ï�D!�. ¶ E + � ¤ � � � core� LR '��ï�D!�. ¶ E + FH I � (3.28)

which includesthe effects of external electric and magneticfields. As promised,this result is the

preconvolved crosssectionof Eq. (3.1) with the replacement- M ÓAø C � LR. In addition, the matrix

� � � core� LR � ¤ � � � core� LR appearsasa generalizeddensityof statesmatrix in the languageof

Harmin[83] andothers[106], which determinesall of thenontrivial aspectsof thecrosssection.

At a moreprimitive level, the crosssection,Eq. (3.28),dependson threebasicquantities:the
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dipolevector FH andthe
�

-matricesfor thelong-rangeandcoreregions
� LR and

� core. Thedipolevector

consistsof matrixelementsof thedipoleoperator 45 ,

H ¯ � ¦ 6 45 ¦ core¯ � (3.29)

betweentheinitial state¥ ¦ v § andthetheenergy-normalized
�

-matrixstate2 , Eq. (3.14):

¦ core¯ ' 5 �2Ý + � �5 Ó é Ó 'OÝ
+ y coreÓAè ' 5 +�� coreIè ¯ � (3.30)

Thisdipolevector FH , alongwith
� core determinetheshort-rangephysicsof theRydberg electron.In both

cases,it is agoodapproximationto calculatetheseon therealenergy axisneglectingtheexternalfields.

As in the crosssectionwithout externalfields applied,Eq. (3.1), the energy smoothingis ac-

complishedby evaluatingthe long-range
�

-matrix
� LR '����Ì!&. ¶ E + at complex energies. This energy-

smoothed
�

-matrix containsall of theeffectsof theexternalfieldsappliedto theatomand,in general,

must be determinedby solving the long-rangeSchrödingerequationat complex energies. In a fully

quantummechanicalcalculation,this is aparticularlydifficult taskbecausethenonseparablelong-range

Schrödingerequationmustbesolvedanew ateveryenergy �b�!�. ¶ E . Therefore,thismethodis notpar-

ticularly efficient whentheexactquantumcrosssectionis desiredat high resolution.In fact,for single

channelatoms,a numberof othermethods[70, 71, 73, 76] outperformmy approachwhencalculating

theinfinite resolutioncrosssection.

In spiteof this difficulty, Eq. (3.28)is advantageousfor a numberof reasons.First it represents

a completelygeneralformula for treatingatomsin externalfields. It includesboth the complications

of a multichannelionic core and the nonperturbative effect of an arbitrary configurationof external

fields. As examples,Eq. (3.28) could be usedto calculateanything from the Starkeffect in argon to

diamagnetismin the alkaline-earthatomsor crossedelectric and magneticfield effects in the alkali-

metalatoms.Second,Eq. (3.28) is amenableto semiclassicalapproximations.Althoughsemiclassical

approximationsto Eq. (3.28)involvea numberof unexpectedsubtleties(seeCh.6), in theend,a simple

resultcanbeobtained.Third, Eq. (3.28)providesa clearpictureof thephysicsinvolvedwhenanatom
2 An additionalä core@ appearsin Eq.(3.30)for thestate AA B coreCED usedto definethedipolevectorto beconsistentwith thedipole

vectorsusedby otherresearchers[68, 105]. Alternatively, this ä -matrix canbeabsorbedinto thedensityof statesmatrix. When
this is done,theorderingof ä LR and ä core in thecrosssection,Eq.(3.28),is reversed.
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absorbsaphotonin thepresenceof externalfields.Thisphysicalinsightis thesubjectof thenext section.

Thevalidity of thepreconvolvedphotoabsorptioncrosssectionderivedin thischapter, Eq.(3.28),

canbeverifiedby comparingits predictionswith previouscalculationsandexperiment.Sucha compar-

ison is given in Figs. 3.1 and3.2 for hydrogen(deuterium)atomsin a �9� ��� Teslamagneticfield. The

preconvolvedcrosssectionshown in Fig. 3.2 hasbeencalculatedby usingan accuratelong-range
�

-

matrix
� LR in Eq. (3.28). Therequired

�
-matrix wascalculatedat complex energies(.>� � � �û� � 
{��F

a.u.) with thevariational & -matrix techniqueof Ch. 4 to give theconvolvedcrosssectiondirectly. The

agreementbetweenmy calculations(Fig. 3.2)andtheprevious,infinite resolutioncalculationsof Wun-

neret al. [108] shown in Fig. 3.1 is excellent.Also, thesomewhatcoarserresolutionexperimentaldata

agreeswith thepredictionsof bothmy own andthepreviouscalculations[108].

3.2 Inter pretation and discussion

Thepreviouschapterintroducedaphysicalpictureof themotionof anatomicelectronin external

electromagneticfields. After absorbinga photon,theatomicelectronis placedin a quantumstatethat

canbevisualizedasa combinationof two time-independentscatteringprocesses.Thefirst involvesthe

electronbeinglaunchedinwardto scatteroff themultichannelioniccoreto whichit is bound.Thesecond

involvesthe electronbeinglaunchedoutward to scatteroff the long-rangeCoulombandexternalfield

potentials.Thescatteringmatricesof thepreviouschapterencapsulatethequantumamplitudesfor both

of thesescatteringevents.My formula,Eq(3.28),for thesmoothedphotoabsorptioncrosssectionshows

exactlyhow this physicalpictureis manifestedin thephotoabsorptioncrosssection.

3.2.1 Expansionof the crosssection

The physicalinsight containedin the convolved crosssection,Eq. (3.28), canbe extractedby

expandingthematrix
� � � core� LR � ¤ in thecrosssectionasageometricseries.After right multiplying

theresultingseriesby thematrix
� � � core� LR , thecrosssection(3.28)becomes:

@ / '�� + �8VPt M��*� Re FH � �ñE � core� LR �`E � core� LR M �XE � core� LR g � 6G6�6 FH I � (3.31)
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Figure3.1: Thetheoreticalandexperimentalphotoabsorptionspectraareshown for deuteriumRydberg
atomsin anexternalmagneticfieldof H�I JLK Tesla.Boththeexperimentandtheoryshownherearefor MONP
, even parity final statesof the electron. The large scalequantumcalculationsperformedby Wunner

et al. [108] areshown above the experimentalspectraof Welge andcoworkers [33]. The agreement
betweentheoryandexperimentis goodgiventhecoarseresolutionof theexperiment.Theseresultsare
shown for comparisonwith themethoddescribedin thischapterfor calculatingthephotoaborptioncross
section(seeFig. 3.2). Thisfigureis takenfrom [108].
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Figure3.2: The convolved photoabsorptioncrosssectionis plotted for � � 
 , even parity statesof
hydrogenin a ��� ��� Teslafield. Thesecalculationswereperformedusingtheaccuratequantum

�
-matrices

of Ch. 4 in the formula derived in this chapter, Eq. (3.28), for the crosssection. The goodagreement
betweenthesecalculationsandthe theoryandexperimentsshown in Fig. 3.1 shows that my

�
-matrix

formulationof thephotoabsorptionprocessgivesquantitatively accuratespectra.Thehighestenergy in
thespectrum( ��V�
 cm� ¤ ) correspondsto a scaledenergy of = ����
�� V whereapproximately��
YX of the
classicalphasespaceis chaotic.



48

This power seriesexpansionof the crosssectionis the startingpoint in any interpretation,both semi-

classicalandquantummechanical,of thephotoabsorptionprocess.As statedin thepreviouschapter, the

�
-matricesaresimplyquantum-mechanicalamplitudesto scatterthrougharegionof spaceasingletime.

Thus,the crosssectioncanbe viewed asan infinite sumover quantum-mechanicalamplitudesassoci-

atedwith FeynmanpathswheretheRydberg electronscattersa singletime
� core� LR or elsemultiple

times
� core� LR 6G6�6 � core� LR off the coreandlong-rangeregions. This recognitionis the first stepin

understandingtheelectron’sfinal statein aphotoabsorptionexperiment.

It is importantat this point to establishthe convergenceof the power seriesexpansionof the

crosssectionof Eq.(3.31).Thiscanbestudiedby definingthenormof amatrix. Thenormof acomplex

matrix
�

is definedby how it actson the setof complex vectors F� thathave Euclideannorm lessthan

unity [109]:

Z � Z � "\[^]_a`< _cb ¤ ¥ � F� ¥m� (3.32)

Using this definition (3.32), the standarddefinitionsof convergentseriescanbe extendedto seriesof

matrices.It canbeshown (see[109], exercise3 of Sec.1.3) thatthegeometricseriesof matrices,

 r > 6 '
� core� LR + r �>' � � � core� LR + � ¤ � (3.33)

convergesabsolutelyif thefollowing conditionon the
�

-matricesis met:

� core� LR � � � (3.34)

Numericalevidencesuggeststhatwhenthe long-range
�

-matrix
� LR is calculatedat complex energies

with a small, positive imaginarypart !�. ¶ E , the condition for convergence,Eq. (3.34), is satisfied. A

generalproof of this observation is still lacking andwould be a desiredresult. This implies that the

seriesexpansionof the crosssection(3.31)will alwaysconvergewhenaccurate
�

-matricesarecalcu-

latedasprescribedby the preconvolution theory. Any divergenceof the seriesexpansionof the cross

section(3.31)shouldthusberelatedto inaccurate
�

-matrices.However, whentherearequestionsabout

convergence,Eq. (3.34)canbecheckedoncethe
�

-matriceshavebeencalculated.

Theconvergenceof theexpansionof thecrosssectiongivenby Eq.(3.31)is significantin light of
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other, semiclassicalexpansionsof thecrosssection.Two extensionsof closed-orbittheoryby Dandoet

al. [53] andby Shaw andRobicheaux[54] havegivenseriesexpansionsof thephotoabsorptioncrosssec-

tion for oneelectronatomsotherthanhydrogen.Fromthestart,thesemethodsdevelopthecrosssection

througha semiclassicalapproximationto a multiple scatteringexpansion.That is, their crosssections

arederivedterm-by-termby iteratinga semiclassicalBorn approximation-like scatteringseries.While

thesesemiclassicalexpansionshave beenextremelysuccessfulfor singlechannelatomshaving oneor

two nonzeroquantumdefects,they areknown to divergerapidly for heavier atomssuchasrubidiumand

barium[65]. It is unknown whetherthedivergencesin their crosssectionsaredueto thesemiclassical

approximationor theformulationof theseriesitself. Additionally, it is not obviousif their expressions

haveanexact(andhopefullyconvergent)quantum-mechanicalgeneralization.My form of thecrosssec-

tion givesthisgeneralizationandshowsthattheexactcrosssectionis naturallyexpressedasaconvergent

powerseriesin the
�

-matrices
� LR and

� core. Furthermore,thefirst form of thecrosssection,Eq.(3.28),

shows thatthepowerseriescanbesummedto includeall ordersof scatteringautomatically.

In somerespects,the convergenceof the seriesin Eq. (3.31) is a purely mathematicalproperty

of the crosssection. On the otherhand,having a convergentseriesexpansionof the photoabsorption

crosssectionis physicallyrelevant. Becausetheexpansiongivenin Eq. (3.31)converges,a reasonable

approximationfor thefull seriescanbefoundby includingthefirst few termsof theseries.Theneach

suchtermcanbeinterpretedindividually. Thistypeof analysisis inspiredby semiclassicalmethodssuch

asclosed-orbittheorywhereonly a few shorttimeclosedorbit areneededto describeglobaloscillations

of theenergy domaincrosssection.As such,it is usefulto show how my expansionof thecrosssection

relatesto standardclosed-orbittheory.

3.2.2 Semiclassicalapproximations

A brief descriptionof semiclassicalapproximationsto thephotoabsorptioncrosssectionshows

how theseriesexpansionin Eq. (3.31)canbe interpretedin a term-by-termmanner. A morethorough

treatmentof semiclassicalapproximationsto thephotoabsorptioncrosssectionis givenin Chs.5 and6.

Thediscussionhereis only meantto introducesomeof thegeneralideasof asemiclassicalapproximation
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to thephotoabsorptioncrosssection.

A recurringthemein this thesisis that
�

-matricesareideally suitedto semiclassicalapproxima-

tions. Becauseof this, semiclassicalapproximationsfor thecrosssectionwill bederived(seeCh.6) by

introducingasemiclassicalapproximationfor thelong rangescatteringmatrix,
� LR '�� + . All of theshort

rangeparameters' � core��FH + requiredfor thecrosssectionwill typically becalculatedin a fully quantum-

mechanicalframework assemiclassicalapproximationsarenot appropriatefor thesequantities[38]. In

Ch.6, I show thatthegeneralsemiclassicalexpressionfor thelong-range
�

-matrix,

� LR '_� + � ¯ � ¯ '�� + - Ó'+�, Ð � Ñ � (3.35)

involvesa sumover all classicaltrajectoriesthat leave the matchingregion traveling radially outward,

scatterclassicallyof thelong-rangefields,andeventuallyreturnto thematchingregionafteraccumulat-

ing anaction
� ¯

. Thematrix
� ¯ '_� + (seeCh. 5, Eq. (5.42))is complex andcontainsinformationabout

theclassicalstability, theMaslov index, andalsotheinitial andfinal polaranglesof eachof thesetrajec-

tories.Thenumberof trajectoriessummedover in Eq. (3.35)rangesfrom onewith no externalfieldsto

infinitely many whenanexternalmagneticfield is appliedto theatom. Also, it shouldberemembered

thatall of thequantitiesin Eq. (3.35)(
� ¯ � � ¯ + dependon theexternalfieldsappliedto theatom.

Using the semiclassicalexpressionfor
� LR (3.35) in the expansionof the crosssection(3.31)

givestheprimiti vesemiclassicalapproximation for thephotoabsorptioncrosssection:

@ / '_� + �8VPt M��*� Re FH � �`E Ó
� core� Ó - Ó�+�d �ñE Ó � è

� core� Ó � core� è - Ó Ð +�d · +^1 Ñ 6�6G6 FH I � (3.36)

Whenthis crosssectionis plottedin a small interval nearanenergy � º andFourier transformedto the

time domain,theresultingrecurrencespectrum shows strongpeaksat theperiods
x Ó '_� º + of primitive

closed-orbitsandat thecombinedperiods(suchas
x Ó '_� º + � x è '�� º + and

x Ó '�� º + � x è '_� º + � x�¯ '�� º + ) of

thoseprimitive orbits. This is madepossiblebecausetheamplitudes
� Ó vary slowly with energy. Thus

my form of thecrosssection(3.31),whencombinedwith semiclassicalapproximationsfor
� LR (3.35)

reproducesthe physicalcontentof closed-orbittheory. A small energy interval about � º is required

becausetheperiods
x Ó '�� + dependon theenergy. This allows theactionsin Eq. (3.36) to beexpanded
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aboutthepoint )� ,

� Ó '�� +feï� Ó '�� º + �L'_���©� º +
H � ÓH � � Ã � � Ó '�� º + ��'��b�L� º + x Ó '_� º + �

so that theFourier transformoperateson termssuchas - Ó Ð � � � Ã Ñhg d to give thestrongpeaksin the time

domain.

A betteralternative to Fourier transformingthespectrawith respectto energy is to performthe

analysisusingscaledvariables.This approachwasfirst usedby Holle et al. [35] to studytherecurrence

spectrumof diamagnetichydrogen.In AppendixA, I give thedetailsof this scalingtransformationfor

anelectronin anexternalmagneticfield. Theonly importantpointhereis thatthescalingtransformation

replacesthe energy � , magneticfield strength c , andclassicalaction
� Ó by a scaledfield % , scaled

energy = , andscaledaction )� Ó :

% � EPt,c � ¤ e2g � (3.37)

= � �(c � Mwe0g � (3.38)

)� Ó � � Ó ¶ %]� (3.39)

In scaledvariablerecurrencespectroscopy [35, 39], the photoabsorptioncrosssectionis measuredor

calculatedatafixedscaledenergy = asa functionof thescaledfield variable% . Thisamountsto varying

boththeenergy � andthefield c alonglinesof fixed = . Theresultingcrosssection@$'A% + ,
@ / 'A% + �UV.t M��9� Re FH I � �ñE Ó

� Ó � core- Ó'ij
+ d �`E Ó � è
� Ó � core� è � core- Ó'i Ð 
+ d · 
+ 1 Ñ 6G6�6 FH � (3.40)

is thenFouriertransformedwith respectthethevariable% to obtainthescaledrecurrencespectrum.Be-

causethescaledactions )� Ó donotdependonthevariable% (seeAppendixA), acleanFouriertransform

overa largerangeof % canbeobtained.Like thetime domainFouriertransformation,thescaledrecur-

rencespectrumshows peaksat the scaledactions )� Ó of the primitive closed-orbits,of their repetitions

( )� Ó �ï)� Ó � 6�6�6 ) andof theircombinations( )� Ó �ï)� è � 6�6G6 ). Again,I emphasizethatmy primitivesemiclas-

sicalapproximationto thecrosssection,Eq. (3.36)or (3.40),echosthephysicalcontentof closed-orbit

theory;eachclosedorbit in the long-rangeregion contributesanoscillatingtermto the total crosssec-
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tion. However, asCh.6 elucidates,this primitivesemiclassicalapproximationis flawedandneedsto be

repairedto obtaina quantitatively accuratesemiclassicaltheoryfor thephotoabsorptoncrosssection.

3.2.3 Conclusion

Thisfinal sectionhasexploredsomeof thepropertiesof themainresultof thechapter, Eq.(3.28),

whichgivesanexpressionfor theconvolvedphotoabsorptioncrosssectionfor anatomin externalelectric

andmagneticfields. Specifically, I have introduceda seriesexpansionfor the crosssection(3.31)and

exploredits convergencepropertiesandrelationshipto previoussemiclassicalapproaches.The beauty

of semiclassicalapproachesis thatthey giveasimpleinterpretationof thetime(or scaledaction)domain

crosssection. However, my formula for the convolved crosssectionis an exact quantum-mechanical

result.

Taking hints from semiclassicalapproachesto interpretingthe crosssection,a new methodof

interpretingthe exact quantumcrosssectioncanbe deduced.By usingaccuratequantum-mechanical

�
-matricesandFourier transformingindividual termsin the series(3.31) (like FH7I � LR � core FH ) onecan

investigatetheseparatecontributionsmadeby eachto thetotal quantumrecurrencespectrum.While it

is expectedthatthis quantumanalysiswill show many featuresin commonwith thesemiclassicalrecur-

rencespectra,otherfeatures- nonclassicalin nature- canbedetectedandstudiedusingthis approach.

An exampleof this approachwill begivenin Ch.6, whereI explorethesemiclassicalapproximationto

thecrosssectionfurther. Beforethisanalysiscanbegiven,however, I show how thelongrange
�

-matrix

� LR canbecalculatedfor anatomicelectronin a externalmagneticfield.



Chapter 4

Quantum scatteringmatrices

Chapters2 and3 have focusedon thebasicpropertiesof thescatteringmatrices
� LR and

� core,

andtheir relationshipto theobservablesof an atomin externalelectricand/ormagneticfields. Simple

formulasfor both the boundstatespectrum,Eq. (2.26), and the total photoabsorptioncrosssection,

Eq. (3.28),have beengiven in termsof these
�

-matrices.Clearly, for theseresultsto beusefulthe
�

-

matricesmustbecalculated.This chapterandthenext give thedetailsof how the long-range
�

-matrix

� LR canbecalculatedusingeithera fully quantummechanicalapproach(thischapter)or asemiclassical

approximationsimilar to closed-orbittheory(Ch.5).

At this point, it is worth reiteratingan importantpoint about the total photoabsorptioncross

section(3.28)derived in Ch. 3: it is an exact resultthat appliesto any multichannelatomin any con-

figurationof externalelectricandmagneticfields. This generalityof my approachis oneof its main

strengths.However, to explore the physicscontainedin the photoabsorptioncrosssection,it is useful

to specializeto a narrowerclassof experiments.Consequently, theremainderof thethesisconcentrates

on thepropertiesof a singlechannelatomin a static,externalmagneticfield. Oncethe
�

-matriceshave

beencalculatedfor this system,thephysicsof thephotoabsorptionprocesscanbestudied.

Forsinglechannelatoms,suchasthealkali-metalatoms,thecore-region
�

-matrixis parametrized

in termsof thequantumdefectsR ¸ [50]:

� core¸�¸ Ã ��p ¸�¸ Ã - Mw� ÓAò ó �
This is a standardresult from quantum-defecttheory and the quantumdefectsfor simple atomsare
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available in many articlesand books[96, 110]. While my formulation of the photoabsorptioncross

sectionappliesto multichannelatoms,thephysicsof core-scatteredpeaksin recurrencespectramustbe

understoodbeforethesedifficult casescanbe treated.Singlechannelatomsprovide an idealsettingto

explore corescatteringbecauseall of the effectsof the ionic coreareparameterizedby a few energy

independentquantumdefects.At this point, I only mentionthatfor multichannelatomsthecore-region

�
-matrix canbedeterminedusingwell understoodmethodsof quantum-defecttheory, & -matrix theory

andframetransformations[68]. Thesetechniquesareapplicableimmediatelyastheexternalfieldsare

canbe neglectedin the core-region. Also note that quantummechanicaleffectssuchasspin and the

Pauli exclusionprinciple make semiclassicalapproximationsmoredifficult for the core-region physics

encapsulatedin
� core.

The long-rangephysicspresentsmoreof a challengethan the short rangephysics. The main

difficulty is thatin this region,theelectronicHamiltonian,

Ï �ï� �E ; M �
�5 � �E c 4êlk �

�
� c M ù M � (4.1)

is nonseparablein two dimensions(ù �mú ). When an electronis highly excited, the two dimensional

Schrödingerequationof Eq.(4.1)mustbesolvedoveravastregionof configurationspace.Morespecif-

ically, below the ionizationthreshold,
� LR canbe determinedafter the Schrödingerequationis solved

in a sphericalshell boundedby the radii 576 � 5 � 5 æ ÿ < . Typically 576 is somewherein the matching

region 5Ç6 e � 
:� � 
�
 a.u.(Ch.2) and5 æ ÿ < is somewherewell beyondtheclassicalturningpoint of the

electronwherethewavefunctionhasdecayedto zero. A goodestimatefor thesizeof 5 æ ÿ < is givenby

theformula,

5 æ ÿ < e ?�ö M � (4.2)

where ö<� � ¶ Í ��E9� is the effective quantumnumberof the electron.As anexample,for a ö<�²E�
�

electron,the outerradius 5 æ ÿ < is an extraordinary120,000a.u. or

e ��R m. Besidesthe large region

of spacerequiredand the two-dimensional,nonseparableSchrödingerequationthat must be solved,

thereare two other difficulties in calculating
� LR. First, because

� LR is a strongly varying function

of the energy, the Schrödingerequationmustbe solved at every energy at which the crosssectionis
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desired.Second,becausethe preconvolvedcrosssectionrequires
� LR at complex energies �¼� !�. ¶ E ,

the solutionsof the Schrödingerequationwill be complex valued. This necessitatesthe costly useof

complex arithmeticin thenumericalimplementationof themethod.

While thesedifficultiesslow computationalefforts,no significantconceptualdifficultiesexist in

carryingoutthecalculationsof
� LR atcomplex energies.In fact,anumberof researchershaveperformed

similar calculations[71, 76] for diamagneticatomsusingthe time testedapproachof & -matrix theory

[111, 112, 113, 68]. My approachto calculating
� LR follows this previouswork with two differences.

First, to obtainthe preconvolvedcrosssectiondirectly from Eq. (3.28)variational & -matrix theory is

extendedto complex energies.Usually, the infinite resolutioncrosssectionis calculatedwith & -matrix

calculationson therealenergy axis,afterwhich theconvolvedcrosssectionis obtainedby a numerical

convolution. Becausemy preconvolved
�

-matrix approachfor the crosssectionrequirescalculations

at complex energies,it is generallyslower at calculatingthe infinite resolutioncrosssectionthanother

approaches.However, thecomplex energycalculationsdescribedin thischapterhaveadistinctadvantage

in obtainingthe convolvedcrosssection.Second,my treatmentis the first to packagethe solutionsof

theSchrödingerequationfor the long-rangeregion into an
�

-matrix. Most previouswork hasused & -

matricesinsteadof
�

-matricesfor this purpose.Themainadvantageof a long-range
�

-matrix is thatall

theinterpretivetoolsof semiclassicalapproximationscanbeusedto understandthephysicscontainedin

the
�

-matrix. This givesa simplepictureof the quantummechanicsassociatedwith the nonintegrable

electronicmotion. Interpretationof thelong range& -matrix is far lesstransparent.

Thischapterdevelopsthenecessaryextensionsof variational& -matrixtheoryneededto calculate

� LR at complex energiesfor anatomin anexternalmagneticfield. Thebasicideasof & -matrix theory

canbefoundin anumberof articlessothemorefamiliarpartsof thetheorywill only besketched.After

the methodfor finding
� LR hasbeendescribed,calculationsthat implementthis methodarepresented

anddiscussed.Themostimportantresultof thesecalculationsis that thephysicscontainedin theexact

quantummechanical
� LR canbe extractedusing the ideasof recurrencespectroscopy. Fourier trans-

formationof
� LR thenpermitsan identificationof themostimportantquantummechanicalpathsof the

electronasit scattersoff thelong-rangefields.
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4.1 Variational ü -matrix approach

Calculationof the long-range
�

-matrix involvestwo steps.Thefirst is to solve theSchrödinger

equation,

4Ï ¦(' F� + ����¦:' F� + � (4.3)

in the long-rangeregion for the Hamiltonianof Eq. (4.1). After numericallong-rangesolutionsof

Eq. (4.3) areobtained,
� LR canbe determinedby a simplematchingprocedure.Both of thesesteps

canbecarriedoutusingvariational& -matrix theory. This techniquehasbeendeveloped[114, 115, 116]

asanextensionof the & -matrixtheoryof WignerandEisenbud[113]. In mostsituations,theSchrödinger

equation(4.3) is solved(for aboundstate)by imposingboundaryconditionsuponthewavefunctionand

thenfindinga discretesetof energy eigenvalues.In variational & -matrix theorythis procedureis turned

around: here,the energy is setbeforehandand the Schrödingerequationis solved in a volume � to

determinetheboundary conditions of thewavefunctionon thesurface
�

of thevolume.This informa-

tion abouttheboundaryconditionsof wavefunctionon thesurfaceis encodedin thenormallogarithmic

derivative �m$ of thewavefunctionon thesurface:

�m$�� n ¦n ð
�
¦ � (4.4)

Here, 4ð denotesthe outward unit vectornormalto the surface. The main tool of variational & -matrix

theoryis avariationalprinciplefor this logarithmicderivative(4.4).Thisprovidesanefficientalgorithm

for finding thewavefunction¦ andits logarithmicderivative �m$ on a givensurface
�

. In thefollowing

subsection,thedetailsof this approacharesketchedfor the long-rangemotionof anatomicelectronin

anexternalmagneticfield. After that, the long range
�

-matrix
� LR is extractedfrom theresultsof the

& -matrix calculation.

4.1.1 Solving the Schrödingerequation

The first stepin & -matrix theory is to identify the volume � (andsurface
�

) over which the

Schrödingerequation(4.3) mustbesolved. As mentionedbefore,for a calculationof
� LR, a spherical
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Long-Range
Region

matching
radius

Volume V

r~10 a.u.

r=some large
distance

Surface S

Figure4.1: Thisdiagramdepictsthevolume � of configurationspacein whichtheSchrödingerequation
mustbesolvedto find thelong-range

�
-matrix. Thevolumeis boundedby theradii 5 6 and5 æ ÿ < , where5 6 is somewherein thematchingregion and 5 æ ÿ < is a largedistancebeyondtheclassicalturningpoint

of theelectron.TheHamiltonianin this volume,Eq. (4.1), involvesboththeCoulombanddiamagnetic
potentials.
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shellboundedby theradii 5Ç6 (in thematchingregion) and 5 æ ÿ < (somelargedistancewherethewave-

functionhasdecayedto zero)is appropriate.Thesurface
�

of this volumehastwo parts:a sphere
� ¤

at

5 � 576 having 4ðï��� 45 anda sphere
� M at 5 � 5 æ ÿ < having 4ðb� 45 . This volumeusedin the & -matrix

calculationsfor
� LR is depictedin Fig. 4.1.

Thestandardformulasof variational& -matrix theory[68] applyto thiscasewithoutmajormod-

ifications. This techniquebegins with a variationalprinciple, first derived by Kohn [117] andlater by

Greene[116], for thelogarithmicderivative �m$ of thewavefunction¦ on thesurface
�

,

$Ú� E H �Ú¦  '���� 4Ï + ¦�� H � ¦ �oqpo
r

H � ¥ ¦:¥ M � (4.5)

As statedabove, the energy � of the electronis a parameterin this equationandhasa complex value

of ���`!&. ¶ E to accomplishtheenergy preconvolutionof thecrosssection.Hereandelsewhere,I usea

flexible notationwhereat times � is thefull complex valuedenergy (asin Eq. (4.5))andat othertimes

� is only therealpartof theenergy (implied in ���ñ!�. ¶ E ). Thecontext will determinewhich of these

meaningsis appropriate.

As is trueof theRayleigh-Ritzvariationalprinciplefor theboundstateenergiesof aHamiltonian,

thevariationalprinciple for $ (4.5) canbeconvertedto a generalizedeigenvalueproblem.This is done

by expandingthe õ th linearly independentwavefunction¦ ø ' F� + in a setof Þ basisfunctionsr Ó ' F� + and

undeterminedcoefficients ¬ ÓAø :

¦ ø ' F� + �
�5
�
Ó > ¤ r Ó ' F

� + ¬ Óìø � (4.6)

Theresultingeigensystem,

. F¬ ø ��$ ø^s F¬ ø � (4.7)

is written in termsof thematrices

. ÓAè �8E tur Ó ' F� + ��� 4Ï r è ' F� + H �ï� + r Ó ' F
� + n r è ' F� +n ð H �

(4.8)

and

s�Óìè � + r Ó ' F
� + r è ' F� + H � � (4.9)
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It is importantnot to confusethe matrix . with the smoothingwidth . , which is alwaysa scalar. As

usual,the factor
� ¶ 5 is usedin the wavefunctionof Eq. (4.6) to eliminatethe first derivatives

n ¶ n 5 in

theHamiltonianoperator 4Ï in Eq.(4.8).Thisexplicit
� ¶ 5 factorin thewavefunctionhasthreeauxiliary

effectsontheaboveexpressions.First,theinfinitesimalvolumeelement
H � in Eq.(4.8)nolongerhasthe

usual5 M factorfoundin sphericalpolarcoordinates,sothat
H �³� H 5 H 3 H Ü } !�� 3 . Second,thelogarithmic

derivative in Eq.(4.7) is definedwith respectto 5 ¦ ø ratherthansimply ¦ ø :
�m$ ø �

n ' 5 ¦ ø +n ð
�5 ¦ ø � (4.10)

Third, the radial part of the kinetic energy operatorin 4Ï hasthe form �(' � ¶ E + H M ¶ H 5 M . Solving the

eigensystemof Eq. (4.7) yields the logarithmicderivative $ ø (4.10)andthecoefficient matrix ¬ Óìø (4.6)

of the õ th linearly independentsolutionof theSchrödingerequationin thevolume � .

While theeigenvaluesystemfor $ ø � Eq. (4.7), canbesolveddirectly, a moreefficient approach

is to partition the matrices. and s into openandclosedsubspaces[68]. Theopensubspace,denoted

by a subscript“o,” consistsof the few '_Þ v + basisfunctionsthatarenonzeroon the surfaceat 5Ç6 � The

remainingÞ � �BÞs�bÞ v basisfunctions,denotedby thesubscript“c”, arezeroon this boundaryand

makeup theclosedsubspace.In thispartitionednotation,theeigensystem,Eq.(4.7),becomes,

. ��� . � v
. v � . vqv

F¬ � ø
F¬ v ø

�v$ ø 
 


 s vqv

F¬ � ø
F¬ v ø

� (4.11)

This leadsto a smalleigensystemin theopensubspacefor thelogarithmicderivative $ ,
Ý v0v F¬ v ø ��$ ø s vqv F¬ v ø � (4.12)

wherethematrix Ý vqv �u. vqv �w. v � . � ¤��� . � v requiresa calculationof theinverse. � ¤��� in thelargerclosed

subspace.Thecomputationaladvantageof this partitionednotationis that the productx ��� �y. � ¤��� . � v
canbefoundasthesolutionof thelinearsystem,

. ��� x � v �z. � v � (4.13)

All of theseresultsarestandardformulasin variational & -matrix theory. Theonly modificationthatmy

calculationsrequireis thatthematrix . , definedin Eq.(4.8)andusedin Eqs.(4.11-4.13),is evaluatedat

complex energies �<�]!�. ¶ E , sothatthefinal eigenvectorsF¬ ø andlogarithmicderivatives $ ø arecomplex.
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An importanttechnicaldetail in solving the & -matrix equationsis the choiceof an appropriate

set of basisfunctions r Ó ' F� + � To calculatethe long-range
�

-matrix
� LR, I use

ê
sphericalharmonics

å ¸�æ '�3.�JÜ + for the angulardegreesof freedomand
í

basissplines c u ' 5 + [118] for the radial degreeof

freedom:

r Ó ' F� + � å ¸ æ '_3.�mÜ + c u ' 5 + �

#o��{m
9�2E��m�J�m���2E ê �XE +?| ' evenparity
+ �

#$�}{ � �2?��m�J�m���2E ê � � | ' oddparity
+ �

� ��{ � �m�J�m��� í~| �

!���{.# ���<� � | ��{ � �J�m�m�Ò�JÞ¨� ê í~| �
Only onevalueof � is presentin theexpansionof thewavefunctionbecausetheHamiltonian,Eq.(4.1),

is symmetricunderrotationsaboutthe ú -axis. And, becausespin-orbit andhyperfineeffectsarene-

glected,the Hamiltonian(4.1) is invariantunderthe parity operationúDC ��ú so thatonly oddor else

only evenparity sphericalharmonicsareneeded.Thesphericalharmonicsareconvenientbecausethey

alsoserveaschannelfunctionson thesphereat 5 � 5Ç6 , wherethephysicsis purelyCoulombic.

The basis(or B) splinesarea convenientsetof locally definedfunctionsthat canrepresentthe

radialpartof thewavefunction.Here,only their propertiesthatarerelevantfor solvingtheSchrödinger

equationfor the caseat handarepresented.The readeris referredto the text of de Boor [118] for a

formaldiscussionof theirmany mathematicalproperties.Examplesof theirusein atomicphysicscanbe

foundin thearticleof SapirsteinandJohnson[119]. For theradialwavefunction,asetof
í

B-splinesof

order ½ is used.Thesesplines,which arepolynomialsof order ½ locally, aredefinedon aradialmeshof

Þ × pointson theinterval
� 5 6 � 5 æ ÿ < � . Giventhenumberof meshpoints Þ × andtheorderof spline ½ , the

numberof splinesis constrainedto be
í ��Þ × �D½l� � . Thedetailsof thesplinesaredeterminedby how

thesetof meshpointsis chosen.I usea conventionwherethemeshpointsat the limits of the interval
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arerepeated½ times. With this choice,thereis a singlesplinenonzeroat eachboundary( c ¤ ' 576 + � �
and c���' 5 æ ÿ < + � � ), andall othersarezeroat 576 and 5 æ ÿ < . Theadvantageof choosingthesplinesin

this manneris thattheboundaryconditionson thewavefunctionat 576 and5 æ ÿ < canbeimposedwithout

difficulty. Below threshold,thewavefunctionmustvanishat theouterradius5 æ ÿ < . This is accomplished

by excludingthelastspline c�� from theexpansionof thewavefunction.At theinnerboundary576 there

aretwo possibilities.For channelsin theclosedsubspace,thewavefunctionis zeroonthesurface5 � 576
sothat thenonzerospline c ¤ is againexcludedfor thesechannels.However, in theopenchannels,this

splinemustbekeptto representfinite valuesof thelogarithmicderivatives $ ø on thesurface.

This choiceof basisfunctionsleadsto an efficient methodof solving the large linear system,

Eq. (4.13),andthe smallereigensystem,Eq. (4.12),of & -matrix theory. This is the casebecausethe

sphericalharmonicsand B-splineslead to a highly bandedmatrix structurefor the large matrix . ��� .
Theonly termin theHamiltonianthatis nondiagonalin thesphericalharmonicbasisis thediamagnetic

term
¤
Ö c M 5 M } !�� M 3 , which couplesangularmomentum# to #o»UE . The angularmatrix elementsof the

diamagnetictermcanbeworkedout analyticallyin termsof the6j coefficients[120]:

#ç� } !'� M 3 # º � � E ? p ¸�¸ Ã ��'_� � + æ 'ÕE9#*� � + 'ÕE9# º � � + # # º E

 
 


# # º E
�l� � 
 �

Theradialmatrixelementsin . (4.8)ands (4.9)involveintegralsovertheB-splinesandtheirderivatives.

ThesematrixelementsarecalculatednumericallyusingGaussianquadrature.Thevaluesof theB-splines

andtheir derivativeneededfor theintegralscanbegeneratedrapidly usingtheFortranroutineslistedin

thetext of deBoor [118]. Most importantly, for ½ th ordersplines,eachsplineoverlapswith only ½(� �
othersplines.Thesepropertiesof thesphericalharmonicsandB-splinesleadto amatrix . ��� with a total

bandwidthof V í �©E9½÷�©� . Thus,even thoughthe matrix . ��� is of order
ê � í , the linear system

involving this matrix,Eq. (4.13),canbesolvedefficiently usingthebandedmatrix routinesfoundin the

LAPACK Fortranlibrary [121].

In numericaltestsI have foundthat for anelectronat energy �Ê�³� � ¶ E�ö M using ö ¶ E spherical

harmonicsof a given parity ' ê �¨ö ¶ E + and V9ö B-splines ' í �BV9ö + givesabout4 digits of accuracy

in the long-range
�

-matrix. Almost always,B-splinesof order ½<�¼� aresufficient. Theseguidelines
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for picking thenumberof basisfunctions(andtheorderof splines)leadsto a closedsubspaceof order

Þ � e E9ö M anda total bandwidthof
� �9ö]�<E9½]�U� for thematrix . ��� . As anexample,for ö �>��
 , the

solutionof thelargelinearsystem,Eq.(4.13),ateachenergy takes
e ?�
 secondsof CPUtimeand

e � ��

Mb of memoryon a 633 Mhz CompaqAlpha workstation. Becausethe opensubspaceis typically of

order Þ v e �]� � 
9� thesmalleigenvalueproblem,Eq. (4.12),takesonly a fractionof a second.Next I

describehow thelong-range
�

-matrix
� LR canbefound,oncethe & -matrixequationshave beensolved

to give $ ø and ¬ Óìø .

4.1.2 Finding the
�

-matrix

Solutionof the & -matrix equationsabove constitutesthe main computationalwork involved in

calculatingthe long-range
�

-matrix. Oncethesecalculationshave beenperformed,the multichannel

radialwavefunction ß ÓAø ' 5 + on thesurface5 � 5Ç6 takesthesimpleform:

ß Óìø ' 576 + �b¬ Óìø � (4.14)

Furthermore,this form of thewavefunction(4.14),alongwith thedefinitionof thelogarithmicderivative

�m$ ø (4.10)yieldstheradialderivativeof thewavefunctionon theboundary:

n ß ÓAø ' 5 6 +n 5 ��¬ ÓAø $ ø � (4.15)

whereonemusttake into accountthat 4ð³� � 45 on the surface5 � 5Ç6 to get this result. As described

in Ch. 2,
� LR emergeswhen this numericallydeterminedsolution is matchedto the

�
-matrix state,

Eq. (2.18):

y LR ' 5 + � �
! Í E  � ' 5 +�� LR �L · ' 5 + � (4.16)

In thematchingregion,wheretheelectronmovesin apureCoulombpotential,thenumericalwavefunc-

tion, Eq. (4.14), canbe written in termsof the Coulombfunctions '_�·¸ �m �¸ + andconstantcoefficient

matrices
í

and
î

(seeEq.(4.17)):

ß ÓAø ' 576 + ��¬ ÓAø �
�
! Í E  ·Ó ' 576 +�í ÓAø �L �Ó ' 576 +�î ÓAø � (4.17)
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TakingtheWronskianof this wavefunction(4.17)with �·Ó ' 5 + and  �Ó ' 5 + givesthecoefficient matrices

í
and

î
in termsof the & -matrix solutionmatrix ¬ ÓAø :

í ÓAø � �Ô M W  ·Ó �J¬ ÓAø ×&% � tÍ E  ·Ó ' 5 6 + $ Óìø �L · ºÓ ' 5 6 + ¬ Óìø � (4.18)

î ÓAø � �Ô M W  �Ó �m¬ ÓAø ×&% � tÍ E  �Ó ' 5 6 + $ ÓAø �L � ºÓ ' 5 6 + ¬ ÓAø � (4.19)

Finally, thelong-range
�

-matrix canbewritten in termsof thesenumericalcoefficients,Eqs.(4.18)and

(4.19):

� LR � í î � ¤ � (4.20)

I emphasizethatall of thequantitiesin theabovediscussion( $ ø , ¬ ÓAø , í Óìø and
î ÓAø ) arestronglyvarying

functionsof boththemagneticfield c andthecomplex valuedenergy �<�]!�. ¶ E . Thus,thisentireproce-

duremustberepeatedateachenergy. In principle,theCoulombfunctions '��·¸ �J �¸ + andtheirderivatives

in Eqs.(4.18)and(4.19)mustalsobeevaluatedatcomplex energies.However, at themoderatedistances

in the matchingregion (
� 
 � 5Ç6 � � 
�
 ) the Coulombfunctionsat complex energiescanbe approxi-

matedby their valueson therealenergy axiswithout any sacrificein theaccuracy in thefinal
�

-matrix,

Eq. (4.20). A justificationof this approximationis given in Fig. 4.2,which plots the regularandirreg-

ular Coulombfunctionsat a complex energy typical of what is requiredfor the preconvolution of the

�
-matrix andcrosssection.Theuppergraphshows the imaginarypartsof '_���� + � which vanishat real

energies.Becausetheseimaginarypartsareordersof magnitudesmallerthattherealpartstheCoulomb

functions  ¹ ��'_�l� »ñ!" +_¶�Í E in thematchingregion canbecalculatedon therealenergy axis. How-

ever, if thecomplex energy Coulombfunctionsareneeded,they canbecalculatedwith formulasgiven

by Robicheaux[105].

Onefinal detail aboutthenumericallycalculated
� LR needsto beaddressed.A certainamount

of flexibility exists in how the dimensionalityof
� LR is chosen. When

� LR is initially calculated,it

must includeall of the channelsthat are locally open(classicallyallowed) andweakly closedon the

surfaceat 5 � 576 . Thisnumberof channelsÞ v determinesthesizeof theopensubspacein the & -matrix

calculationsandis typically a few morethanthemaximumclassicalallowedangularmomentum# æ ÿ <
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Figure4.2: Thereal (bottom)andimaginary(top) partsof the regular (solid line) andirregular (dotted
line) Coulombfunctions( ��_� ) areplottedatacomplex energy �³�ï��
9� 
�
�
����÷
�� �]� � 
��� 2! andangular
momentum#�� �

. On the real energy axis, thesetwo Coulombfunctionsarereal-valued. This figure
shows that when the energy is complex, theseCoulombfunctionsdevelop small imaginarypartsthat
increasewith the radius 5 . The traveling wave Coulombfunctionsusedin Eqs. (4.18) and (4.19) to
find the long-range

�
-matrix arerelatedto thesefunctionsthroughthe relation  ¹ �Ê'_�l�Ë»Ì!" +_¶�Í E .

Technically, thecomplex energy Coulombfunctionsshown in this figureshouldbeused(through  ¹ +
to find the preconvolved

�
-matrix

� LR. However, becausethe imaginarypartsof '���_� + areordersof
magnitudesmallerthanthe real parts,it is a goodapproximationto usethe Coulombfunctionsat real
energies. It is importantto notethat this approximationis only goodat small radii; as 5 is increased,
theimaginarypartsof  and � eventuallyovertake therealparts.Thus,by keepingthematchingradius
small(5Ç6 e � 
 a.u.),thecomplicationsof calculatingtheCoulombfunctionsatcomplex energiescanbe
avoided.
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on thematchingsurface:

# max � E 5 M6 �ï� �5Ç6 � �E � (4.21)

However, all of theseÞ v e # æ ÿ < channelsarenot neededexplicitly in theformulafor thephotoabsorp-

tion crosssection,Eq. (3.28). This is becausethe shortrangeparametersFH and
� core usedin thecross

sectionaretypically trivial (0 or 1) beyondthefirst few channels.For example,in Li thequantumdefects

are RGS÷��
�� V and R u ��
�� 
�V ; all othersaresmallerthan 
9� 
 � . As Harmin [83] hasshown, the “extra”

channelsin
� LR canbeeliminatedusingthetoolsof quantum-defecttheory. Thisis desirablebecausethe

wavefunctionin theseweaklyclosedchannelsbecomesexponentiallylargeat smalldistances.Labeling

theunwantedchannelsby thesubscript“x” (for extra) andthoseto bemaintainedby thesubscript“p”

(for physical),
� LR canbewritten in a partitionednotation,

� LR �
� LRuwu � LRu <
� LR< u � LR<G< � (4.22)

wherethetotal dimensionof
� LR is Þ v �>Þ u �UÞ < . Thephysicallong-range

�
-matrix

� LR
�
phys having

dimensionÞ u canbefoundin termsof thepartitionsof theraw
�

-matrix,Eq. (4.23):

� LR
�
phys � � LRuwu � � LRu < � � � LR<G< � ¤ � LR< u � (4.23)

Theadvantageof usingthis smaller
�

-matrix
� LR

�
phys is that it shows a weaker dependenceon

the matchingradius576 thanthe raw
�

-matrix
� LR. It is important,however, to notethatboth

� LR
�
phys

and
� LR give identicalphotoabsorptioncrosssectionswhenusedin Eq. (3.28). In addition,while both

these
�

-matricesdependweaklyon 5 6 , thetotalphotoabsorptioncrosssectionis foundto beindependent

of 5 6 . It is oftenusefulto studythe long-range
�

-matrix directly ratherthanthe total photoabsorption

crosssection.Whenthis typeof analysisis performed,it is moresensibleto use
� LR

�
phys which is nearly

independentof theradius5 6 . In fact,for theremainderof this thesis,I will alwaysuse
� LR

�
phys whenan

accuratequantum
�

-matrix is needed;thesuperscript“phys” will subsequentlybedropped.
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4.1.3 Scaledvariable
�

-matrices

Thissectionhasdescribedamethodfor calculatingthelong-range
�

-matrix for themotionof an

atomicelectronat energy � in a staticmagneticfield of strengthc . In mostcases,however, it is more

usefulto studythe physicsof suchanelectronusingthe scaledvariablesdiscussedin the Introduction

andAppendixA. In this approach,thecrosssectionand
�

-matricesarestudiedat a fixedscaledenergy

= ���(c�� Mwe0g asafunctionof thescaledmagneticfield %B�8EPt,cd� ¤ e0g . A simplevariabletransformation

of thenumericallycalculated
� LR '_�(�mc + givestheneededscaledvariable

�
-matrix

� LR ' = �_% + :
� LR ' = �_% + � � LR '_�8' = ��%�� + �JcL' = ��% +0+ � (4.24)

�]' = �_% + � = E.t%
M � �ñ!_E \]%% � (4.25)

c�' = �_% + � EPt%
g � (4.26)

This rescalinggeneratesa crosssection @ � i ' = ��% + and
�

-matrix
� LR ' = �_% + in the % domainthat has

beenpreconvolvedwith a Lorentzianof width \]% . I emphasizethatunlike otherquantummechanical

methods[75] of calculatingthe scaledphotoabsorptioncrosssection,no recastingof the Schrödinger

equationis neededin my approach;theenergy andmagneticfield of Eqs.(4.25)and(4.26)aresimply

usedin the & -matrix calculationsdescribedabove.

4.2 Recurrencesin the quantum ü -matrix

My choiceof usingscatteringmatricesto describethemotionof anatomicelectronin anexternal

magneticfield is basedon two importantpoints. First, the
�

-matrices
� LR and

� core containall of the

importantphysicsof theelectron.Second,afterthey havebeencalculated,these
�

-matricescanbeused

to gainphysicalinsightabouttheelectron’smotion. In this chapter, thenecessarydetailsfor calculating

thelong-range
�

-matrix
� LR ' = �_% + havebeengivenfor anatomin astaticexternalmagneticfield. In this

final section,calculationsof
� LR '1% + arepresentedthatimplementthisapproach.

Thecalculationspresentedherearegivenin termsof thescaledvariablesof AppendixA. Thus,

thescatteringmatrix
� LR '1% + hasbeencalculatedatafixedscaledenergy = asafunctionof the“energy”-
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like scaledvariable% . In thespirit of closed-orbittheory, theseaccuratequantum
�

-matricesarethen

Fourier transformedinto thescaledactiondomain.The informationcontainedin theFourier transform

of the matrix element
� LR¸�¸ Ã 'A% + is bestpresentedin termsof the recurrencestrength&('*)�,+ . I definethe

recurrencestrength &('*)�,+ of some% -domainfunction $'A% + in the interval
� % ¤ �_% M � as the windowed

Fouriertransform:

&('*)�,+ � i Ù
i�� $'1% + - � Ó�
+0i - � Ð i � i % Ñ Ù e Ð M���Ñ H % � (4.27)

where p �³'1% ¤ �`% M +_¶ � and % 6 �³'A% ¤ �`% M +_¶ E . Thewindowing function
�G]�� '_�('1%²�X% 6 + M ¶ 'OE9p +0+ is

usedto eliminateartificial sidepeaksin therecurrencestrength.Notethatmy definitionof &('*)�,+ involves

theabsolutevalueof theFourier transformratherthanabsolutevaluesquaredassomeresearchersuse.

This choiceaccentuatessmallerfeaturesin the recurrencestrengththatarediminishedwhenthe result

of theFouriertransformationin Eq. (4.27)is squared.

First, calculationsof the long-range
�

-matrix
� LR 'A% + at a scaledenergy of = �Ê��
��1N arepre-

sented.At thisscaledenergy, theclassicaldynamicsaremostlyregular(seeFig A.1, AppendixA). This

resultsin relatively few quantumpathscontributingto thelong-range
�

-matrix. By plottingtheelements

of
� LR in boththe % domain(Fig. 4.3)andin theFourierdomain(Fig. 4.4) themostimportantquantum

mechanicalpathsof theelectroncanbe“seen.” First,Fig. 4.3shows therealpartof thematrix element

� LR6q6 (w) asafunctionof thescaledfield % . Thismatrixelementshowsoscillationswith % , indicatingthat

a few featuresin thescaledactiondomainarecontrollingthelong-range
�

-matrix. Thecalculationspre-

sentedin Fig.4.4confirmthepresenceof theshortactioncontributionsto the
�

-matrix. Here,theFourier

transforms(recurrencestrengths)of the quantities&�- � LR6q6 'A% + , &�- � LRMqM 'A% + and &�- � LR/q/ '1% + over

therange% � � 
�
(�X��
�
 areshown. All of thesematrix elementsshow strongrecurrencesat thesame

scaledactions. This shows that the samequantumamplitudescontribute to eachelementof
� LR at a

given scaledenergy. Of courseat this point, without borrowing the insightsof closedorbit theory, it

would difficult to understandexactly to what the recurrencesin the matrix
� LR correspond.The im-

portantpoint of theseaccuratequantumcalculationsis that the physicsof the long-range
�

-matrix is

controlledby a few featuresin the scaledactiondomain. The mostthat canbe saidwithout invoking
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Figure4.3: The real part of an elementof
� LR is shown asa function of the scaledfield % . Here,a

low angularmomentumpiece &�- � LR6q6 'A% + of the long range
�

-matrix is plottedat a scaledenergy of= �ª��
��1N , wherethe classicalmotion is mostly regular. This matrix element,andthe othersin
� LR,

provide a completedescriptionof the electron’s motion asit scattersoff the long-rangeCoulomband
diamagneticpotential. This matrix elementwascalculatedusing the variational & -matrix methodof
this chapter, andhasbeenpreconvolvedwith a width \�%s�>
�� � in the % domain.Themostimportant
featureof this figureis thatthematrix elementoscillateswith % . High frequency oscillationshavebeen
smoothedout with thepreconvolutiontechnique,leaving only thelargestscaleoscillationsvisible. As a
Fourier transformof this matrix elementshows (seeFig. 4.4, panel(c)), theseoscillationsaredueto a
few quantummechanicalpathsof theelectronhaving shortscaledactions.The

�
-matrix shown hereis

for an �K�<
 , evenparity electron.
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Figure4.4: The Fourier transformsor recurrencestrengths( &(' )�l+ , Eq. (4.27)) of individual elements
of the long range

�
-matrix areshown. As in Fig. 4.3, a scaledenergy of = � ��
9�ON is usedhere. The

recurrencestrengthof thematrix elementplottedin Fig. 4.3( &�- � LR606 '1% + ) is shown in thelowerpanel
(c). Themiddlepanel(b) andupperpanel(a)give therecurrencestrengthfor higherangularmomentum
elements( &�- � LR/q/ 'A% + and &�- � LRMqM 'A% + respectively) of the samelong range

�
-matrix. All three

matrix elementsexhibit the samesharppeaksin the scaledaction domain,with only the amplitudes
varyingwith theangularmomentum.Thesemiclassicalmethodsof thefollowing chaptercorrelatemost
of theserecurrencepeakswith classicalclosedorbits of the electron. For instance,the shortestaction
recurrencepeakin this graph,labeled & ¤ , correspondsto the quasi-Landauorbit observed in the first
experimentsby Gartonand Tomkins [27]. The next longestaction peak( � ¤ ) is correlatedwith the
electron’smotionparallelto themagneticfield. Thecontributionsof harmonics,or repetitions,of these
two short actionpathsarealsoseen. Becausetheseare recurrencestrengthsof an accuratequantum�

-matrix, someof the recurrencepeaksarenonclassical.More specifically, the peakslabeledwith the
letter“g” - for ghost- havenoradially returningclassicalclosedorbitsassociatedwith them.Again, the�

-matrix shown is for an �;�8
 , evenparityelectron.
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the ideasof closed-orbittheoryis this: becausethe
�

-matrix elementsarequantummechanicalampli-

tudesfor theelectronto scatteroff thelong-rangepotential,therecurrencepeaksin theelementsof
� LR

correspondto differentquantummechanicalpathsthat the electronhastaken in its scatteringprocess.

Thesemiclassicalapproximationsof thefollowing chapter(Ch. 5) will link thesequantumpathsto the

chaoticclassicalclosedorbitsof theelectron.

Itis alsointerestingto seehow therecurrencestructuresin the long-range
�

-matrix evolve with

thescaledenergy = . In theclassicalmotionof theelectron,thisparametercontrolswhetherthedynamics

areregular ( = � ��
�� � ) or chaotic( = C 
 ). Figure4.5 shows the recurrencestrengthof the quantity

&�- � LR/q/ 'A% + at sevenscaledenergiesrangingfrom = �²��
9� �C©�²��
�� ? . At thelower scaledenergies,

the recurrencestrengthis dominatedby two shortactionquantumpaths(labeled & ¤ and � ¤ after the

closedorbits they represent)andtheir harmonics.As thescaledenergy increases,additionalrecurrence

peaksappear. This proliferation of recurrencepeaksis one of the manifestationsof the underlying

classicalchaos.

Oneof the main advantagesof having accuratequantumscatteringmatricesto analyzeis that

nonclassicalpathscanbe detectedandstudied.A recurrencepeakis nonclassicalif thereis no classi-

cal closedorbit availableto explain the recurrence.In the literature,thesenonclassicalfeaturesin the

recurrencestrengthareoften calledghostorbits. The mostcommonplaceto seetheir presenceis just

below thescaledenergieswherenew closedorbitsbifurcate.Then,theghostorbitscanbeviewedasthe

electrontunnelinginto analmostallowedclassicaltrajectory. In bothFigs.4.4 and4.5, I have marked

thenonclassicalfeatureswith theletter“g” - for ghost.Of course,theonly way to distinguishbetweena

realorbit anda ghostorbit is to performa searchfor classicalclosedorbits.Theresultsof sucha search

is given in AppendixB for scaledenergiesfrom = �^��
9� VXC	
9� 
 . After the classicalsearchhasbeen

completed,any recurrencepeaksin thequantum
�

-matrix
� LR having nocorrespondingclosedorbit can

belabeledasaghostorbit.

This chapterhasshown that it is possibleto calculateandstudyaccuratelong-range
�

-matrices

� LR for the motion of an atomicelectronin an externalmagneticfield. While the techniquesfor cal-

culatingthis
�

-matrix arefamiliar toolsof atomictheory, theuseof complex energiesto accomplisha
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Figure 4.5: Recurrencestrengthsof the matrix element &T-.' � LR/0/ '1% +2+ are plotted for multiple scaled
energies. This shows how therecurrencepeaks(eachassociatedwith onequantumpath)evolve asthe
classicaldynamicsof theelectronmakeatransitionfrom beingregular( = ����
9� � ) to chaotic( = �ï��
�� ? ).
Althoughtherecurrencestrengthshown hereis from anaccuratevariational & -matrixquantumcalcula-
tion, thesignaturesof theunderlyingclassicalchaoscanbeseenin the increasednumberof recurrence
peaksat higherscaledenergies. Semiclassicalapproximationscorrelatemostof the recurrencepeaks
in this figure with classicalclosedorbits of the electron. The threeshortestactionpeaksare labeled
with theclosedorbit to which they correspond.AppendixB givesinformationabouttheseclosedorbits.
Nonclassicalrecurrencepeaksthat arenot relatedto any closedorbit aremarked with the letter “g” -
for ghost. The numberson the vertical axis give the valuesof the scaledenergy for eachscan. The
recurrencestrengthshavebeenscaledto allow multiple scaledenergiesto beshown on thesamegraph.



72

preconvolutionof the
�

-matrix is novel. In addition,usingscaledvariablesalongwith ideasfrom closed-

orbit theory, therecurrencesin thelong-range
�

-matrixcanbestudied.Thisanalysisallowsthedetection

of nonclassical,or ghost,orbits that contribute to the long rangephysics. In Ch. 6, it will be seenthat

theseghostorbitsplayacritical role in thesemiclassicalphotoabsorptioncrosssection.I emphasizethat

in previousquantumcalculations,only therecurrencesof total photoabsorptioncrosssectionhave been

studied.My formula for the photoabsorptioncrosssectionshows that the crosssectionis complicated

by multiple scatteringsof theelectronoff thelong-rangeandcoreregions.Beingableto directly study

thelong-range
�

-matrixallowsrecurrencesto bestudiedwithout thecomplicationsof themultiplescat-

teringeventthatmakeup thecrosssection.Thefull interpretationof therecurrences,however, relieson

theintroductionof semiclassicalapproximationsto thelong-range
�

-matrix. Thenext chapterdevelops

suchapproximationsagain,for anatomicelectronin anexternalmagneticfield.



Chapter 5

Semiclassicalü -matrices

So far, this thesishasstudiedthe quantummechanicsof Rydberg atomsin a time-independent

externalelectromagneticfield. Theprecedingchaptershave deriveda fully quantummechanicalframe-

work for calculatingandinterpretingthephotoabsorptioncrosssectionof suchanatom.Themaintools

in this framework arethescatteringmatrices
� LR and

� core, which describetheelectron’smotionin the

long-rangeandcoreregionsrespectively. In thepreviouschapter, amethodwasdescribedfor calculating

the long-range
�

-matrix for thecaseof anexternalmagneticfield. Theselargescalequantumcalcula-

tionsyield anaccurate
�

-matrix
� LR '1% + thatcanbestudiedusingideasfrom scaledvariablerecurrence

spectroscopy. The Fourier transformsof the matrix elements
� LR¸�¸ Ã 'A% + show sharppeaksin the scaled

actiondomain,suggestingthatcertainquantummechanicalpathsdominatethemotionof theelectronas

it scattersoff thelong rangepotential.

As closed-orbittheoryhasshown [38, 37], the full interpretationof thesequantumpathsseen

in the Fourier transformof
� LR 'A% + emergeswhensemiclassicalapproximationsaremadein the long-

rangeregion. In this chapterI developsuchan approximationfor the long-range
�

-matrix. The main

result,Eq (5.39), is a semiclassicalformula for
� LR thatdescribesthe motion of an atomicelectronin

an externalmagneticfield. My formula shows that, in the semiclassicallimit,
� LR canbe constructed

usingthepropertiesof theclosedclassicalorbitsof theelectron.Theseclosedorbits,which alsoappear

in closed-orbittheory, areclassicaltrajectoriesthatarelaunchedradially outward from a spherein the

matchingregion,scatteroff thelong rangeCoulombanddiamagneticpotentialsandthenreturnradially

to thesphere.
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Semiclassicalscatteringmatriceshave beenusedin other contexts previously. The idea of a

semiclassical
�

-matrix originatedwith the work of Miller andcoworkers in the 1970’s [122]. In his

approach,the
�

-matrix is written in termsof matrix elementsof anenergy-dependentGreen’s function.

This theoryhasbeenusedto treata numberof problemsin molecularscatteringtheory[122]. These

semiclassicalideashavebeenextendedto atomicscatteringproblems,suchaselectron-hydrogenimpact

ionization [123], by Rost [124]. In a different field of physics,the ballistic conductionof electrons

throughquantumbilliards hasbeenstudiedusinga semiclassicalscatteringmatrix [125, 126, 127, 128,

129] alongsidetheLandauerformula[130] for theconductance.Thesediverseworksshareonething in

common:thesemiclassical
�

-matrix is written in termsof asemiclassicalGreen’s function.

My derivationof thesemiclassicalapproximationto
� LR followsthissameroute.First, thelong-

range
�

-matrixis writtenin termsof matrixelementsof anenergydependentGreen’sfunction(Sec.5.1).

Then,afterthesemiclassicalGreen’sfunctionof Gutzwiller[22] hasbeenintroduced,therequiredmatrix

elementsarecalculatedusingthemethodof stationaryphase(Sec.5.2). This final stepis boththemost

difficult andinterestingonein the derivation. It is difficult becausetherearea numberof assumptions

neededto usethestationaryphasetechnique- or at leastthesimpleversionof it - successfully. When

theseassumptionsbreakdown, the stationaryphaseintegrals must be revisited with additionalcare.

This is the casefor the classicaltrajectoryparallel to the magneticfield, for high angularmomentum

elementsof
� LR, and for bifurcationsof closedorbits. In all of thesecases,the generalapproachof

usinga semiclassicalGreen’s function to extract thesemiclassical
�

-matrix still applies.However, the

naive stationaryphaseapproximationfor calculatingthe matrix elementsof the Green’s function must

be modified. Thesespecialcasesare treatedin Sec.5.3 andshow the generalityof the semiclassical

approximation- whenhandledwith care.

In spiteof beingsubtleanddifficult, thestationaryphaseintegralsprovideinterestinginformation

aboutthelong-range
�

-matrix. Initially, the
�

-matrix is written asa sumover infinitely many classical

trajectoriesthat scatteroff the long-rangeCoulombanddiamagneticpotentials.Theseinfinitely many

trajectoriesbothleaveandreturnto aspherein thematchingregionwith arbitraryvaluesof theclassical

angularmomentum��¤ . Thestationaryphaseintegrationessentiallyencodestheinformationaboutall of
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thesetrajectoriesinto asmallersubsetof trajectories:theclosedorbitsthatleaveandreturnto thesphere

with zeroclassicalangularmomentum(� ¤ �²
 ). Thus,the stationaryphaseintegralsplacethe closed

orbitsin aproperperspective. Theclosedorbitsarenot theonly importanttrajectoriesfor thelongrange

�
-matrix. Rather, the closedorbits are the orbits chosento representall others. This representsan

importantadvance,astheclosedorbitsemergerathermysteriouslyin standardclosed-orbittheory.

It shouldbe mentionedthat,while closed-orbittheorycontainsthe sameclosedorbits thatwill

appearin the semiclassical
�

-matrix, a direct comparisonwith closed-orbittheory is difficult at this

point. This is becauseclosed-orbittheoryonly givesthe photoabsorptioncrosssection,whereasthis

chapterfocuseson the the long-range
�

-matrix, which is not presentin closed-orbittheory. Of course,

thescatteringmatricesof this chaptercanbeused,alongwith theformulafor thephotoabsorptioncross

sectionto calculatethephotoabsorptionrate.This will bethetopic of Ch.6. Thus,I delaycomparisons

betweenmy methodandclosed-orbittheoryuntil then.

5.1 The ü -matrix and the Green’s function: an exactrelationship

The first stepin deriving the semiclassicalapproximationto ¥ LR is to relatethis ¥ -matrix to

the energy dependentGreen’s function for the system[122]. In this section,I derive sucha relation-

ship between¥ LR anda Green’s functionobeying certainboundaryconditionsat a sphere(¦¨§y¦q© + in

the matchingregion. To allow for the subsequentuseof semiclassicalapproximations,the boundary

conditionson thespherewill bechosento coincidewith thoseof thesemiclassicalGreen’s function.

The desiredrelationshipbetweenthe Green’s function and ¥ LR canbe derivedby constructing

theGreen’s functionout of solutionsof thehomogeneousSchrödingerequation.This approachfollows

thatof Ch. 3, wherethe outgoing-wave Green’s function neededfor the photoabsorptioncrosssection

wasconstructed.Becausethetechniquesof Ch.3 areusedwith little modification,thecurrentderivation

is presentedin outlineform only; moredetailsof themethodcanbefoundin Ch.3. Theonly difference

in the currentderivation is the boundaryconditionsimposedon the Green’s function. For calculating

¥ LR it is appropriateto imposetraveling wave boundaryconditionson theGreen’s functionat a sphere
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in thematchingregion (¦ª§«¦ © ) thatareconsistentwith thelong-range¥ -matrix stateof Ch.2:

¬ LR  ¦ + § ®
¯�° ± ² ³  ¦ + ¥ LR ´ ² µ  ¦ + ¶ (5.1)

Themultichannel¥ -matrixstate,Eq.(5.1),canbeincorporatedinto theGreen’sfunctiononceachannel

expansionof theGreen’s functionhasbeenintroduced:

· �¸¹fº^¸¹Y»	¼�½ + § ®
¦q¦ » ¾	¿ ÀÂÁ

¾ �Ã +)Ä· ¾�À �¸¹lº^¸¹Y»&¼�½ + Á�ÅÀ ÆÃ�» + º (5.2)

Ä· ¾�À  ¦ º ¦ »�¼�½ + §¨¦2¦ »0Ç Á ¾�È · �¸¹lº^¸¹É»&¼�½ + È Á À2Ê ¶ (5.3)

As in Ch. 3, themultichannelGreen’s function
Ä·  ¦ º ¦ » ¼�½ + obeys the inhomogeneousdifferentialequa-

tion, Eq. (3.13), is continuousat ¦u§Ë¦ » , andhasa discontinuityin its first derivative at ¦u§Ë¦ » given

by Eq. (3.17).Theansatzfor themultichannelGreen’s functionwith thedesiredboundaryconditionsis

givenin termsof thelong-range¥ -matrix state,Eq.(5.1):

Ä·  ¦ º ¦ » + § ² ³  ¦ + ¥ LR ´ ² µ  ¦ + Ì  ¦ » + ¦ÎÍz¦ »	º (5.4)

§ ´ ² ³  ¦ + ¥ LR Ï  ¦ » + ¦\Ðz¦ » ¶

Theconditionson theGreen’s functionat ¦Î§Ñ¦ » giveequationsfor thematrices
Ì  ¦ » + and Ï  ¦ » + ,

² ³ ¥ LR ´ ² µ Ì Ò ² ³ ¥ LR Ï § Ó º (5.5)

² ³ » ¥ LR ´ ² µ » Ì Ò ² ³ » ¥ LR Ï § ± º (5.6)

which canbereadilysolved:

Ì  ¦ » + § ¯	Ô ² ³  ¦ » + º (5.7)

Ï  ¦ » + § ´ ¯	Ô ² ³  ¦ » + ´ ¥ LRÕ ² µ  ¦ » + ¶ (5.8)

Becausethe ¥ -matrix ¥ LR describeselectronflux beinglaunchedoutwardfrom aspherein thematching

region,thesourceradius¦ » will befixedto thematchingradius¦ © andtheobservationradius¦ will bein

thelong rangeregionsothat ¦\ÍÖ¦ » . TherelevantGreen’s functionis obtainedfrom Eqs.(5.4)and(5.7)

andreads:

Ä·  ¦ º ¦ © + § ¯	Ô ² ³  ¦ + ¥ LR ´ ² µ  ¦ + ² ³  ¦ © +�¶ (5.9)
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Notethatthis form of theGreen’s function(5.9) is only valid in thematchingregionwherethe ¥ -matrix

state,Eq.(5.1),canbeused.

The desiredexpressionfor the long-range¥ -matrix canbe obtainedby inverting Eq. (5.9) to

find ¥ LR in termsof themultichannelGreen’s function,Eq. (5.3). Two issuesmustbeaddressedbefore

this stepcanbe performed. First, the observation radius ¦ mustalsobe taken to the matchingradius

¦ © , wherethe returningscatteredwave will be observed(throughthe ¥ -matrix elements).Second,the

boundaryconditionson the Green’s function must be handledcarefully. An inspectionof Eq. (5.9)

showsthattheGreen’s functionsatisfiesbothincomingwave �´ ² µ  ¦ +0+ andoutgoingwave  ² ³  ¦ + ¥ LR +
boundaryconditionsin theobservationcoordinate¦ . Theincomingwave termin Eq. (5.9) corresponds

to electronflux travelinganinfinitesimaldistancefrom ¦q© to ¦ (recallthatthelimit ¦Î×Ø¦q© is alsobeing

taken) without scatteringoff the long-rangeregion. The outgoingwave term in Eq. (5.9) corresponds

to electronflux that travelsoutward into the long-rangeregion whereit thenevolvesin the long-range

Coulombanddiamagneticpotentialbeforebeingscatteredbackto theobservationradius¦ªÙÑ¦2© . Clearly,

becausethelong-range¥ -matrixdescribesthisscatteringprocess,¥ LR is relatedto theGreen’s function

having outgoingwaveboundaryconditionson thespherein thematchingregion. With this in mind, the

outgoingwave part of Eq. (5.9) canbe invertedto give an exact expressionfor the ¥ -matrix, which is

manifestlysymmetric:

¥ LR § ¦�Ú©¯	Ô ² ³  ¦2© + ³)Û ·  ¦q© º ¦2© + ² ³  ¦q© + ³*Û ¶ (5.10)

It is critical to rememberthat the multichannelGreen’s-functionmatrix
·  ¦ © º ¦ © + § Ä·  ¦ © º ¦ © +�Ü ¦ÝÚ© in

this equationobeysoutgoingwave boundaryconditionson thesphereat ¦ © . Equation(5.10)is anexact,

generalrelationshipvalid for any atom and any configurationof external fields; all of the nontrivial

physicsis now encapsulatedin the multichannelGreen’s function. In the absenceof externalfields,

analyticalexpressionsfor this Green’s functionexist, andyield the expectedlong-range¥ -matrix - Ú ¾�Þ
for themotionof anelectronin a pureCoulombpotential.

Oneof the main advantagesof the ¥ -matrix formulationof the physicsof the photoabsorption

processnow begins to emerge. The incoming wave boundaryconditionsof the Green’s function in
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Eq.(5.10)arepreciselythoseobeyedby thesemiclassicalGreen’sfunctionof vanVleck andGutzwiller.

Thus,thesemiclassicalGreen’s functioncanbeuseddirectly in Eq.(5.10)withoutmodification,leading

to anelegantmethodof deriving thesemiclassical¥ LR. Accordingto Eq.5.10thepositionspaceGreen’s

functiononly needsto beprojectedontothechannelfunctionstofind the ¥ -matrix. Thefollowingsection

(Sec.5.2) givesthe semiclassicalexpressionfor the Green’s function
· �¸¹fº^¸¹ » ¼�½ + andshows that this

projectionstepcanbecarriedout usingstationaryphaseintegrationto obtainthemultichannelGreen’s

function
·  ¦ © º ¦ © + neededin Eq.(5.10).

5.2 Surface projections of the Green’s function by the method of stationary

phase

To derivethesemiclassical¥ LR, theonly remainingtaskis to introducethesemiclassicalGreen’s

functionandprojectit ontothechannelfunctionsataspherein thematchingregion. If therequiredpro-

jectionintegralsaredonenumerically, thisfinal stepis fairly mundane,althoughverydifficult. However,

whentheprojectionintegralsaredone,asin thissection,by themethodof stationaryphase,thisfinal step

yields significantphysicalinsight. The stationaryphasetreatmentdescribedbelow shows how certain

classicalorbitsareselectedover all othersto encapsulatethecontributionsto the long-range¥ -matrix.

In most cases,the significantorbits are the closed-orbits,which are launchedfrom and return to the

nucleusradially. I will call theseclassicalorbitsradial trajectories (alsoclosedorbits).However, other

nonradiallylaunchedorbitsalsocontributeto the ¥ -matrix. In somecases,suchasnearbifurcationsor

for high angularmomentaelementof the ¥ -matrix, thesenonradiallylaunchedorbitsdominateover the

radialones.

A majoradvantageof thesemiclassical¥ -matrix approachdescribedin this chapteris thatit en-

ablesasystematicexplorationof thenonradialtrajectories.In standardclosed-orbittheorytheemergence

of theradial trajectoriesis somewhatobscuredby thecomplicatedformulasof thetheory. Furthermore,

this hasmadeit difficult for researchersto extendclosed-orbittheoryto moreaccuratelytake the non-

radial trajectoriesinto account. The currentsectiondevelopsthe basictools usedin performingthe

stationaryphaseintegrals. The mostelementarycaseis treatedhere: whenthe nonradialorbit do not
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needto beexplicitly includedin thesemiclassical¥ -matrix. However, theeffectsof thenonradialtrajec-

torieswill betakeninto accountapproximatelywhentheGreen’s functionis projectedontothechannel

functions.Themoredifficult cases,wheretheprimitive stationaryphaseintegrationsfail, arepresented

in thefollowing section.

While Eq. (5.10)is a generalresult,it is againusefulto specializeto thecaseof a singlechannel

atomin anexternalmagneticfield alongthe ß -axis.Then,thechannelfunctionsaresimply thespherical

harmonics,sothattheprojectionintegralneededto obtain
·  ¦ © º ¦ © + is:

·�àaá ¿ àãâãá�â �½ + § ä�3Lä�3 » ä�åYä^å »qæèç�é 3 æêç'é 3 »hë Åàaá  3 º å +�· �¸¹ìº^¸¹Y»�¼�½ + ë àãâ'á�â  3 »hº å » +�¶ (5.11)

Becauseboth thesourceandobservationradii ¦ and ¦ » arefixedto thematchingradius¦ © , theexplicit

radialdependenceof theGreen’s functionis omittedin thefollowing pages.A moreconvenientform of

theprojectionintegral,Eq.(5.11),is obtainedby separatingtheintegralsover 3 and 3 » ,
·�àaá ¿ àãâ'á�â &½ + § äÎ3ÝäÎ3 »Gæêç�é 3 æèç�é 3 »hë Åàaá  3 º å +&·�á ¿ á�â  3 º 3 »&¼�½ + ë àãâ�á�â  3 »hº å » + º (5.12)

from theintegralsover å and å » ,
· á ¿ á�â  3 º 3 » ¼�½ + § ä�åÉä�å » - ³ ¾ áîí ·  3 º å º 3 » º å » ¼�½ + - ¾ á â í â ¶ (5.13)

Now the issueof symmetrymustbe addressed.Thegeneralapproachin this sectionwill be to

performthe integralsof Eqs.(5.12) and(5.13) using the methodof stationaryphase.The successof

this methoddependscritically on the existenceof well-isolatedstationaryphasepoints in the angles

( 3 º å º 3 » º å » ). If continuousfamiliesof stationaryphasepointsexist, thestationaryphaseapproximation

will fail. This occurswhen there is a continuoussymmetrythat leaves the long-rangeHamiltonian

invariant.For thecaseof anatomicelectronin anexternalmagneticfield, thereis onesuchcontinuous

symmetry:rotationaboutthe ß -axis,which is oftencalledazimuthalsymmetry. This symmetryresults

in theGreen’s functionbeingdiagonalin thecorrespondingquantumnumberï . Becausethestationary

phasetechniquefor the  å º å » + integrals(5.13) fails for this case,theseintegralsmustbedoneexactly.

Note that when thereare no symmetriesin the Hamiltonian,as in the caseof a Rydberg electronin

crossedelectricandmagneticfields,thiscomplicationis notpresentandall of theprojectionintegralsin
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Eqs.(5.12)and(5.13)canbedoneusingthestationaryphaseapproach.Giventherecentexperimentson

hydrogenin perpendicularmagneticandelectricfields, this would bean interestingcaseto investigate

but it is not pursuedhere.

Whentheazimuthalsymmetryis present,the integralsover ( å º å » ) canbe doneanalyticallyby

usingseparationof variableson the full threedimensionalGreen’s function
· �¸¹fº^¸¹ » ¼�½ + . Alternative,

semiclassicalapproachesfor handlingcontinuoussymmetriesin the Green’s functionandin tracefor-

mulashave beengiven by Magneret al. [131] andby CreaghandLittlejohn [132, 133] respectively.

Becausethesesemiclassicalmethodsareneedlesslycomplicatedandoften subtle,I follow Delosand

coworkers[38] andBogomolny [36] in usingseparationof variables.Theaxial symmetryof a Rydberg

electronin anexternalmagneticfield is handledeasilywith thefollowing ansatzfor theGreen’sfunction

in cylindrical coordinates�ðñº ß º åóò :
· �¸¹fº^¸¹ » òf§

®
±�Ô ° ð�ð » áõô

¾ ámöaí
³
í âc÷ ·�á øðYº ß º�ð » º ß » ò º (5.14)

Then,theintegralsover  å º å » ò in Eq. (5.13)canbedoneanalytically:

· á ¿ á â  3 º 3 » òf§}ù á�á â ±ÝÔ° ð^ð » · á �ðñº ß º&ð0»hº ß » ò ¶ (5.15)

As expected,thesymmetryreducedGreen’sfunction,Eqs.(5.13)and(5.15),is diagonalin theazimuthal

quantumnumberï . Thefactor
® Ü ° ð^ð » is usedin Eq. (5.14)to eliminatethefirst derivatives( ú Ü ú ð ) in

theinhomogeneousequationfor
·�á øðYº ß º�ð » º ß » ò , which reads:

®
± ú�Ú
ú ð Ú

Ò ®
± ú�Ú
úYß Ú ´

ïûÚ ´ ® Ü�ü
± ð Ú

Ò ½}´ÖýþøðYº ß�ò · á øðYº ß º�ð » º ß » òÿ§vù �ðÎ´ûð » ò0ù  ß ´ ß » ò ¶ (5.16)

Finally, semiclassicalapproximationsfor theremainingnonintegrablemotionin theCartesian-likecoor-

dinates�ð ß�ò canbemade.The two-dimensionalsemiclassicalGreen’s functionof Guztwiller [18, 19,

20, 21] appliesdirectly to Eq.(5.16):

· á �ðñº ß º&ð » º ß » ¼�½ òlÙ
class� traj �

±ÝÔ
 ±�Ôñ¯ ò ��� Ú

����� ú 
	 » � º�	 »  º�� ò
ú øðYº ß ºG½ ò

����� ¯ ¥ �ðñº ß º&ð » º ß » ò ´ ¯�� Ô± ¶
(5.17)

Here, the sumincludesall two-dimensionalclassicaltrajectoriesthat propagatefrom �ð » º ß » ò to �ðñº ß0ò
underthedynamicsof theLanger-corrected[83] classicalHamiltonian � § 	 Ú � Ü ± Ò 	 Ú  Ü ± Ò ï Ú Ü ± ð Ú Ò
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ý øðYº ß�ò . Theclassicalactionassociatedwith a particulartrajectoryis givenastheintegral,

¥ øðYº ß º�ð » º ß » òf§
ö � ¿  ÷
ö � â ¿  â ÷ 	 » »� ä ð »c» Ò 	 » » ä^ß » » ¶ (5.18)

The Maslov index � [24] is relatedto the topologyof eachorbit and is given by the numberof sign

changesin the determinantin Eq. (5.17)alongeachorbit. Furthermore,this determinantin Eq. (5.17)

providesa measureof the stability of eachorbit. More detailsaboutthis determinantcanbe found in

AppendixC.

Whenthe semiclassicalGreen’s function,Eq. (5.17) is insertedinto Eq. (5.15),a semiclassical

approximationto thesymmetry-reducedGreen’s functionis obtained:

·�á�á�â  3 º 3 » òÿ§vù á�á�â ° ±ÝÔ
traj

®
¦ Ú© È��¦ È

®
° æêç'é 3 æêç�é 3 » È Ì

Û
È ����� ¯ ¥  3 º 3 » ò ´ ¯�� Ô± ´ ¯�� Ôü º (5.19)

wheretheclassicalstability
Ì
Û is thepartialderivative:

Ì
Û §

ú 	 » �
ú{3 � â ¶ (5.20)

Accordingto Eq.(5.12),projectingthepolarangledependence 3 º 3 » ò of thisGreen’sfunction,Eq.(5.19),

onto the sphericalharmonics�ë Åàãá  3 º ÓYò ºGë à â á â  3 » º ÓÉòèò givesthe multichannelGreen’s function matrix

· àaá ¿ à â á â &½ ò (5.12)neededfor thelong-range¥ -matrix (5.10). In thefollowing subsections,thesepro-

jection integrals are doneusing the methodof stationaryphase. For this part of the derivation it is

convenientto combineEqs.(5.19)and(5.12)andwrite theresultin theform:

· àaá ¿ à â á â �½ òf§
traj

äÎ3ÝäÎ3 »
� àãà â  3 º 3 » ò È Ì
Û  3 º 3 » ò È ô

¾ �� ö � ¿ � â ÷ ³  
ö"! � Ú ÷ ò º (5.21)

� àaà â  3 º 3 » òf§ ° ±ÝÔ æèç�é 3 æèç�é 3 »
¦ Ú© È��¦ È ô ³

¾ ö � ! � / ÷ ë Åàaá  3 º ÓÉò ºGë à â á â  3 »	º ÓÉò ¶ (5.22)

This shows that the multichannelGreen’s function neededfor the long-range¥ -matrix (5.10), canbe

constructedby consideringall of theclassicaltrajectoriesthatarefired outwardfrom thepoint  ¦2© º 3 » ò ,
scatteroff thelong-rangeCoulombandmagneticfields,andthenreturnto thepoint  ¦q© º 3�ò with a clas-

sicalaction ¥  3 º 3 » ò ¶ Thecontributionsof thesetrajectoriesareintegratedover thesurfaceof thesphere

¦w§ ¦ © with thephaseô
¾ � ö � ¿ � â ÷

andtheangularfactor � àãàãâ  3 º 3 » ò to determinetheGreen’s function. At
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this point, theseclassicaltrajectoriesarenot only the radially launchedandreturningclosed-orbits.In

Eq. (5.21),all classicalorbitsat energy ½ , eventhoselaunchednonradiallyfrom the matchingsphere,

mustbeincludedto calculatethesemiclassicalGreen’s functionandthusthe ¥ -matrix ¥ LR.

Equations(5.21)and(5.22)for thesemiclassicalGreen’sfunction
·  ¦ © º ¦ © ¼�½ ò andEq.(5.10)for

thelong-range¥ -matrix ¥ LR representahalfwaypoint in thederivationfor thesemiclassicalformulafor

¥ LR. It is interestingto note,thatin theircurrentform, theseformulasshow noartificial divergencesatthe

pointswherenew classicalorbitsbifurcate.Thus,they providea usefulstartingpoint in treatingvarious

scenariosfound in the physicsof a Rydberg electronin an externalmagneticfield. In the remainder

of this section,the elementarycaseof well-isolatedclassicalorbits andlow angularmomenta( # º # » ò is

studied.

5.2.1 Initial angleprojection

The methodof stationaryphaseintegration is one of the most useful tools in semiclassical

physics. This was first seenin Gutzwiller’s derivation of the traceformula for the densityof states

[20]. In hiswork, theperiodicorbitsemergeasthestationaryphasepointsof anintegrandwhenthetrace

of thesemiclassicalGreen’sfunction,Eq.(5.17),is takenusingthestationaryphasetechnique.A similar

ideawill be seenin the projectionof the semiclassicalGreen’s function onto the sphericalharmonics

(5.21). Here,as in the traceformula, the dominantclassicalorbits - the closedorbits - appearwhen

integralsof thesemiclassicalGreen’s function(theprojectionintegrals)areevaluatedusingthemethod

of stationaryphase.

I now assumethat the classicalorbits contributing to the Green’s function,Eq. (5.21),arewell

isolated.Thentheclassicalaction ¥  3 º 3 » ò canbeexpandedin aTaylorseriesaboutthestationaryphase

pointsin theinitial angle 3 » §�3 ¾%$
¥  3 º 3 » òf§�¥  3 º 3 ¾ ò Ò  3 » ´ 3 ¾ ò úY¥ú�3 » Ò

®
±  3 » ´ 3 ¾ ò Ú ú�ÚÝ¥ú{3 »"& º (5.23)

wherethestationaryphasepoints 3 ¾ aredefinedby thevanishingof thelineartermin this expansion:

úY¥
ú{3 » § ´'	�» �  3 ¾ òf§ÖÓ ¶ (5.24)
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Immediately, it is seenthat the stationaryphasepoints correspondto classicaltrajectoriesthat are

launchedradially (	 � â §EÓYò outward from ¦ © . Whena strongexternalmagneticfield is appliedto an

atom,evena one-electronatom,the classicaldynamicsbecomeschaotic,andthereareinfinitely many

of thesestationaryphasepoints. In the end,eachstationaryphasepoint will contribute a term to the

Green’s function(5.21)andto thelong-range¥ -matrix (5.10).

This analysisof the stationaryphasepoints is valid whenthe otherangularfactors(� àaàãâ  3 º 3 » ò
and

Ì
Û  3 º 3 » ò ) in theintegrandof Eq. (5.21)vary slowly comparedto theclassicalaction ¥  3 º 3 » ò . This

is true for low angularmomentumelementsof the Green’s function
·�àaá ¿ à â á â &½ ò , wherethe spherical

harmonicsin � àaàãâ  3 º 3 » ò , Eq.(5.22),oscillateslowly. For highangularmomenta,thesesphericalharmon-

ics oscillaterapidly andtheir variationmusttaken into account.The requiredmodificationsfor higher

angularmomentumwill be developedin the next section(Sec.5.3). However, for now it is assumed

that thesphericalharmonics,andconsequentlythe matrix � àãà â  3 º 3 » ò vary slowly with thepolarangles

 3 º 3 » ò .
Within theaforementionedapproximations,theangularfactor� àaàãâ  3 º 3 » ò andtheamplitude

Ì
Û  3 º 3 » ò

areevaluatedat thestationaryphasepoint 3 » §¼3 ¾ andpulledoutsidetheintegral over 3 » in theGreen’s

function,Eq. (5.21):

· àaá ¿ à â á â �½ òì§
traj

ä�3 � àaà â  3 º 3 ¾ ò È Ì
Û  3 º 3 ¾ ò È ô

¾ ö � ö �(�*) ÷ ³  
! � Ú ÷,+.- Û

¶
(5.25)

Theremainingintegral
-
Û over theinitial angle 3 » takestheform:

-
Û § äÎ3 » ����� ¯

±  3 » ´ 3 ¾ ò Ú ú�Ú^¥ú�3 » Ú ¶
(5.26)

In thestationaryphaseapproach,thelimits of this integrandareextendedto /10 , sothattheintegralcan

bedoneusingtheformula[24]:

2
³ 2

ä ¹ ����� ¯
± ¹ Ú43 §

±ÝÔñ¯
3 ¶

(5.27)

As Gutzwillerfirst showed,signchangesof amplitudessuchas
5 & �5 � â & alongeachclassicaltrajectorymust

be taken into accountwhenintegralssuchasEq. (5.26) areperformed. Labeling the numberof sign

changesof
5 & �5 � â & alongtheclassicalorbit by theinteger 6 , andperformingtheintegral

-
Û usingthegeneral
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formula,Eq. (5.27),oneobtains:

-
Û §

° ±ÝÔñ¯ ����� ú Ú ¥
ú�3 » Ú ³*Û

� Ú ô ³
¾87 ! � Ú ¶ (5.28)

Usingthis resultfor
-
Û in Eq. (5.25),thechannelspaceGreen’s functionbecomes,

·�àaá ¿ àãâãá�â �½ òì§ ° ±�Ôñ¯
traj

äÎ3 � àaàãâ  3 º 3 ¾ ò È Ì Ú  3 º 3 ¾ ò È ô
¾ ö � ö � ¿ � ) ÷ ³  

! � Ú ÷ º (5.29)

wheretheoverallamplitude
Ì Ú is thesimpleproduct:

Ì Ú § Ì
Û

ú�ÚÝ¥
ú�3 » Ú ³)Û § ´ ú 	 » �

ú�3 � â ú
	 » �
ú�3 » ³)Û� § ú{3 »

ú�3 9 â : ¶ (5.30)

Thecarefulreaderwill noticethattheindex 6 , whichcountsthenumberof signchangesin theamplitude

5 & �5 � â & alongthe classicalorbit, hasdisappearedfrom the Green’s function, Eq. (5.29); only the Maslov

index � appears.As a convention,I will alwaysabsorbphasessuchas 6 thataregeneratedin stationary

phaseintegralsinto theMaslov index � for theGreen’sfunction.With thisconvention,theindex � of the

Green’s functionis contextual: it alwayscountsthecompositenumberof signchangesof theamplitude

whosesquareroot currentlyappearsin theGreen’s function.For example,whentheclassicalamplitude

of theGreen’s functionis
È Ì
Û
È
theindex � countsthesignchangesof

Ì
Û .

In this subsection,I have given the detailsof how the initial angledependenceof the Green’s

functioncanbeprojectedout usingthe methodof stationaryphaseintegration. Becausethis approach

will beusedrepeatedlyin this thesis,the discussionhasbeenlengthy. The resultingGreen’s function,

Eq. (5.29), is written as a sumover classicaltrajectoriesthat are launchedradially (	 » � § Ó ) from a

sphere¦u§Ë¦2© in the matchingregion, but returnto the sphereat a final polar angle 3 with any value

of the classicalangularmomentum	 � . However, Eq. (5.29)specifiesthat this final angledependence

shouldalsobeprojectedontothesphericalharmonicë àaá  3 º ÓÉò (containedin thefactor � àaà â ).

5.2.2 Final angleprojection

Thefinal angleprojectionintegralrequiredby Eq.(5.29)for theGreen’sfunction
·�àaá ¿ àãâ'á�â &½ ò is

performedusingthesamestationaryphaseapproachdescribedabove. First, theclassicalaction ¥  3 º�	 » � ò
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is expandedaboutthestationaryphasepoint in thefinal polarangle 3~§b3"4 :
¥  3 º�	 » � òf§�¥  3f4 º�	 » � ò Ò  3 ´ 3"4 ò úÉ¥ú�3 9 â : Ò

®
±  3 ´ 3"4 ò Ú ú�ÚL¥ú�3 Ú 9 â : ¶ (5.31)

It is critical to notethat theclassicalactionis now a functionof theinitial angularmomentum	 » � rather

thanthe initial polar angle 3 » at the stationaryphasepoints. This switch from 3 » to 	 » � in the classical

action is necessaryas the initial angledependence3 » hasbeenprojectedout of the Green’s function,

Eq. (5.29),andthustheclassicalaction,already. However, asbefore,thestationaryphasepointsof the

action,Eq. (5.31),aretheclassicaltrajectoriesthattravel radially asthey returnto ¦Î§Ñ¦ © :
úY¥
ú{3 9 : â § 	 �  3 4 òf§ÖÓ ¶ (5.32)

Again,assumingthattheangularfactors(� àaà'â  3 º 3 ¾ ò È Ì Ú  3 º 3 ¾ ò È ò in Eq.(5.29)varyslowly with thefinal

angle 3 º they canbeevaluatedat thestationaryphasepoints 3"4 of theintegrand.Usingtheexpansionof

theclassicalaction,Eq.(5.31),in theGreen’s function,Eq. (5.29),givestheresult:

· àaá ¿ à â á â &½ òì§ ° ±ÝÔñ¯
traj

� àãà â  3 4 º 3 ¾ ò È Ì Ú  3 4 º 3 ¾ ò È ô
¾ ö � ö ��; ¿ �<) ÷ ³  

! � Ú ÷=+>- Ú ¶ (5.33)

Theintegral
-
Ú ,
-
Ú § äÎ3 » ����� ¯

±  3 ´ 3 4 ò Ú ú�ÚL¥ú{3 Ú 9 : ) § ° ±�Ôñ¯ ú�ÚÝ¥
ú�3 Ú ³)Û � Ú

9 â : ô ³
¾87 ! � Ú º (5.34)

canbedoneusingtheformula,Eq. (5.27),aslong asthesignchangesin theamplitude
5 & �5 � & 9 â : arekept

trackof in theindex 6 .
Thefinal form of thesemiclassicalapproximationto

·�àaá ¿ à â á â &½ ò is foundby insertingEq.(5.33)

into Eq. (5.34):

·�àãá ¿ à'âãá�â �½ òì§ ±�Ôñ¯
traj

� àaàãâ  3"4 º 3 ¾ ò È Ì  3f4 º 3 ¾ ò È ô ¾ ö � ö ��; ¿ �<)
÷
³  
! � Ú ÷ ¶ (5.35)

Again, the index 6 hasbeenabsorbedinto theMaslov index � of theGreen’s function thatnow tracks

thesignchangesof theoverallamplitude
Ì

(ratherthan
Ì
Û or

Ì Ú ):
Ì § Ì Ú ú�Ú^¥

ú�3 Ú 9 : )
³)Û § ú�3 »

ú�3 9 : ) ú
	 �
ú�3 ³*Û9 : ) §

ú�3 »
ú 	 � 9 : )

¶
(5.36)
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This final amplitude
Ì

is a simpleonedimensionalderivative that canbe calculatednumericallyfor

eachclassicaltrajectorywithout difficulty. Finally, thesemiclassicalapproximationto ¥ LR canbewrit-

ten down, using the semiclassicalGreen’s function matrix derived in this section,Eq. (5.35),and the

definitionof theangularfactor� àãàãâ  3 º 3 » ò , Eq. (5.22).Theresult,

¥ LRàãà â ¿ á § ± �*� Ú Ô Û � Ú
c � o �

®
È��¦ È

È Ì È æèç�é 3 ¾ æêç'é 3"4 ë Åàaá  3 4 º ÓYò ë àãâ'á  3 ¾ º ÓYò² ³à  ¦ © ò ² ³àãâ  ¦ © ò
����� ¯ ¥  3f4 º 3 ¾ ò ´ ¯ � Ô ± ´ ¯ � Ôü º

(5.37)

is asumover theclosedorbitsthatarelaunchedradially outwardfrom thepoint  ¦ © º 3 ¾ ò in thematching

region, scatterclassicallyoff the long rangeCoulombandmagneticfield andthenreturnto the point

 ¦ © º 3"4 ò againtraveling radially.

Onefurtherapproximationgivesthesemiclassical¥ LR thatwill beusedin subsequentnumerical

calculations.For highly excitedelectronswith smallmatchingradii ¦ © andlow orbitalangularmomenta

it is appropriateto usetheasymptotic,zero-energy formsof theCoulombfunctionsin Eq. (5.37). The

requiredformulascanbefoundin Ch.2, Eqs.(2.4)and(2.5),andyield:

®
È��¦ È ² ³à  ¦ © ò ² ³à â  ¦ © ò ×

´ ¯	Ô �´ ® ò à µ
à â
ô Ú
¾@? A�B�C º (5.38)

in which casethelong-range¥ -matrix reads:

¥ LRàaà â ¿ á �½~º�Ï ò §  ±�Ô ò ��� Ú ?´ ® ò à µ
à â

c � o �
È Ì È æêç'é 3 ¾ æêç�é 3f4 ë Åàaá  3"4 º ÓÉò ë àãâ'á  3 ¾ º ÓÉò (5.39)

+ ����� ¯ ¥ Ò ± ° D ¦ © ´ ¯ �
Ô
± Ò ¯ �

Ôü ¶

In this expression,the classicalamplitude
Ì § 5 � â5 9 : 9 â : is alsoevaluatedat the stationaryphasepoints

( 3 4 º 3 ¾ ). Thedetailsof calculatingtheclosedorbitsandtheirpropertiesthatarerequiredin thisprimiti ve

semiclassical¥ -matrix aregivenin AppendixB.

Of course,all of theclosedorbitsthatareusedto construct¥ LR (5.39)dependbothontheenergy

½ of theelectron,andexternalmagneticfield Ï appliedto theatom. In mostcases,it is moreusefulto

transformthis ¥ -matrix to thescaledvariables�E9º�F ò of AppendixA. Beforegiving theresultingscaled

variable ¥ -matrix, the issueof preconvolution mustbe addressed.Whenthe semiclassicallong-range

¥ -matrix is usedin theformulafor thepreconvolvedcrosssection,Eq.(3.28),it is necessaryto calculate
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the ¥ -matrix at complex energies ½ Ò ¯�G Ü ±
. As discussedin Ch. 4 (seeEqs.(4.24-4.26))whenscaled

variablesareused,thistranslatesinto evaluatingthelong-range¥ -matrixatacomplex valueof thescaled

field. That is, to preconvolve thecrosssectionH 8F ò or long-range¥ -matrix ¥ LR 8F ò with a Lorentzian

of width I F in the F domain,thesubstitution

F × F Ò ¯ I F± (5.40)

mustbeusedin thescatteringmatrix ¥ LR 8F ò . With this in mind,andusingtherelations¥Ö§ F Ä¥ , ¦ © §
Ä¦ © 8F Ü ±�Ô ò�Ú º and	 � § Ä	 �  ±ÝÔ Ü F ò in Eq. (5.39),thepreconvolved,scaled-variable¥ -matrixbecomes:

¥ LRàãàãâ ¿ á 8F ò §  ±�Ô ò ��� Ú �´ ® ò à µ
à â ±�Ô

F Û � Ú
c � o �

ÄÌ æèç�é 3 ¾ æèç�é 3 4 ë Åàaá  3 4 º ÓYò ë à â á  3 ¾ º ÓÉò (5.41)

+ ����� ¯ F Ä¥ ´ ¯ �
Ô
± Ò ¯ �

Ôü ����� ´ Ä¥ I F± ¶

Notethattheextraphase
± ° D ¦q© is simplytheclassicalactionfrom ¦q© to theorigin andbackagain.Thus,

in thescaled¥ -matrix(5.41)I haveabsorbedthisphaseinto thescaledactionof eachorbit
Ä¥ . Becausethe

closedclassicalorbitsarecompletelyindependentof thescaledfield F , theonly effect of thecomplex

value of the scaledfield is to introducea damping factor
����� �´ Ä¥JI F Ü ± ò into the semiclassical¥ -

matrix. This will have importantconsequencesin theconvergenceof thesemiclassicalphotoabsorption

crosssectiondevelopedin Ch.6.

It is importantto mentionthe conditionsunderwhich the semiclassical¥ -matrix, Eq. (5.39)or

(5.41), is a goodapproximation. First, the derivation hasassumedthat the sphericalharmonicsvary

slowly with thepolarangles3 and 3 » sothatthestationaryphasepointsaresimply theradially launched

andreturningorbits. However, I emphasizethat the effectsof the nonradialtrajectoriesare included

approximatelythroughtheclassicalamplitude
Ì

of eachorbit. Second,it is requiredthat thestationary

phasepoints (the radial orbits) exist, and are well isolatedfrom eachother. Lastly, althoughI have

derivedthelong range¥ -matrix for anatomin anexternalmagneticfield, thefinal result,Eq. (5.39),is

alsovalid for anexternalelectricfield aswell.
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5.3 Specialcasesand impr ovements

In mostcases,thesemiclassical¥ -matrixderivedin theprevioussection(5.39)providesanaccu-

ratedescriptionof thephysicsof anatomicelectronin anexternalmagneticfield. However, therearea

numberof situationsin whichthisprimitivesemiclassicalapproximationfails. Thissectiondemonstrates

how theideasandtoolsof theprevioussectioncanbemodifiedto treatthesecases.

In general,oneof thedifficultieswith semiclassicalapproximationsis thatwhentheir primitive

forms breakdown, a considerableamountof effort is requiredto repair them. This wasfirst seenas

researchersincorporatedbifurcations[57] andcontinuoussymmetries[133] into thesemiclassicaltrace

formulaof Gutzwiller. Thesamehasbeentruein semiclassicalstudiesof atomsin externalfields.As an

example,sincetheoriginal developmentof closed-orbittheoryin 1988,only a few researchers[62, 54,

63] have attemptedto give uniform semiclassicalapproximationsfor bifurcationsof the closedorbits.

Furthermore,becausethestandardformulationof closed-orbittheoryusessemiclassicalwavefunctions

ratherthanGreen’s functions,many of theadvancesin theGreen’s functionbasedtraceformulashave

not beenapplicableto closed-orbittheory. Thus,while uniformsemiclassicalapproximationshavebeen

givenfor traceformulas,analogousprogressin closed-orbittheoryhaslaggedbehind.

The approachof this chapterprovidesa simplesolution to the difficulties found in improving

thesemiclassicalapproximationsof closedorbit theory. In general,thesemiclassicalGreen’s function,

Eq. (5.17),usedto find the ¥ -matrix is a very robustobject. It is mainly whenthis configurationspace

Green’s function is projectedonto the channelfunctions(sphericalharmonics)that difficulties arise.

This sectionexploresthe long-range¥ -matrix for threecaseswheretheabove primitive versionof the

stationaryphasetechniquegivenabovefails. Theseinstancesare:theorbit parallelto themagneticfield,

moderatelyhigh angularmomentumelementsof ¥ LR, andbifurcationsof the closedorbits. In each

case,appropriatelymodifiedversionsof thestationaryphasetechniquegive improvedsemiclassical¥ -

matrices.
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5.3.1 Parallel orbit

Themostbenigntypeof failureof Eq. (5.39)is whenoneof theangularfactorsin the ¥ -matrix

(æèç�é 3 or ë àaá  3 º åóò ) vanishesat the initial  3 ¾ ò or final  3"4Éò angleof theclosedorbit. Then,thecontri-

bution of that orbit to the ¥ -matrix will vanishunphysically. The moststriking exampleof this is the

closedorbit that is parallelto themagneticfield ( 3 ¾ §W3"43§�Ó or
Ô

), for which the factor
° æèç�é 3 æêç'é 3 »

vanishes.A secondexampleis thequasi-Landauorbit ( 3 ¾ §b3"4 § Ô Ü ± ), which givesa vanishingcontri-

bution to the ¥ -matrix for oddparity statesof theelectron.Thevanishingof thesetwo orbits is known

to be unphysicalsinceboth experimentsand theory have seentheir signaturesin recurrencespectra.

In bothof thesecases,the sourceof the error is in neglectingthe angulardependencesof factorssuch

as æêç'é 3 or ë àãá  3 º åóò whenthe stationaryphaseintegralsaredone. Thus,the solutionis to include,at

leastapproximately, the strongestangulardependencesof the Green’s function in the stationaryphase

integrals.

This canbeaccomplishedfor theparallelorbit in a straightforwardmanner, beginningwith the

multidimensionalGreen’s function,Eqs.(5.21)and(5.22),beforetheprojectionintegralsover 3 and 3 »
havebeenperformed:

· àaá ¿ àãâãá�â &½ òì§
traj

ä�3Lä�3 » � © àaàãâ  3 º 3 » ò È Ì
Û
È æèç�é 3 æèç�é 3 » ô ¾ �� ö � ¿ �

â ÷
³  
! � Ú ò º (5.42)

� © àaà'â  3 º 3 » òf§ ° ±�Ô
¦ Ú© È��¦ È ô ³

¾ ö � ! � / ÷ ë Åàaá  3 º ÓÉò ºGë à'âãá�â  3 » º ÓYò ¶ (5.43)

Here,the factor
° æèç�é 3 æêç'é 3 » hasbeenplacedexplicitly in theGreen’s function,Eq. (5.42),ratherthan

in theangularfactor � © àãà â  3 º 3 » ò , Eq. (5.43),becauseits angulardependencemustbe includedwhenthe

stationaryphaseintegralsareperformed.A superscript“0” is usedon � àaàãâ in Eq. (5.43) to distinguish

thefactorfor theparallelorbit � © àaà â  3 º 3 » ò (5.43)from thatfor theotherorbits � àaà â  3 º 3 » ò , Eq. (5.22).The

only differenceis that � © àaà â  3 º 3 » ò doesnotcontainthefactor
° æêç'é 3 æêç�é 3 » . Thefollowing discussionwill

bepresentedfor theparallelorbit having 3 ¾ §�3 4 § Ó . However, theformulasalsoapplyto theparallel

orbit having 3 ¾ §ï3"4ª§ Ô .

Becausethe main contribution of the projectionintegralswill comefrom the integrand’s value
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near 3~§�3 » §zÓ , smallangleexpansionsof æèç�é 3~Ù�3 and æèç�é 3 » Ù>3 » canbeusedin Eq.(5.42):

·�àãá ¿ à'âãá�â �½ òlÙ ä�3Lä�3 »
� © àaàãâ  3 º 3 » ò È Ì
Û
È ° 3.3 » ô ¾ �� ö � ¿ �

â ÷
³  
! � Ú ò ¶ (5.44)

Again, the remainingangularfactor � © àãàãâ  3�3 » ò is assumedto vary slowly andwill be evaluatedat the

stationarypoint of the integrand  3 §[3"4 º 3 » §K3 ¾ ò . From this point, the treatmentof the integrals

in Eq. (5.44)usingstationaryphaseintegrationproceedsexactly asin the previous section. First, the

integral over the initial angle 3 » is performedby expandingthe actionaboutthe stationaryphasepoint

3 » § 3 ¾ § Ó . Again, the resultingstationaryphasepoint is a classicalorbit, the parallelorbit, that is

launchedradially along the directionof the magneticfield. A similar procedureis usedfor the final

angleprojectionof Eq. (5.44).Bothof theseprojectionsrequiretheintegral,

- �  3 òÿ§
2
© ä ¹ ° ¹ ô

)
&�K &ML § ®

° ± ô
¾ � ! � A G �ü È 3 È ³ �*� / º (5.45)

where
G  � Ü�ü òf§ ® ¶ ±L±4N ü ® ¶�¶�¶

is thetheGammafunction.Whentheexpansionsof theaction,Eqs.(5.23)

and(5.31) areusedalongwith the integral
- � º Eq. (5.45), to evaluatethe integrals in Eq. (5.44), the

resultingGreen’s functionbecomes,

· àaá ¿ àãâ'á�â &½ òfÙ ®
± � © àaàãâ  3 ¾ º 3 4 ò G �ü Ú ô

¾ � ! � / ú 	 » �
ú�3 » ³

�*� /
� ú 	 �

ú�3 ³ ��� /9 â :
È Ì
Û
È Û � Ú ô

¾ ö � ³  
! � Ú ÷ ¶ (5.46)

This formulaappliesto bothorbitsthatmoveparallelto theexternalfield ( 3 ¾ §�3 4 §ÖÓ and
Ô

) alongthe

ß -axis. Thefinal form of theGreen’s functionand ¥ -matrix for theseorbits is obtainedby simplifying

thecombinationof amplitudesin Eq. (5.46).This requiresacarefulhandlingof thepartialderivatives:

ú 	 » �
ú�3 » ³

�*� /
� ú 	 �

ú�3 ³ ��� /9 â :
ú 	 » �
ú�3 Û � Ú� â § ú  3 » º 3^ò

ú 
	 » � º 3^ò
�*� / ú  3 º�	 » � ò

ú 
	 » � º�	 � ò
��� / ú 8	 » � º 3 » ò

ú  3 º 3 » ò Û � Ú

§ ú  3 º 3 » ò
ú 
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(5.47)
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Furthermore,thefirst amplitudein this result
5 �5 9 â : Û

� /
� â canbeapproximatedas,

ú�3
ú 	 » � Û

� /
� â § ú 	 �

ú�3 » ³)Û
� /

�
§ ú 	 �

ú�3 » 9 â : Ò ú�3 »
ú�3 9 : ú

	 » �
ú�3 » � ³*Û

� /

Ù ú�3 »
ú 	 � Û

� /
9 â :

¶
(5.48)

CombiningEqs.(5.47)and(5.48)for theamplitude,with Eq.(5.46)givesthefinal form of thesemiclas-

sicalGreen’s functionfor theparallelorbit,

·�àaá ¿ àãâãá�â &½ òlÙ
®
± � © àaà â  3 ¾ º 3f4Éò G �ü Ú ô

¾ � ! � / È Ì È ô ¾ ö � ³  ! � Ú
÷ ¶

(5.49)

Themanipulationsof the classicalamplitudes,Eqs.(5.47)and(5.48),areclearly the mostdifficult as-

pectsof this derivation. In spiteof that, the procedurefor finding the semiclassicalGreen’s function

· àaá ¿ àãâ'á�â &½ ò for theparallelorbitsis straightforward: theintegralsover 3 and 3 » areperformedusingthe

stationaryphasetechnique,but includingtheangulardependenceof thefactor
° æêç'é 3 æêç�é 3 » Ù ° 3�3 » .

The final long-range¥ -matrix for the parallel orbit is constructedusing the Green’s function

(Eq.(5.49)),theangularfactor � © àaà â  3 ¾ º 3 4 ò (Eq. (5.43)),andtherelationshipbetween¥ LR and
·  ¦2© º ¦q©0ò

(Eq.(5.10)):

¥ LRàaà â §
Ô
± G �ü Ú �´ ® ò à µ

à â ë Åàaá  3"4 º ÓÉò ë à'âãá  3 ¾ º ÓÉò È Ì È ����� ¯ ¥  3"4 º 3 ¾ ò Ò ±Ý¯ ° D ¦ © ´ ¯ � Ô ± Ò ¯hÔ ¶

(5.50)

Theasymptotic,zero-energy Coulombfunctions,Eq. (5.38),have beenusedin deriving this result. To

rewrite thisresultin termsof scaledvariables,thescalingrelationshipsof AppendixA canagainbeused.

In subsequentcalculations,thescaledvariableversionof Eq. (5.50)will beusedfor thecontribution of

theparallelorbits,alongsideEq. (5.41) for theoff-axis orbits. In bothcases,thepreconvolution of the

¥ -matrix introducesthedampingfactor
����� ?´ Ä¥JI F Ü ± ò into thelong-range¥ -matrix.

Notethattheorbit parallelto theexternalfield wasfirst treatedby GaoandDelos[51] usingthe

semiclassicalwavefunctionsof closed-orbittheory. Theapproachgivenherehasa similar form astheir

result,but exhibitsa slightly differentsemiclassicalamplitude
Ì

. Thesuccessof Eq. (5.50)will beseen
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in next chapter(Ch. 6), whereit is usedto calculatethe photoabsorptioncrosssectionof an atomin

an externalmagneticfield. Also notethatEq. (5.50) is particularlyrelevant for an atomin an external

electricfield, wherethedominantfeaturesin therecurrencespectrumaregivenby orbitsparallelto the

electricfield.

5.3.2 High angular momentum

A seconddifficulty occursfor ¥ -matrix elements¥ LRàaà » having moderateandhigh valuesof the

angularmomenta# and # » . As describedabove, the stationaryphaseapproximationleadingto the ¥ -

matricesof Eqs.(5.39)and(5.50)assumesthatthesphericalharmonicsvaryslowly with thepolarangles

( 3 º 3 » ). This approximationbreaksdown for high angularmomentumwherethe sphericalharmonics

begin to oscillaterapidly.

For very high angularmomenta,all of the angulardependenceof the sphericalharmonicscan

beincludedin theprojectionintegrals(5.21). In this case,animprovedstationaryphaseapproximation

leadsto themodifiedstationaryphaseconditions	 � §O/  # Ò ® Ü ± ò and 	 » � §P/  # » Ò ® Ü ± ò . In the limit

# º # »%Q ®
, thesemodifiedstationaryphaseconditionsrepresenta correspondenceprinciple (for 	 í §vÓ )

betweenthequantum( # º # » ) andclassical(	 � º�	 » � ) angularmomentum.Thisapproachis astraightforward

generalizationof the methodof the previous sectionand includesnonradialtrajectoriesexplicitly in

thefinal semiclassical¥ -matrix. In practice,this typeof semiclassicalapproximationfor the ¥ -matrix

¥ LR wouldbeprohibitivebecausedifferent ¥ -matrixelementsrequireacalculationof differentclassical

trajectories.Moreover, it shouldnot be necessaryunlessoneis interestedin treatinginitial electronic

stateswith very high angularquantumnumbers.For thelow lying initial statesof complex atoms,only

moderatefinal stateangularmomentaaretypically relevant. For thesecasesa simplerapproximationis

appropriate.

As thesemiclassicalapproximationfor theparallelorbit demonstrates,asimplewayof improving

theprojectionintegralsof theGreen’s functionis to includethelowestordervariationsof theoffending

angularfactor. For moderateangularmomentum¥ -matrix elements,this translatesinto expandingthe

sphericalharmonicsto linearorderaboutthestationaryphasepoints( 3 ¾ , 3"4 ). Thisapproachis givenhere
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andshows that the resultingcorrectionto the primitive ¥ -matrix (5.39) involvesthe derivativesof the

sphericalharmonicsandpowersof the classicalamplitude
Ì

, Eq. (5.36), that appearsin the primitive

semiclassicalapproximationto ¥ LR. Most importantly, the improved semiclassical¥ -matrix derived

herestill involvesonly radial launchedandreturningtrajectories.Thus,theapproximationcircumvents

thecomputationalcomplicationsof searchingfor nonradialclosedorbits.

Theexpansionof thesphericalharmonicsto linearorderaboutthestationaryphasepointsreads,

ë àãâ'á  3 »	º ÓYòlÙ ë àãâ'á  3 ¾ º ÓYò Ò  3 » ´ 3 ¾ ò ú ë àãâãá  3 » º ÓÉòú�3 » ��R (5.51)

ë Åàaá  3 º ÓYòlÙ ë Åàaá  3"4 º ÓÉò Ò  3 ´ 3"4 ò ú ë Åàaá  3 º ÓÉòú�3 � ; ¶ (5.52)

The projectionintegral of the Green’s function, Eqs.(5.21) and(5.22), cannow be carriedout using

the stationaryphaseapproach,but with onemodification. Ratherthanperformingthe integralsover 3
and 3 » sequentiallyasbefore,both integralsareperformedsimultaneously. This leadsto considerable

simplificationsandrequiresa two dimensionalexpansionof theclassicalactionin the variables( 3 º 3 » ò
aboutthestationaryphasepoints( 3 » §�3 ¾ , 3~§b3"4 ). Definingthevector ¸3

¸3 § 3 » ´ 3 ¾
3 ´ 3 4

º (5.53)

thetwo-dimensionalTaylor seriesfor theactionreads,

¥  3 º 3 » òì§}¥  3"4 º 3 ¾ ò Ò ¸3 T úY¥ú ¸3
Ò ®
± ¸3 T ú�ÚL¥

ú ¸3 ú ¸3 ¸3 º (5.54)

where

úÉ¥
ú ¸3 §

5 �5 � â
5 �5 � §

´'	 ��S
	 �

º (5.55)

ú�ÚL¥
ú ¸3 ú ¸3 §

5 & �5 � â 5 � â 5 & �5 � â 5 �
5 & �5 � 5 � â 5 & �5 � 5 �

¶
(5.56)

As before,the stationaryphasecondition (
5 �5UTL §ØÓ ) selectsradially traveling trajectories,the closed

orbits,at smalldistances.
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Next, the expansionsof the action,Eq. (5.54),andof the sphericalharmonics,Eqs.(5.51)and

(5.52),areusedin the yet to be projectedGreen’s function,Eqs.(5.21)and(5.22). The term with the

productë Åàaá  3"4 º ÓÉò ë à'âãá  3 ¾ º ÓÉò simplygivestheresult(5.39)of theprevioussection.Theonly nonvanish-

ing correctionterminvolvesthederivativesof both of thesphericalharmonics(if theangulardependence

of
° æèç�é 3 æêç'é 3 » is againneglected).After theslowly varyingpartof theintegrand,

° æêç'é 3 æêç'é 3 » ú ë Åàãá  3 º ÓYòú�3 � ; ú
ë à'âaá  3 » º ÓYò
ú�3 » ¶ � ) º (5.57)

hasbeenevaluatedat thestationaryphasepoints,theremainingintegralcanbeperformed:

-
Ú § ä 3 Û ä 3 Ú 3 Û 3 Ú

����� ¯
± ¸3WV ú�ÚÝ¥ú ¸3 ú ¸3 V ¸3 § ´ ±�Ô det

ú�ÚL¥
ú ¸3 ú ¸3 ³*Û � Ú ú{3 »

ú 	 � 9 â : ô ³
¾X7 ! � Ú ¶ (5.58)

As beforetheindex 6 countsthenumberof signchangesof thematrix
5 & �5UTL 5UTL alongeachtrajectory. Using

Eq. (5.58)andmanipulatingthe classicalamplitudesusingEq. (5.36),an expressionfor the corrected

semiclassicalGreen’s function(5.21)is found:

· àaà â ¿ á §  ±ÝÔ ò �*� Ú ¯ Y BMZ�À
®

¦ Ú© È��¦ È
È Ì È æèç�é 3 ¾ æèç�é 3 4 (5.59)

+ ë Åàaá  3 4 º ÓÉò ë à'âaá�â  3 ¾ º ÓYò Ò È Ì È ô ¾
!�ö  µ Û � Ú

÷ ú ë Åàãá  3 4 º ÓYòú{3"4 ú ë à â á  3 ¾ º ÓYò
ú�3 ¾+ ����� ¯ ¥ ´ ¯ � Ô ± ´ ¯[�

Ôü ¶

Thecorrespondingimproved ¥ LR from Eqs.(5.10)and(5.59),is then,

¥ LRàaà â ¿ á §  ±�Ô ò ��� Ú �´ ® ò à µ
à â
Y BMZ�À

È Ì È æêç�é 3 ¾ æèç�é 3"4 (5.60)

+ ë Åàãá  3 4 º ÓYò ë à â á â  3 ¾ º ÓÉò Ò È Ì È ô ¾
!�ö  µ Û � Ú

÷ ú ë Åàaá  3"4 º ÓÉòú�3 4 ú ë àãâãá  3 ¾ º ÓÉò
ú{3 ¾+ ����� ¯ ¥ Ò ±�¯ ° D ¦ © ´ ¯ H Ô ± Ò ¯[�

Ôü ¶

The sumover trajectoriesin theseexpressionsis the sameasin the primitive semiclassicallong-range

¥ -matrix: eachclassicaltrajectorythat is launchedradially outwardfrom (¦2© , 3 ¾ ) andreturnsradially to

(¦q© , 3 4 ) afteraccumulatinga classicalaction ¥  3 4 º 3 ¾ ò contributesa termto thesemiclassical¥ -matrix.

In addition,the semiclassicalamplitude
Ì

(5.36)andMaslov index � arethe sameasin the primitive

semiclassical¥ -matrix,Eq.(5.39).Althoughthisimproved ¥ -matrix,liketraditionalclosed-orbittheory,



95

still involvesonly radial trajectoriesat ¦ © , it now includesthefirst-ordercorrectionsfor higherangular

momenta.In fact,by looking at theratio

\ § ë Åàaá  3 4 º ÓYò ë à â á â  3 ¾ º ÓÉòÌ 5�]_^ó ` ö ��; ¿ © ÷5 � 5�] ó â ` ö �*) ¿ © ÷5 � â (5.61)

for eachtrajectory, the importanceof the correctioncanbe ascertained.Notice that whena trajectory

lies nearthenodeof a sphericalharmonic,asin theabovementionedquasi-Landauorbit for oddparity

states,the“correction”actuallydominatesthe ¥ -matrix. Theoriginalversionof closed-orbittheorygives

a vanishingrecurrencestrengthfor theoddparityquasi-Landauresonance.Shaw et al. [134] havegiven

asimilar correctionfor thequasi-Landauorbit asEq.(5.60),but their resultis only for thequasi-Landau

orbit. The derivation presentedhereshows that sucha correctionterm is presentfor all closedorbits

whentheangularmomentumis moderate.However, mostcasesstudiedin this thesishave sufficiently

low angularmomentumthat thecorrectionderivedhereis unimportantexceptfor theoddparity quasi-

Landaurecurrence.

5.3.3 Bifur cations

So far, correctionsof the semiclassical¥ -matrix have beengiven for caseswherethe angle-

dependentpieces,suchas
° æêç'é 3 æêç�é 3 » and ë àaá  3 º åóò , becomeimportantto include in the stationary

phaseintegrals.Thecorrectionsgivenfor theparallelorbit andfor moderateangularmomentahavemade

a commonassumption:the stationaryphasepointsexist andarewell isolatedfrom eachother. It has

beenseenthatthestationaryphasepointscorrespondto closedclassicalorbits.Theseorbitsarelaunched

radially outward from a sphere¦}§ ¦q© in the matchingregion andreturn to the sphereradially after

scatteringclassicallyoff the long rangefields. This radial trajectoryapproximationincludestheeffects

of nonradialtrajectoriesapproximatelythroughtheclassicalamplitude
Ì

(5.36)in thesemiclassical¥ -

matrix. However, if a stationaryphasepoint doesnot exist in thefirst place,thecontributionsof nearby

nonradialorbitswill beunrepresentedin the long range ¥ -matrix. This occursnearbifurcationsof the

closedorbits.

Bifurcationsarea commonfeatureof classicallynonintegrablesystems[109, 12]. For anatom
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in astrongmagneticfield, bifurcationsof theclosedorbitsoccurasthescaledenergy E is increased[60].

FigureB.1 of AppendixB showsamapof theclosedorbitsfor diamagnetichydrogen.Whenthesystem

is integrable( E § ´ 0 ) thereis only oneclosedorbit, thefamiliarKeplerorbit in theCoulombpotential.

As E increases,new orbitsarebornup until E §}Ó wherethereareinfinitely many closedorbits. Delos

andcoworkershaveusednormalform theory[60, 61, 61] to analyzeandstudysequencesof bifurcations

of closedorbits in an externalmagneticfield. However, their analysisis purely classical.Only Main

andWunner[63] have attemptedto includebifurcationsof closedorbits in a semiclassicaltheoryof

photoabsorption.Their treatmentusessemiclassicalwavefunctions,alongsidenormal form theory, to

constructuniform semiclassicalapproximationsfor a few typesof bifurcations.It shouldbementioned

thatthisdiscussionappliesonly to thecaseof anexternalmagneticfield; thebifurcationsof closedorbits

in externalelectricfieldshavebeensuccessfullyincludedin asemiclassicalformulation[62].

This final subsectionsketcheshow bifurcationsof closedorbits canbe treatedusingthe semi-

classicalapproximationsof this chapter. Becausethis work is still in progress,the emphasiswill be

on thequalitative featuresof theproposedapproachratherthanon formal derivations. In the language

of this chapter, a bifurcationoccurswhena new stationaryphasepoint comesinto existenceat some

scaledenergy E�a . Thus,below thebifurcationpoint, theprimitive semiclassicalapproximationfor ¥ LR

shows no recurrencepeakfor the (nonexistent)closedorbit. Also, at the bifurcationpoint, the primi-

tive semiclassicalapproximation,Eq. (5.39),divergesto infinity. That is, it showsaninfinite recurrence

strength.Of course,oncetheclosedorbit hasbifurcated,the ¥ -matricesdevelopedabove arefinite and

give a gooddescriptionof theassociatedrecurrencepeak.Thesepredictionsof theprimitive semiclas-

sicalapproximationarein disagreementwith bothexperimentandaccuratequantumcalculations.First,

below theclassicalbifurcationpointssmall recurrencepeaksareseen[44]. Theseprebifurcatedorbits,

ghostorbits,exist becausetheelectroncantunnelinto quantummechanicalpathsthatdo not quiteexist

classically. Examplesof thesenonclassicalpathswereseenin the accuratequantum¥ -matricesof the

previouschapter(Ch.4). Second,quantumcalculationsandexperimentsalike show that therecurrence

amplitudesarealwaysfinite at the bifurcationpoints. Thus,the divergenceof closed-orbittheory, and

theprimitivesemiclassical¥ -matrixof thischapterat thebifurcationsis artificial.
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A successfulsemiclassicaltheoryof bifurcations,then,will includetwo features.First, theghost

orbitswill bepredicted.And second,thesemiclassicalamplitudeswill beuniform (finite) asthescaled

energy movesthroughthebifurcationpoint. Thesemiclassicaltheoryof Main andWunner[63] achieves

bothof thesegoalsfor certaintypesof bifurcations.However, their approachcontainstwo difficulties.

To extract the contributionsof the prebifurcatedghostorbits, they analytically continuethe classical

trajectoriesinto thecomplex plane.This substantiallycomplicatesnumericalcalculationsof theclosed

orbits. When thesecomplex ghostorbits are includedinto the semiclassicaltheory, their recurrence

strengthis seento decayexponentiallybelow thebifurcationpoint. However, anadditionalcontribution

below thebifurcationpoint is predictedthatdivergesexponentially. Main andWunnerhandlethis new

divergencein thefollowing manner[63]:

“In theabove semiclassicalformulasthis complex-conjugateghostwould producean
unphysicalexponentialincreaseof the amplitudeat energies below the bifurcation
point. Thuswe have asa by-productof the derivation of uniform semiclassicalfor-
mulasthat ghostorbits of this type have no physicalmeaning. In otherwords, they
mustnot be includedin thestandardformulassincethey do not appearin theasymp-
totic expansionof theuniformapproximation...”

In otherwords,certainpredictionsof their theoryarediscardedbecausethey areunphysical. In spite

of this, mostaspectsof Main andWunner’s work appearto be well founded. This discussionshows,

however, that the semiclassicaltheoryfor bifurcationsof closedorbits in an externalmagneticfield is

not completelyunderstood.

I now give an outline of how bifurcationsof closedorbits canbe includedin the semiclassical

long-range¥ -matrix. Thetreatmentbeginswith theGreen’s function,Eq. (5.29),after the initial angle

projectionhasbeenperformed:

· àaá ¿ à â á â &½ òì§ ° ±�Ôñ¯
traj

äÎ3 � àaà â  3 º 3 ¾ ò È Ì Ú  3 º 3 ¾ ò È ô
¾ ö � ö � ¿ �*) ÷ ³  

ö"! � Ú ÷ ÷ ¶ (5.62)

In general,the amplitudein this formula,
Ì Ú §

5 � â5 � 9 â : º dependson the initial andfinal angles.The

trajectoriesthatcontributeto this Green’s functionarelaunchedradially from a spherein thematching

region. However, when they return to the sphere,the trajectorieshave many different valuesof the

classicalangularmomentum	 � . Next themainideafor treatingbifurcationsis presented.



98

Below a bifurcationpoint, thereis simply no orbit that returnsto thesphereradially. However,

thereareorbitsthatreturnto thesphere.As longasthespherehasa finite radius,well-behavedclassical

trajectoriescanbefoundthatreturnto thespherewith nonzeroangularmomentum	 � . Thereasonthat

Main andWunnerhave to calculateclassicaltrajectoriesat complex energiesis that they usea sphere

having a vanishingradius¦ © §yÓ . Thus,below a bifurcation,no orbits (with realenergies)reachtheir

sphereandcomplex energy trajectoriesmustbeusedinstead.Whenclosedorbitsdo exist, it is perfectly

acceptableto launchtrajectoriesfrom theorigin. Becausecertainaspectsof calculatingclosedorbitsare

simplified by this approach,many practitionersof closed-orbittheoryhave grown usedto a sphereof

zeroradius.However, asMain andWunner’s work shows, insistinguponusinga sphereof zeroradius

leadsto considerablecomplicationswhenradially launchedandreturningclosedorbits do not exist. I

emphasize,however, that whentrajectoriesare launchedfrom a finite sphere,the ghostorbits canbe

understoodassimplybeingrelatedto classicalorbitsthatreturnto thespherenonradially.

Figure5.1 shows an exampleof the nonradialghostorbits for scaledenergiesnearthe saddle-

nodebifurcationof the b Û exotic orbit (seeFig. B.1). Below the bifurcationenergy ( E�a § ´ Ó ¶ ®L®<N )
nonradialorbitsareseento returnto thesphereof scaledradius Ä¦ © §}Ó ¶ ® . To includenonradialorbits,

suchasthoseshown in Fig. 5.1, into thesemiclassical¥ -matrix, two stepsarerequired.First, thegraph

of the classicalaction as a function of the final angleis fit to a polynomial form. For example,the

classicalactionsshown in Fig. 5.1canbeapproximatedby thepolynomial:

Ä¥  3 4 º�Ä	 � ) §zÓYòf§ Ä¥  3 »4 ò Ò  3 4 ´ 3 »4 ò�c �E ò Ò ®
±  3 4 ´ 3 »4 ò Ú�d �E ò ¶ (5.63)

The expansionpoint 3 »4 usedin this approximationis chosento be the leftmostpoint of the family of

orbits that return to the sphere. The fit parametersc �E ò and d �E ò are functionsof the scaledenergy,

with themostimportantdependencebeingcontainedin c �E ò ; as c �E ò crossesthroughzerofrom below,

the new closedorbits bifurcate. Eachtype of bifurcationwill have a differentpolynomialassociated

with it [135]. Oncethe fit of the action,Eq. (5.63),hasbeenfound for the bifurcationbeingstudied,

it is usedin the Green’s function,Eq. (5.62),whenthe final angleprojectionintegral is performed.In

general,the angulardependenceof the amplitude
Ì Ú mustalsobe taken into account. Although the
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Figure5.1: Theclassicalscaledaction
Ä¥  3 4 ò is givenasa functionof thefinal angle 3 4 for trajectories

returningto a sphereof scaledradius Ä¦2©3§ Ó ¶ ® . The trajectorieswerelaunchedradially outward from
the samesphere.At the lower two scaledenergies( E § ´ Ó ¶ ® ü ºq´ Ó ¶ ®�± ) thereis no radially returning
orbit (rememberthat Ä	 � is simply the slopeof the scaledactionin this graph). At a scaledenergy ofE § ´ Ó ¶ ®L®<N , a pair of exotic orbits (b Û

Z º b Û a ) bifurcates. Thesenewly existing closedorbits appear
asthe local minima in the scaledactionsat the uppertwo scaledenergies( E § ´ Ó ¶ ®L® ºG´ Ó ¶ ® Ó ). Most
importantly, below the bifurcation energy, nonradialclassicaltrajectoriesare seento reachthe final
sphere.
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resultingintegralsaretypically morecomplicatedthanthesimpleGaussianformsfoundin theprimitive

semiclassical¥ -matrix, they canoftenbeperformedanalytically. By carryingout thesesteps,a uniform

semiclassicaltheoryfor long-range¥ -matrix canbederived.

Thedetailsof this approachdependstronglyon theparticularform of theactionnearthebifur-

cation. A generalstudyneedsto be carriedout of thenormalformsof theactionsneardifferenttypes

of bifurcations. Although Main andWunnerhave given suchexpressionsfor sometypesof bifurca-

tions,they usea variableotherthanthefinal anglein which to expandtheaction. It would beusefulto

transformtheir normalformsto thefinal anglerepresentationusedhere.Many of thedetailsin treating

bifurcationsstill needto be investigated.However, the approachdescribedhereprovidesa beginning

point for futureinvestigations.Again, themainadvantageof thismethodis thattheclassicaltrajectories

do not needto becalculatedat complex energies.

5.4 Results

In this chapter, I have developedsemiclassicalapproximationsfor thelong-range¥ -matrix ¥ LR.

After theprimitivesemiclassicalapproximationto ¥ LR wasderived,extensionsof thebasicmethodwere

givenfor anumberof specialcases.Themainuseof thesemiclassicalscatteringmatricesof thischapter

is to enablea semiclassicalapproximationfor thephotoabsorptioncrosssection.This developmentwill

be presentedin the following chapter(Ch. 6). However, beforemoving on, it is usefulto comparethe

semiclassicallong-range¥ -matrix,with theaccuratequantum¥ -matricesof thepreviouschapter(Ch.4).

Figures5.2and5.3show sucha comparisonat a scaledenergy of E § ´ Ó ¶ � , wheretheclassical

dynamicsaremostly chaotic. Again, the comparisonis performedby studyingthe recurrencesin the

matrix elementsof ¥ LR. Reasonablygoodquantitativeagreementis seenbetweenthesemiclassicaland

quantumresults. The main discrepanciesarethe nonclassicalghostorbits, labeledwith the letter “g”,

which appearin thequantumrecurrencestrengthsbut areabsentfrom thesemiclassical.Theimproved

semiclassicalformulasfor moderateangularmomentumandtheparallelorbit have beenusedto obtain

theseresults.

With all of thenecessarytoolsin hand,semiclassicalapproximationsto thephotoabsorptioncross
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Figure5.2: A comparisonis shown betweenthe quantum(upright) andsemiclassical(inverted)recur-
rencestrengthsu  Ä¥ ò of elementsof ¥ LR. More specifically, the recurrencestrengthsEq. (4.27), ofu ô  ¥ LR©ê© 8F òèò (c), u ô  ¥ LRÚèÚ 
F ò?ò (b) and u ô  ¥ LR/0/ 
F ò?ò (a), are shown for ï § Ó º even parity statesof
diamagnetichydrogenat a scaledenergy of E § ´ Ó ¶ � . Thesemiclassical¥ -matrix hasbeencalculated
usingtheformulasderivedin thischapter, Eqs.(5.41)and(5.50).The

±4v
closedorbitscontributingto the

semiclassical¥ -matrix havebeencalculatednumerically. Thedetailedpropertiesof theseclosedorbits,
includingthelabelingschemeusedhere,canbefoundin Appendix.B. Theaccuratequantum¥ -matrix
elementswerecalculatedwith thevariationalu -matrixmethoddescribedin Ch.4 usingapreconvolution
smoothingwidth of I F §�Ó ¶ ü . Thesemiclassical¥ -matrix hasalsobeenpreconvolvedwith thesame
width. Someof the shorteractionclosedorbits have beenlabeled( u1w ºGý ÛÛ ºGý Û º

¶G¶�¶
) ashave the ghost

orbits (x)ò in thequantumrecurrencestrengthsthatcorrespondto no classicalclosedorbit. TheFourier
transformwascarriedout over therangeof F from

® ÓLÓ to
N Ó^Ó .
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(c) shown herewerecalculatedin thesamemannerasin theevenparity casepresentedin Fig. 5.2. The
smoothingwidth usedhereis slightly larger, I F § Ó ¶ v . However, the scaledenergy E § ´ Ó ¶ � and
rangeof F valuesused(

® ÓLÓ ´ N ÓLÓ ) arethesameasin Fig. 5.2. Thus,thesamesetof closedorbitsused
for theevenparitycasealsocontributeto therecurrencestrengthshere;only theamplitudesarechanged
for thedifferentangularmomenta.Thesuccessof thesemiclassicalapproximationfor moderateangular
momentum,Eq.(5.60),is seenin theaccuratepredictionof theoddparityquasi-Landaurecurrencepeaku Û . Theprimitive semiclassicalapproximationgivesa vanishingcontribution of this orbit becausethe
oddparity sphericalharmonicshavea nodeat 3 ¾ §�3 4 § Ô Ü ± .
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sectioncannow bestudied.



Chapter 6

Ghost orbits and core scattering

In the precedingchapters,a framework hasbeendevelopedfor studyingthe photoabsorption

spectraof atomsin externalfields. The main ingredientsin the theoryarethe two scatteringmatrices

¥ LR and ¥ core, which describethe electron’s motion in the long-rangeandcore regions respectively.

While thecore-region ¥ -matrix is a familiarelementof quantum-defecttheory, thenontrivial long-range

¥ -matrix ¥ LR hasbeendevelopedin this thesis.Bothaquantummechanicalandasemiclassicalmethod

for calculatingthis ¥ -matrixhavebeengivenfor thecaseof anatomin astatic,externalmagneticfield.

As closedorbit theoryhasshown, the ideal way to studythe physicsof an atomicelectronin

an externalfield is to Fourier transformthe observablesinto the time or scaledactiondomain. Then,

globaloscillationsin the“energy” domainobservablesaremanifestedassharpfeaturesat theperiodsor

scaledactionsof certainclassicalorbitsof theelectron.In Chs.4 and5, this typeof analysiswasapplied

directlyto theelementsof thelong-range¥ -matrix ¥ LRàaàãâ 
F ò . As expected,boththeaccuratequantum¥ LR

of Ch. 4 andthe semiclassical¥ LR of Ch. 5 displaysharppeaks,or recurrences, whentheir elements

areFourier transformed.In fact, thereis reasonablequantitative agreementbetweentherecurrencesin

thequantumandsemiclassicallong-range¥ -matrix.

Anothermainresultof this thesisis a formula,Eq. (3.28),for thepreconvolvedphotoabsorption

crosssection. The currentchaptercombinesthis exact quantumcrosssectionwith the semiclassical

approximationto ¥ LR to giveasemiclassicalapproximationfor therecurrencespectraof nonhydrogenic

atoms.As in thepreviousfew chapters,I will continueto focusondiamagneticatomsexclusively in this

chapter. However, thesemiclassicalcrosssectiondevelopedhereis immediatelyapplicableto atomsin
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externalelectricfields.

Nonhydrogenicatomshave beenchallenging,if not difficult, for the semiclassicalmethodof

closed-orbittheory. As mentionedin theIntroduction,closed-orbittheoryaccuratelypredictstherecur-

rencespectrumof hydrogen;typically to within a few percent[38, 37, 39]. In addition,thebasicform

of thetheoryhasbeenextendedto includenonzeroquantumdefectsof singleelectronatomsotherthan

hydrogen.This approach,which originatedwith GaoandDelos[136, 51], hasbeenfurtherdeveloped

by Dandoet al. [53, 52] andalsoby Shaw andRobicheaux[54] (seealso[55]). Thephysicalcontentof

theseextensionsof closed-orbittheoryhasbeenconfirmedby bothaccuratequantumcalculationsand

experiments.Essentially, theionic coreintroducesnew recurrencepeaksthatareassociatedwith primi-

tiveclosedorbits (closedorbitsof hydrogen),beingscatteredinto eachotherby thenonhydrogeniccore.

To includethesecore-scatteredorbits in closed-orbittheory, practitionershave usedthesemiclassical

wavefunctionsof closed-orbittheoryin conjunctionwith quantum-defecttheory, andmultiplescattering

expansionsof thephotoabsorptioncrosssection[54, 53]. Theresultingformulasfor thephotoabsorption

crosssectionaresimilar to the seriesexpansionof the preconvolvedcrosssectionderived in Ch. 3 of

this thesis.This extensionof closed-orbittheoryhasbeensuccessfullyappliedto lithium (�|{ § Ó ¶ ü ) in

anelectricfield [53], singlet(�|{ §yÓ ¶ ® ü º � 9 § ´ Ó ¶ Ó ® ) andtriplet (�|{ §yÓ ¶ � º � 9 §�Ó ¶ Ó~} ) heliumin an

electricfield [54, 49], andanoddparity diamagneticcesium-like atom(� 9 §�Ó ¶ N ) [53]. In all of these

cases,a singlequantumdefectis large,andthesemiclassicaltheoryseemsto agreewell with accurate

quantumcalculations.However, for atomshaving two or morelargequantumdefects,suchasevenpar-

ity rubidium(�|{ § � ¶ ® � º � 9 § ® ¶ � ü ), no semiclassicaltheoryhassuccessfullypredictedtherecurrence

spectra.In fact,experimentson bariumin anelectricfield [66, 65] andon rubidiumin a magneticfield

[137] show pooragreementwith closed-orbittheory.

The main difficulty with the multiple scatteringexpansionsof Dandoet al. andof Shaw and

Robicheaux,is that they appearto divergewhenmorethanonelargequantumdefectis present.More

specifically, thecorescatteredrecurrencepeaksincreasein amplitudewith eachscatteringof theelectron

off theionic core.Thus,onecannotapproximatethecrosssectionby only includinga few termsin the

multiple scatteringexpansion. No progressbeenmadein understandingthis significantfailure of the
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extensionsof closed-orbittheoryto nonhydrogenicatoms.Thus,it is currentlynot known whetherthe

divergenceof themultiplescatteringexpansionsis causedby thesemiclassicalapproximationsmade,or

if it is thebasicnatureof theseriesitself. This distinctionmustbeunderstoodin orderto improve the

theory.

In this chapter, I show how a convergentsemiclassicalphotoabsorptioncrosssectionfor nonhy-

drogenicatomscanbederivedwith thetoolsdevelopedin thisthesis.Two importantelementsareneeded

for thisdevelopment,First,asurprisingrelationshipbetweennonclassicalghostorbitsandcore-scattered

orbitsmustbetaken into accountin thesemiclassicalcrosssection.Thedetailsof this relationshipare

givenin Sec.6.2. It will beseenthatghostorbitsandcore-scatteredorbitsaretwo aspectsof thesame

physics. In Sec6.3, this relationshipbetweenghostandcore-scatteredorbits is usedto obtain a re-

summedsemiclassicalcrosssection.

Second,the preconvolution of the crosssectiondescribedin Ch. 3 is neededfor the resummed

semiclassicalcrosssectionto converge. The effect of the preconvolution techniqueis to dampout the

long scaledactionrecurrencepeaksthat causethe unconvolvedsemiclassicaltheoryto diverge. After

the resummedsemiclassicalapproximationis derived,it is appliedto threediamagneticatoms:hydro-

gen,lithium, andrubidium. In all of thesecases,the resummedsemiclassicalcrosssectiongivesgood

agreementwith accuratequantumcalculationsfor boththecrosssectionasa functionof thescaledfield

Fþº H 8F ò , aswell asfor therecurrencespectra.

6.1 Primiti vesemiclassicalapproximation

Obtaininga semiclassicalexpressionfor the crosssectionis morecomplicatedthanonemight

initially expect. The mostobvious route is to usethe semiclassicalapproximationsfor the long range

¥ -matrix ¥ LR 8F ò developedin thepreviouschapter(Ch.5), Eqs.(5.41)and(5.50),in theexpressionfor

thepreconvolvedcrosssectionof Ch. 3:

H ö ���
÷ 8F ò § ü Ô Ú�3U� Re

¸ä ® Ò ± ¥ core¥ LR 8F ò Ò ± ¥ core¥ LR 8F ò Ú Ò ± ¥ core¥ LR 8F ò � Ò V�V�V ¸ä Õ ¶
(6.1)
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When the scaledfield is evaluatedat a complex value of F Ò ¯ I F Ü ± , the resultingcrosssectionis

effectivelyconvolvedwith aLorentzianof width I F . Eachtermin thisexpansiongivesrecurrencepeaks

thatareassociatedwith theelectronscatteringoff the ionic corea numberof times. Thesemiclassical

¥ -matrix of the previouschapteris givenasa sumover primitive closedorbits 	 andcanbewritten in

theform (seeEq.5.41):

¥ LR 8F ò § 9
Ì 9 
F ò ô

¾ ����4� + ô ³
��4� ��� � Ú ¶ (6.2)

Here,thematrix
Ì 9 8F ò containsall of the informationabouttheclosedorbitsbeingsummedover and

dependsonly weakly on the scaledfield. With this approximation,eachterm in the expansionof the

crosssectiongeneratesrecurrencepeaksat therepetitions(�
+ Ä¥ 9 , ��§ ® º ± º ¶�¶G¶ 0 ) andcombinations

(
Ä¥ 9 Ò Ä¥�� , Ä¥ 9 Ò Ä¥�� Ò Ä¥ B º etc.) of theprimitive closedorbits. Initially, it might seemlike this is exactly

thequalitativepicturethatis desiredfor thesemiclassicalcrosssection.However, thereis a critical flaw

in this primitiveapproachto thesemiclassicalcrosssection.

Thedifficulty with this primitive semiclassicalapproximationto thephotoabsorptioncrosssec-

tion is that it fails to give accuraterecurrencespectrafor hydrogen.It is expectedthathydrogenshould

betheeasiestatomto treat,astheeffectof the“core” - which is justa loneproton- is completelytrivial.

However, theexpansionof thecrosssection,Eq.(6.1),predictsthepresenceof core-scatteredrecurrences

for this elementaryatom. Whenthecoreregion ¥ -matrix for hydrogen,¥ core § ®
, is usedin thecross

section,Eq. (6.1),all of thetermsthatgeneratecorescatteredrecurrencepeaks,suchas ¥ LR 
F ò Ú and

¥ LR 
F ò � , arestill present.This predictionof core-scatteredrecurrencesin diamagnetichydrogenis

in conflict with bothaccuratequantumcalculationsandexperiments.In thetwo decadesthatrecurrence

spectrahavebeenstudied,core-scatteredrecurrenceshaveneverbeendetectedin hydrogenat any value

of the scaledenergy E or scaledfield F . Thus,this reflectsa fundamentalproblemwith this primitive

semiclassicalapproximation.

A quantitativeexampleof this difficulty is shown in Fig. 6.1,wheretheaccuratequantumrecur-

rencespectrais comparedwith the primitive semiclassicalapproximationdescribedherefor hydrogen

at a scaledenergy of E § ´ Ó ¶ � . The recurrencestrengthu  Ä¥ÿò º Eq. (4.27),of the crosssection H 8F ò
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¡ �¢� � evenparity final states.
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is shown for evenparity, ï §ËÓ final states.The unphysicalcore-scatteredpeaksin the semiclassical

recurrencestrengthare indicatedby lines. The rangeof F that hasbeenFourier transformedhereis

F § ® Ó^Ó ´ N ÓLÓ andthepreconvolution width is I F §�Ó ¶ ü . Theagreementbetweenthequantumand

primitivesemiclassicalapproximationis seento bepoor. This is in contrastto closed-orbittheory, which

yieldsexcellentpredictionsfor diamagnetichydrogenat thisscaledenergy. Clearlyfor my semiclassical

theory for the crosssectionto succeedfor complex atoms,the simplecaseof hydrogenmustfirst be

understood.

Thereis onecluethatpointsthewayto resolvethisproblem.Thecarefulreaderwill havenoticed

that theanalyticalstructureof thecrosssectionsuggeststhatcorescatteredrecurrencesshouldalsobe

seenwhenaccuratequantum¥ -matricesareused. The corescatteredtermsin the crosssection,such

as ¥ LR 8F ò Ú and ¥ LR 
F ò � , arepresentwhetherapproximatesemiclassical¥ -matricesor accurate

quantum¥ -matricesareused.However, asFig. 6.1demonstrates,thecore-scatteredorbitsdon’t appear

in the final crosssectionwhen accurate¥ -matricesare used. This suggeststhat someyet unknown

featurein theaccuratequantumcalculationensuresthat thecore-scatteredorbitsareeliminated.In the

following section,I usethe accuratequantum¥ -matricesto studythe preconvolvedcrosssectionfor

diamagnetichydrogen.This studywill revealan intimateconnectionbetweenthecore-scatteredorbits

andothernonclassicalorbits,theso-calledghostorbits.

6.2 Cancellationbetweenghostorbits and core scattered orbits

Chapter3 discussedthe physical insight available in the preconvolved photoabsorptioncross

section. It wasarguedthat many of the ideasof closed-orbittheoryarealreadyavailablein the exact

crosssection.Becausethe scatteringmatrices¥ LR and ¥ core give quantumamplitudesfor the electron

to scatteroff the long-rangepotentialsandionic core,the crosssection,Eq. (6.1), canbe viewed asa

Feynman-likesumoverquantumpaths.Eachtermin theexpansionof H 
F ò containsinformationabout

certainclassesof quantumpaths.By studyingtherecurrencesin eachterm,thecontributionsof certain

typesof pathscanbe detected.The main purposeof this sectionis to studythe fateof core-scattered

recurrencesin hydrogen.
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By studyingthe exact quantumrecurrencespectrafor hydrogenas well as the topologiesof

the core-scatteredandghostorbits, I will arguethat the following statementis true: in the recurrence

spectrumof diamagnetichydrogen,bothghostandcore-scatteredorbitsexist, but neitherappearin the

crosssectionbecausethey alwaysconspireto canceleachotherout. While the presenceof the core-

scatteredand ghostorbits cannotbe directly measuredby any physicalobservable, their effects are

significant.Thiswill beseenin thefollowing sectionwherethis surprisingcancellationeffect is usedto

obtainanaccuratesemiclassicalapproximationfor thecrosssection.

6.2.1 Observation in the quantum recurrencespectra

Thebestplaceto look for thepresenceof core-scatteredor ghostorbits is in theexactquantum

crosssection. Here, both of thesefeaturesare treatedwithout approximation. In this subsection,I

presenttheresultsof accuratequantumcalculationsfor diamagnetichydrogen.A studyof therecurrence

strengthsin thecrosssectionunambiguouslyshows theuniversalcancellationbetweenghostandcore-

scatteredpaths.

To performthisanalysis,it is usefulto write thetotal crosssection,Eq. (6.1), in theform:

H 
F òì§ À H À 8F ò º (6.3)

where,

H © 
F ò § u ô ¸ä ¸ä Õ º (6.4)

H À�£ © 
F ò § ± u ô ¸ä ¥ core¥ LR

À ¸ä Õ ¶
(6.5)

Note that the factor
ü Ô Ú 3U� that is presentis the crosssectionhasbeenleft out of theseequations.

Following the work of others(see[39] for example), I will leave this factor out when studyingthe

recurrencesof the crosssection. As statedabove, eachterm in the expansion,Eq. (6.3), encapsulates

differenttypesof quantumpaths.Thezeroorderterm HL© is constantwith respectto F andcorresponds

to quantumpathswith zerolength.Thispiecegivesthesmoothbackgroundpieceof theconvolvedcross

section.Thefirst ordercrosssectionH Û 8F ò containsinformationabouttheprimitivequantumpathsthat

arerelatedto the closedclassicalorbits. Also, this pieceexhibits recurrencesdueto the nonclassical
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ghostorbits. Again theseghostorbits arenot really classicalorbits at all; they arequantumpathsthat

appearin thelong-range¥ -matrixbut havenoclassicalanalogue.ThesecondordercrosssectionH Ú 8F ò
containsinformationaboutquantumpathsthatmake two trips into the long-rangeregion; thesearethe

core-scatteredorbits. Likewise, thehigherorderterms H À 8F ò aremadeup of core-scatteredorbits that

scatteroff thelong-rangeregion ¤ times.

First, it is useful to verify that the exact quantumrecurrencestrengthof the total crosssection

H 8F ò showsnocore-scatteredrecurrences.To demonstratethis,Fig. 6.2presentstherecurrencestrength

u  Ä¥ ò of H 8F ò for diamagnetichydrogenat a rangeof scaledenergies. At the lowestscaledenergy

shown ( E § ´ Ó ¶ ¥ ), theclassicaldynamicsis nearlyintegrable,with only two orbits, the quasi-Landau

u Û andparallel ý Û orbits(andtheir repetitions),giving strongpeaksin thescaledactiondomain.As the

scaledenergy increases,the underlyingclassicaldynamicsbecomechaoticandmorerecurrencepeaks

appearthroughbifurcationsof theclosedorbits. Note thatno divergencesin therecurrenceamplitudes

areseenasthesebifurcationstakeplace.At all of thescaledenergiesshown, thereareno core-scattered

recurrences,which would appearat the scaledactionsof combinationsof the primitive closedorbits.

This confirmsthe observationsof previouscalculationsandexperiments[39]. Thecalculationsshown

arefor evenparity, ï §zÓ statesof hydrogenover therangeF § ® Ó^Ó ´ N ÓLÓ . A preconvolutionwidth of

I F §zÓ ¶ ü hasbeenused.

Next, therecurrencestrengthu  Ä¥îò of thefirst ordercrosssectionH Û 8F ò is presented(Fig. 6.3)

to isolatethecontributionsof ghostorbits to thecrosssection.Therecurrencestrengthsareshown for

thesameparameters(evenparity, ï § Ó , I F § Ó ¶ ü , E § ´ Ó ¶ ¥ × § ´ Ó ¶ � ) asthetotal crosssectionof

Fig. 6.2to allow adirectcomparisonbetweenthefull andfirst ordercrosssections.Thestrongsimilarity

betweenthe two suggeststhat most of the short scaledaction recurrencepeaksobserved in the total

crosssection(Fig. 6.2) aredueto primitive closedorbits representedin the linearcrosssectionH Û 8F ò .
In additionto the primitive closedorbits ( u Û ºGý ÛÛ º

¶�¶G¶
) that contribute to H Û 
F ò , ghostorbit recurrence

peaksareseen.I have labeledthesepeakswith the letter “g” andhave useddashedlines to show their

developmentwith scaledenergy. Comparisonof Fig 6.2(total)with Fig 6.3(first order)showsthatthese

ghostpeaksdo not survive in the total crosssection. Note however, that very closeto the bifurcation
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Figure6.2: The Fourier transform,or recurrencestrength,of the preconvolvedphotoabsorptioncross
section H 
F ò for diamagnetichydrogenis givenat seven scaledenergies( E § ´ Ó ¶ ¥ × ´ Ó ¶ � ). These
resultswereobtainedby usinganaccuratequantumlong-range¥ -matrix ¥ LR and ¥ core § ®

in theexact
formula for the photoabsorptioncrosssection,Eq. (3.28). The shortestactionprimitive closedorbits
underlyingthe quantumrecurrencepeaksare labeled( u Û º�ý ÛÛ º

¶�¶�¶
) usingthe notationof AppendixB.

While all ordersof core-scatteringareincludedin thesecalculationsthroughthe matrix
® ´ ¥ LR ³)Û ,

core scatteredpeaksare not presentin the final recurrencespectra. This is consistentwith previous
experimentsandcalculations.Thedipolevector

¸ä neededfor absorptionfrom the
± 	Yº ï §ÖÓ stateto the

evenparity, ï § Ó final statesshown hereis given in [38, 37]. The rangeof F thathasbeenFourier
transformedis

® ÓLÓ ´ N ÓLÓ andasmoothingwidth of I F §ÑÓ ¶ ü is used.Comparethis recurrencespectra
of the total crosssectionwith thatof the first order(Fig. 6.3) andsecondorder(Fig. 6.4) termsof the
crosssection.
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Figure 6.3: The recurrencestrengthof the linear term in the expansionof the photoabsorptioncross
section

± u ô ¸äL¥ LR 8F ò ¸ä Õ is plotted,againfor diamagnetichydrogen(even parity, ï § Ó ) at the seven
scaledenergiesshown in Fig. 6.2. Thelong-range¥ -matrix ¥ LR is providedthroughaccuratequantum
calculations. Thus, nonclassicalrecurrencesdue to ghostorbits are seen(marked by dashedlines).
Becauseonly thelineartermin thecrosssectionis shown here,all of thecomplicationsof core-scattered
recurrencesarenot present.A comparisonwith Fig 6.2 shows that the ghostorbits seenin this linear
term of the crosssectiondo not survive oncethe higherordertermsin the crosssectionareincluded.
Thissuggeststhattheghostorbitsarecanceledby thecore-scatteredorbits.Therangeof F thathasbeen
Fouriertransformedis

® ÓLÓ ´ N ÓLÓ anda smoothingwidth of I F §zÓ ¶ ü hasbeenused.
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pointswheretheghostorbitsbecomerealclosedorbits, thebifurcatingghostsgive smallcontributions

to thetotal recurrencestrength[63].

Finally, the recurrencestrengthof the secondordercrosssection H Ú 
F ò is shown (Fig. 6.4) to

yield informationaboutthecore-scatteredrecurrences.Here,only thequantumpathsthatscatteroff the

long-rangeandcoreregionstwicearerepresented.Two typesof recurrencesareseenin thissecondorder

crosssection.First, repetitionsof theprimitive closedorbits (
± u Û º

± ý ÛÛ ) areseen.Thesearerelatively

strongfeaturesin therecurrencestrength,andthey endupcontributingto thetotalcrosssection.Second,

smallerpeaks,associatedwith core-scatteredorbits appearin Fig. 6.4 andare labeledwith the letters

“cs.” A comparisonwith Fig 6.2shows thatnoneof thesecore-scatteredpeakssurvive in thetotal cross

section.Furthermore,it is seenthatthecore-scatteredpeakshavethesamescaledactionsandamplitudes

astheghostorbitsof Fig. 6.3.

Thesethreefigures(Figs.6.2-6.4)givea clearaccountof why core-scatteredorbitsneverappear

in the recurrencestrengthof the total crosssection.It is becauseghostorbitsandcore-scatteredorbits

have identicalscaledactionandamplitudes,but give oppositecontributionsin thetotal crosssectionto

canceleachotherperfectly. This cancellationeffect appearsto be a universalfeatureof diamagnetic

hydrogen.It is seenatall valuesof thescaledenergy E studiedhere.

6.2.2 Observation in the shapesof the classicalorbits

The intimate relationshipbetweencore-scatteredorbits and ghostorbits can also be seenby

looking at the topologiesof the classicaltrajectories.Someexamplesof plotsof core-scatteredorbits,

andtheghostorbitsthey cancelwith areshown in Fig. 6.5. Here,thepathsof thetrajectoriesareshown

in cylindrical coordinates(ðñº ß ) allowing ð to becomenegative. Without exception,the core-scattered

trajectories(right) follow thesamepathsastheirghostcounterparts(left). Theonly differenceis thatthe

core-scatteredorbits returnexactly to the origin at an intermediatetime, whereasthe ghostorbitsonly

scatterby thecorewith high angularmomentumat this intermediatetime.

Of coursetheseclassicalorbitsareonly representingthefull quantumwavefunctionthatpropa-

gatesin theouterregion. Thesimilaritiesbetweenghostandcore-scatteredorbits(their actions,ampli-
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Figure6.4: Therecurrencestrengthof thequadratictermin theexpansionof thephotoabsorptioncross

section
± u ô ¸ä ¥ LR 
F ò Ú ¸ä Õ is plotted, againfor diamagnetichydrogen(even parity, ï § Ó ) at the

seven scaledenergiesshown in Figs. 6.2 and6.3. The long-range¥ -matrix ¥ LR is provided through
accuratequantumcalculations.Becausejust thequadratictermin thecrosssectionis shown here,only
recurrencesassociatedwith the repetitions(

± Ä¥ 9 ) andcombinations(
Ä¥ 9 Ò Ä¥ � ) of two closedorbits are

seen.Thecorescatteredorbits,labeledwith theletters“cs” anddashedlines,areseento exist in exactly
the samelocationasthe nonclassicalghostorbits seenin the recurrencestrengthof the linear part of
thecrosssection(seeFig. 6.3). In the recurrencestrengthof the total crosssection,Fig. 6.2, thecore-
scatteredrecurrencepeaksaswell asthe ghostorbits arenot present.This is strongevidencethat, at
least in hydrogen,the core-scatteredandghostorbits universallycanceleachother. The rangeof F
representedandthesmoothingwidth I F is thesameasin Figs.6.2and6.3.
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Figure 6.5: This figure shows the topologicalsimilarity betweenthe ghostorbits (left) and the core-
scatteredorbits (right). The labelingschemeusedhereis describedin AppendixB. While only two
examplesof this similarity areprovidedhere,every ghostorbit that I have lookedat is similar to some
combinationof primitiveclosedorbits.Thissuggeststhattherelationshipis nearlyuniversalin diamag-
netichydrogen.
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tudes,andshapes)suggestthata singlequantumwavefrontis responsiblefor bothof theseeffects.That

is, from aquantummechanicalperspective,core-scatteredandghostorbitsin hydrogenrepresentexactly

thesamephysics.

6.2.3 Unansweredquestions

Beforemoving on, it is usefulto addresssomeof theunansweredquestionsaboutthis observed

relationshipbetweenghostorbitsandcore-scatteredorbits. First, while it appearsthat thecrosssection

includescore-scatteredorbitssemiclassically, ghostorbitsarenot includedin theprimitivesemiclassical

approximation.To further strengthenthe argumentfor the universalcancellationeffect seenin hydro-

gen,it wouldbeadvantageousto haveasemiclassicaltheoryfor theghostorbits. In thepreviouschapter,

progressin this directionwasgivenwhere ¥ -matricesfor bifurcationswerediscussed(Sec.5.3.3). In-

deed,all of theghostorbitsseenin thequantumrecurrencespectrabecomerealorbitsat thebifurcation

points. If a semiclassicaltheoryof bifurcationswasmadequantitative, it might be possibleto predict

thecancellationeffect ratherthansimply observe it. It would alsobeinterestingto understandwhy this

cancellationoccurs.For instance,is this a generalpropertyof nonintegrablesystems?Or is it relatedto

thenatureof theCoulombpotentialexperiencedby theelectronnearthecore?

Another point worth addressingis whetheror not this cancellationbetweenghostand core-

scatteredorbits is significant. In closed-orbittheory, neitherof theseeffects is includedin the semi-

classicaltreatment,andthetheoryworksverywell for hydrogen.Becauseexperimentscanonly observe

thetotal photoabsorptioncrosssection,thecore-scatteredrecurrencesseenin thetheoreticalsecondor-

der crosssection H Ú 
F ò cannever be directly observed. Thusonemight arguethat the “existence”of

the core-scatteredorbits restson shaky groundsat best. If certainpredictionsof a theorycannever be

observedin a physicalsystem,arethosepredictionstrueor evenmeaningful?Whetheror not this is the

case,I will leave to thephilosophersof science.

Theimportantpoint hereis thatincorporationof thisobservedcancellationeffect into thetheory

allows an improved semiclassicalformula for the crosssectionto be derived. In the final sectionof

this chapter(Sec.6.3), I derive this improvedsemiclassicaltheoryandshow thateventhoughthecore-
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scatteredrecurrencesin diamagnetichydrogencan never be observed, their existencehas important

consequencesfor semiclassicalapproximationsto thephotoabsorptioncrosssection.

6.3 Resummedsemiclassicalcrosssection

Thischapterbeganby presentingaprimitivesemiclassicalapproximationto thephotoabsorption

crosssectionof anatomin anexternalmagneticfield. In theprimitiveapproximation,thesemiclassical

approximationof ¥ LR, Eq. (6.1), was useddirectly in the exact expressionfor the energy smoothed

photoabsorptioncrosssection,Eq.(6.1). Immediately, thisapproximationwasseento predictunphysical

core-scatteredrecurrencesfor diamagnetichydrogen. Furthermore,any attemptto usethis primitive

semiclassicalapproachfor atomsotherthanhydrogenwould fail aswell. Luckily, this is not theendof

thestoryfor semiclassicalapproximationsof thecrosssection.

In the previous section,an interestingrelationshipbetweencorescatteredorbits andso called

ghostorbitswasuncoveredusinga termby termanalysisof therecurrencespectradeterminedthrough

anaccuratequantumcalculation.Herethemysteryof core-scatteredorbits in hydrogenwasuncovered.

A seeminglyuniversalphenomenonwasobserved: thecore-scatteredrecurrencepeaksarecanceledby

ghostorbit recurrences.Theseghostpeakscorrespondto quantummechanicalpathsof theelectronin

the long-rangeregion thathave no associatedclassicalclosedorbit. In this final section,this observed

effect is put into mathematicaltermsandusedto obtainanaccuratesemiclassicalcrosssection.

6.3.1 General approach

The improved semiclassicalcrosssectioncan be derived by rearrangingthe expansionof the

crosssection,Eq. (6.1), to take the cancellationinto account.This amountsto a resummationof the

crosssection.For this task,it is usefulto focuson thematrix,

® ´ ¥ core¥ LR ³*Û ® Ò ¥ core¥ LR § ® Ò ± ¥ core¥ LR (6.6)

Ò ± ¥ core¥ LR ¥ core¥ LR

Ò ± ¥ core¥ LR ¥ core¥ LR ¥ core¥ LR Ò V�V�V º
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thatis presentin thetotal crosssection.With theghostorbitsin mind thesemiclassical¥ -matrix canbe

writtenasasumoverbothprimitiveclosedorbits“p” andprebifurcatedghostorbits“g”:

¥ LR § 9 ¥ 9 Ò µ ¥ µ ¶ (6.7)

Thesemiclassical¥ -matrix ¥ 9 for eachof thetermsin thesumover primitive closedorbits is givenby

thesemiclassicalformulasdevelopedthepreviouschapter(Eq. 5.39). For theghostpieces¥ µ º thereis

currentlyno semiclassicalapproximation.However, this is not a problembecausethesetermswill drop

out of thefinal resultdueto thecancellationeffect. Thekey in performingtheresummationof thecross

sectionis to write thecoreregion ¥ -matrix in termsof a hydrogenicpiece(theidentity matrix,
®
) anda

nonhydrogenicpiece,which I will denoteasthematrix I :

¥ core § ® Ò I ¶ (6.8)

Theresummationof Eq.(6.6)consistsof usingthis form of ¥ coreº alongwith thelong-range¥ -matrixof

Eq. (6.7). After termsaremultiplied out, the seriesis reorderedin increasingpowersof the matrix I .

For example,thequadratictermin Eq.(6.6)becomes,

± ¥ core¥ LR ¥ core¥ LR § ± ¥ core ¥ LR Ú Ò ± ¥ core¥ LR I ¥ LR ¶ (6.9)

Likewise,thecubictermbecomes,

± ¥ core¥ LR
� § ± ¥ core ¥ LR

� Ò ± ¥ core ¥ LR Ú I ¥ LR (6.10)

Ò ± ¥ core¥ LR I ¥ LR Ú Ò ± ¥ core¥ LR I ¥ LR I ¶

Whenthis procedureis carriedout to all orders,andthe result is orderedin powersof the matrix I ,

Eq. (6.6) takestheform,

® ´ ¥ core¥ LR ³)Û ® Ò ¥ core¥ LR § ® Ò ± ¥ core Ä¥ LR
(6.11)

Ò ± ¥ core Ä¥ LR I Ä¥ LR

Ò ± ¥ core Ä¥ LR I Ä¥ LR I Ä¥ LR º
Ò V�V�V
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wherethe resummedsemiclassical¥ -matrix
Ä¥ LR

now involvespowersof the long-range¥ -matrix of

Eq. (6.7):

Ä¥ LR §v¥ LR Ò ¥ LR Ú Ò ¥ LR
� Ò ¥ LR

/ Ò V�V�V ¶ (6.12)

Now the cancellationof the ghostandcore-scatteredorbits canbe taken into account.Using the form

of ¥ LR, Eq. (6.7), in the resummed¥ -matrix
Ä¥ LR

, Eq. (6.12),andfocusingon the first two terms,the

following expressionis found:

Ä¥ LR § 9 ¥ 9 Ò µ ¥ µ Ò 9�¶· � ¥ 9 ¥ �
Ò
9 ¥ 9 Ú ¶ (6.13)

Here, the first order ghostorbit contributions ¥ µ are displayedright next to the secondorder core-

scatteredorbits ¥ 9 ¥ � º with which they mustcancel. Thus,the cancellationbetweenghostorbits and

core-scatteredorbitscanbeexpressedmathematicallyas:

µ ¥ µ Ò 9�¶· � ¥ 9 ¥ � §ÖÓ
¶

(6.14)

It is importantto note that this conditionhasnot beenderived from first principles; it is imposedon

theexpansionof thecrosssectionbasedon theobservedcancellationdescribedabove. A derivationof

this relationshipis desirable,but it remainsunsolvedandwill probablybe a difficult resultto achieve.

Whenthis cancellationcondition,Eq. (6.14),is taken into account,the resummedlong range ¥ -matrix

becomes,

Ä¥ LR § 9 ¥ 9 Ò 9 ¥ 9 Ú Ò 9 ¥ 9 � V�V�V º (6.15)

wherethepowersof the ¥ -matrices¥ 9 in thisexpressiongeneratetherepetitionsof theprimitiveclosed

orbits. With onefinal approximationthe final form of the improvedsemiclassicalcrosssectioncanbe

given;althoughinitially, asaseriesexpansion.The � th repetitionof the 	 th primitiveclosedorbit will be

includedby runningthatclosedorbit through� timesclassicallyratherthanmultiplying the ¥ -matrix �
timessuchasin ¥ 9 ¸ . Thentheinformationof theclassicallyrepeatedorbit is usedin thesemiclassical

formulafor the ¥ -matrixof thepreviouschapter. Thatis, oncearepetitionof anorbit hasbeencalculated

classically, it is treatedjust like a primitiveclosedorbit andis summedover in thelong-range¥ -matrix.
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Thentheresummedsemiclassicallong-range¥ -matrix,Eq. (6.15),hasthesimpleform,

Ä¥ LR § 9 ¸
¥ ö ¸

÷9 º (6.16)

wherethenotation ¥ ö ¸
÷9 denotesthe � th repetitionof the 	 th closedorbit.

The improvedsemiclassicalcrosssectioncanthenbewritten down usingEq. (6.11)for theex-

pansionof the crosssection,Eq. (6.8) for the matrix I , andEq. (6.16) for the resummedlong-range

¥ -matrix
Ä¥ LR

:

H ��� 
F ò%¹ Re
¸ä ® Ò ± ¥ core Ä¥ LR Ò ± ¥ core Ä¥ LR  ¥ core ´ ® ò Ä¥ LR

(6.17)

Ò ± ¥ core Ä¥ LR  ¥ core ´ ® ò Ä¥ LR  ¥ core ´ ® ò Ä¥ LR Ò V�V�V ¸ä Õ ¶

This form of thecrosssectionis againapowerseries,andtakesthecancellationin hydrogenbetweenthe

core-scatteredorbitsandtheghostorbitsinto accountatall orders.A numberof featuresof this formula

areworth noting.First, for hydrogen( ¥ core § ®
), thecrosssectionis simply,

H ��� 8F ò%¹ Re
¸ä ® Ò ± Ä¥ LR ¸ä Õ º (6.18)

which reproducesthe crosssectionof closed-orbittheory first derived by Du andDelos [38]. As in

their approach,therepetitionsof theprimitiveorbitsaretakeninto accountclassically, by runningeach

primitive closedorbit throughclassicallythe desirednumberof times. Of course,closed-orbittheory

is not formulatedin termsof scatteringmatrices,sosomealgebrais requiredto translatemy resultinto

their language.

Second,thehigherordertermsin the improvedcrosssection,which vanishfor hydrogen,show

that theprimitive closedorbitsscatterinto eachotherthroughthematrix  ¥ core ´ ® ò ratherthansimply

throughthe core region ¥ -matrix as in the primitive approximation. This matrix also appearsin the

semiclassicalapproximationsof Dandoet al. [53] andof Shaw andRobicheaux[54]. In fact, on the

surface,my semiclassicalapproximationseemsto givethesameresultastheirextensionsof closedorbit

theoryto nonhydrogenicatoms.I haveemphasizedpreviously thattheextensionsof closedorbit theory

divergefor atomshaving two or morelargequantumdefects.Themaindifferencein my semiclassical
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¥ -matrix theory for the crosssectionis that thesedivergencescan be handledin simple and elegant

manner.

Themain advanceof the semiclassicalapproximationderivedhere,Eq. (6.17), is that it canbe

resummedanalyticallyto includeall ordersof core-scatteringautomatically. The series,Eq. (6.17), is

simply ageometricseriesthatcanbewritten in thecompactform,

H ��� 8F òº¹ Re
¸ä ® Ò ± ¥ core Ä¥ LR ® ´v ¥ core ´ ® ò Ä¥ LR ³)Û ¸ä Õ ¶ (6.19)

This,alongwith thesemiclassicalformulasfor thelong-range¥ -matrixconstitutethemainresultof this

thesis. I will refer to this asthe resummedsemiclassicalapproximation. This formula representsa

semiclassicalmethodof calculatingboththe F domainandrecurrencespectraof nonhydrogenicatoms

in anexternalmagneticor electricfield. This resultshowsthatthereis noneedto usemultiplescattering

expansionsof thecrosssectionin conjunctionwith semiclassicalapproximations.Beforeapplyingthis

formulato treata numberof diamagneticatomsit is usefulto discusstheconvergencepropertiesof this

improvedsemiclassicalapproximation.

The closedform of the crosssection,Eq. (6.19), wasderived by rearrangingthe power series

expansionof the crosssection,Eq. (6.1), cancelingthe ghostand core-scatteredorbits, and then re-

summingtheresultingseries.The initial form of the result,Eq. (6.17), is a power seriesin the matrix

 ¥ core ´ ® ò Ä¥ LR ¶
Becausethispowerseriesis just thegeometricseries,it will convergewhenthefollow-

ing conditionis met:

»½¼  ¥ core ´ ® ò Ä¥ LR Ð ® ¶
(6.20)

This matrix norm is definedin Eq. (3.32)andcanbecalculatedsimply asthe largesteigenvalueof the

matrix  ¥ core ´ ® ò Ä¥ LR ¶
However, I emphasize,that evenwhenthe power seriesof the improvedcross

section,Eq.(6.17),doesnotconverge,theresummedsemiclassicalcrosssection,Eq.(6.13),canbeused

to obtain“reasonable”finite predictions.

Thereare two critical parametersthat affect the successof the improved semiclassicalcross

section.Theseparametersarethescaledfield F , andthesmoothingwidth I F . Bothof theseparameters

canbe usedto decreasethe convergencefactor » andthusimprove the convergencepropertiesof the
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semiclassicalapproach.First, thescaledfield F is importantbecausethesemiclassical¥ -matrix ¥ LR 8F ò
is proportionalto

® Ü ° F (or
® Ü F for the parallelorbit). Thus,at larger valuesof F the semiclassical

methodis expectedto give betterresults. This makesperfectsense,asthe quantity
±�Ô Ü F actslike as

an effective ¾ in the Schrödingerequation. So highervaluesof F correspondto physicsthat is more

classical.Theimportanceof usinghigh valuesof F to obtaingoodsemiclassicalresultshasbeennoted

by otherresearchers.In particular, Dandoet al. [53] claim that this factorin the core-scatteredterms

of thecrosssectionshouldbesufficient to convergetheexpansionof thesemiclassicalexpansionof the

crosssection.Unfortunately, this hasnot beenthecase- whenmultiple quantumdefectsareturnedon,

simply having high valuesof F doesnot seemto be enoughto causethe semiclassicalexpansionsto

converge.

Thepreconvolutionapproachto thecrosssectionshowswhy highvaluesof F arenotnecessarily

sufficient to geta convergentsemiclassicalcrosssectionfor nonhydrogenicatoms.Themaindifficulty

is that core-scatteringintroducesinfinitely many long scaledactionsinto the theory. Even whencore

scatteringis not present,it is well known thatthereareinfinitely many closedorbitsin achaoticsystem.

The difficulty of summingover an infinite numberof orbits alsooccursin the semiclassicaltracefor-

mula. In thatcase,theexponentialgrowth in thenumberof orbitscausesthetraceformulato beformally

divergent.This divergenceof thetraceformulahasbeendealtwith usingeithercomplicatedresumma-

tion techniquesor by convolving the traceformula with a smoothingfunction [24]. The situationfor

diamagneticatomsotherthanhydrogenis actuallymuchworsebecausetheinfinitely many closedorbits

areall coupledinto eachotherby theionic core.Thus,yetanotherinfinite setof long actionorbitsmust

bedealtwith whenquantumdefectsareturnedon.

Thekey to resolvingthis dilemmais asfollows: the formulathat I have derivedis meant,from

the beginning, to give the crosssectionconvolved over somewidth I F . Thus, it is inappropriateto

expect the semiclassicalcrosssection,Eq. (6.19), to give reasonableresultsfor I F § Ó . As Ch. 5

shows, the effect of the smoothingon the semiclassical¥ -matrix is to to introducea dampingfactor

����� ?´ Ä¥ 9 I F Ü ± ò into the long-range¥ -matrix. As the following resultsdemonstrate,this factortakes

careof theconvergenceproblemsassociatedwith theproliferationof longscaledactionorbitsin nonhy-
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drogenicatoms.

6.3.2 Application to diamagnetichydrogen

First, I presentresultsfor the caseof diamagnetichydrogen. In theseresults,the resummed

semiclassicalcrosssection,Eq. (6.19), is comparedwith accuratequantumcalculations. Resultsfor

both the recurrencespectrum(Fig. 6.6) andthe F -domaincrosssectionH 
F ò (Fig. 6.7) aregiven. The

dipolevectors
¸ä neededfor the crosssectionaregivenby analyticalformulasin [38]. The initial state

± 	Yº ï § Ó hasbeenexcited by linearly polarizedlaserlight to even parity, ï § Ó final states.The

recurrencespectrain Fig. 6.6 areshown at threedifferentscaledenergies( E § ´ Ó ¶ � ºq´ Ó ¶ N ºG´ Ó ¶ } ). The

semiclassicalcalculationspredictboth thepositionsandamplitudesof therecurrencepeaksto within a

few percentin mostcases.Largerdiscrepanciesareseennearbifurcationsandfor lowerscaledenergies

( E § ´ Ó ¶ } ) wheretheclassicaldynamicsaremostlyregular. Then,thestationaryphaseapproximations

usedto obtainthesemiclassical¥ -matrix begin to breakdown. Thus,in general,thepredictionsof the

semiclassicalapproachimproveat higherscaledenergies.

While mostof the featuresin the recurrencespectrumareinsensitive to constantphasefactors,

suchas the Maslov index � in the semiclassical¥ -matrix, the F -domaincrosssectionis sensitive to

suchphases.Thegoodagreementseenin Fig. 6.7 in boththepositionsandamplitudesof theabsorption

peaksin thecrosssection H 8F ò demonstratesthat thesemiclassicalphaseshave beentreatedcorrectly.

ThecrosssectionH 8F ò , aswell astherecurrencespectra,is importantto calculate,becausedivergences

of thesemiclassicalapproacharemuchmoredramaticin H 
F ò thanin therecurrencestrength.

6.3.3 Diamagneticlithium-lik e atom

Next, a lithium-like atomis treated.Figures6.8,6.9,and6.10give a samplingof semiclassical

resultsfor thisatomthathasa singlelargenonzeroquantumdefect(�|{ §zÓ ¶ ü ). All of thesecalculations

arefor even parity ï §EÓ final statesat a scaledenergy of E § ´ Ó ¶ � . The dipole vector
¸ä from the

± 	Yº ï §ÖÓ initial statehasbeenapproximatedby thatof hydrogen[38].

First, Figs.6.8 and6.9 show theimprovedsemiclassicalcrosssectionH 8F ò asa functionof the
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Figure6.6: Thequantum(upright)andsemiclassical(inverted)recurrencespectrafor diamagnetichy-
drogenis plottedat threescaledenergies( E § ´ Ó ¶ } ºG´ Ó ¶ N ºG´ Ó ¶ � ). The resummedsemiclassicalcross
section,Eq.(6.19)alongwith thesemiclassicallong-range¥ -matrixof Ch.5 hasbeenusedin thesemi-
classicalcalculation. The semiclassicalresultsare shown along with accuratequantumcalculations
describedin Ch. 4. In bothcases,a preconvolution width of I F §�Ó ¶ ü hasbeenused.Therecurrence
strengthshave beenobtainedby Fourier transformingthecrosssectionin the interval F § ® Ó^Ó ´ N Ó^Ó .
Theresultsarefor evenparity, ï § Ó final statesandaninitial stateof

± 	Éº ïõ§uÓ . Theagreementseen
hereis similar to whatclosed-orbittheorygivesfor hydrogen.Thebiggestdiscrepanciesoccurnearthe
bifurcationsof theclosedorbits,wheretheprimitivesemiclassical¥ -matrixdiverges.
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semiclassicalapproaches.This complementstherecurrencespectrafor hydrogenpresentedin Fig. 6.6.
Evenparity, æßÒ¢Ö final statesareshown.
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�
-matrix, thesemiclassicalresultwould show pooragreementwith

thequantumcalculations.
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total photoabsorptioncrosssection ÌÎÍ8Ï.Ð is shown at a scaledenergy of Ñ Ò Ô�Ö�× Ø . (a) Diamagnetic
hydrogenrecurrencespectrafor æ Ò Ö , even parity final states(ÙÚÏ Ò ÖU× ô�'�Ï ÒÛÞ<Ö�Ö½Ôâá4Ö�Ö ). (b)
Diamagneticlithium-likeatom(í î1ÒåÖU× Ü ), againfor æÛÒåÖ , evenparity final states.Thedipolevectors
for hydrogenhave beenusedto obtainthelithium spectrum.Thehydrogenrecurrencespectrais shown
alongsidethe lithium spectrato highlight thecorescatteredpeakspresentin lithium. Thesemiclassical
recurrencestrengthfor both atomsis calculatedusing the closedform expression,Eq. (6.19), of the
improvedsemiclassicaltheory. Theprimitive closedorbitsof hydrogen( (*) '�+ )) '�+ ) '�×�×�× ) arelabeledin
graph(a) andtheir propertiescanbefoundin Fig. B.2. New core-scatteredrecurrencepeaksareseenin
the lithium case(b) dueto thenonzeroquantumdefect.Thesepeaksarecombinationsof theprimitive
closedorbits of hydrogenandare labeledaccordingto which orbits have combined( (*)-, + )) '�+ )) ,( ). '�×�×�× ) to give thenew peak.
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scaledmagneticfield Ï . In both of thesefigures,a smoothingwidth of Ù�Ï Ò ÖU× ô hasbeenused.

Theonly differencebetweenthesemiclassicalcalculationsin thesetwo figuresis that in thefirst figure

(Fig. 6.8), thepower seriesexpansionof theimprovedcrosssection,Eq. (6.17),is used,includingonly

the first four termsin the expansion.The slow convergenceof the seriesis seenin the negative cross

sectionandsharpspikesin thecrosssection(panel(a)). Panel(b) of thatfigureelucidateswhy theseries

expansionappearsto not beconverging for thevaluesof Ï and ÙÚÏ ÒâÖ�× ô usedhere.Theconvergence

factor ì ' Eq. (6.20), is plottedasa function of Ï in panel(b). Becauseits valueis greaterthanunity

at low valuesof Ï' the seriesform of the improvedsemiclassicalcrosssection,Eq. (6.17),cannotbe

expectedto converge.

Thesecondfigurein thisseries,Fig. 6.9,usesthefull resummedsemiclassicaltheory, Eq.(6.19),

ratherthan its seriesform. All of the divergenceproblemsareseento be completelyeliminated,and

goodagreementbetweenthe quantumandsemiclassicalcalculationsis achieved. The corresponding

recurrencespectrumfor this caseis shown in Fig. 6.10andagainexhibits excellentagreementwith the

accuratequantumcalculations.Both thepositionsandamplitudesof thecorescatteredrecurrencesare

predictedby theresummedsemiclassicaltheoryto within a few percent.

Theseexamplesshow that the resummedsemiclassicaltheorycanbe usedto give quantitative

predictionsof thespectraof diamagneticatomsotherthanhydrogen;both therecurrencespectrumand

“energy” domaincrosssection ÌÎÍ
Ï.Ð show no signsof divergenceswhenthe resummedversionof the

theoryis used.While Dandoet al. [53] have givensimilar recurrencespectrafor this case,no semiclas-

sicalcalculationsof the Ï -domaincrosssectionÌÎÍ8ÏÓÐ have beenreportedpreviously. Most likely, their

theorywould give poor resultsfor ÌÎÍ
Ï.Ð asno preconvolution or resummationof the theoryhasbeen

performed.Next, I applythesemiclassicaltheoryto aslightly morecomplex atom:rubidium.

6.3.4 Diamagneticrubidium atom

Oneof thegreatestchallengesfor closedorbit theoryhasbeenits extensionto atomsotherthan

hydrogen. I have given descriptionsof how the basicform of closed-orbittheoryhasbeenappliedto

very light atomssuchasheliumandlithium. While theseextensionsgive goodresults(at leastfor the
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recurrencestrength)in thesecases,no suchsuccesshasbeenachievedfor heavier atoms.In this section

I reportthefirst semiclassicaltreatmentof thespectrumof diamagneticrubidium.

For thecalculationspresentedin this subsection,the following parametersareused.First, even

parity æ Ò Ö statesof rubidiumaretreated,sothat therelevantquantumdefectsare(í îÚÒ ØU× Þ*Ø�' í�j Ò
Þ[× Ø�Ü ). Resultsfor a singlescaledenergy of Ñ ÒOÔ�ÖU× Ø arepresented.Therelevantclosedorbits for this

casearesummarizedin AppendixB. To simplify thecalculations,thedipolevectors kl for hydrogenhave

againbeenused[38].

As discussedabove, therearetwo factorsthatdeterminetheconvergenceof theimprovedsemi-

classicaltheoryof this chapter. In general,thetheoryis expectedto give goodresultsat largevaluesof

Ï andfor moderatesmoothingwidths Ù�Ï . In this case,thecritical convergencefactor ì is expectedto

belessthanunity, indicatingtheconvergenceof thegeometricseries.

First, I show resultsof thephotoabsorptioncrosssectionÌÎÍ
Ï.Ð for low valuesof both Ï and ÙÚÏ
in Fig. 6.11. Here, the resummedsemiclassicaltheory is shown (thin line) overlayedby the accurate

quantumcalculation(thick line). At thesmoothingwidth usedhereÙÚÏ ÒåÖU× ô�' thesemiclassicaltheory

shows dramaticsignsof divergenceproblems. The plot of the convergencefactor ì confirmsthese

problemsasits valueis greaterthanunity. Thesignaturesof thedivergenceof thesemiclassicaltheory

in the recurrencespectrumareshown in Fig. 6.12. While many of the recurrencepeakspredictedby

thesemiclassicaltheoryarein goodagreementwith thequantumcalculationsthereis a largeamountof

“noise” in thesemiclassicalrecurrencespectra.

Thenext seriesof figures(Figs.6.13,6.14,and6.15)shows that thesedivergenceproblemscan

beeliminatedsimplyby increasingeithertherangeof Ï used,or by increasingthesmoothingwidth Ù�Ï .

I emphasizethat increasingtheseparametersis not an artificial constructusedto get the semiclassical

theory to work. Rather, this treatmentis motivatedby the correctunderstandingof the preconvolved

semiclassicaltheory.

First, in Fig. 6.13, the scaledphotoabsorptioncrosssection ÌÎÍ
Ï.Ð is presentedat low values

of Ï Ò Þ*Ö4ÖWÔ á�Ö4Ö�' but for a large convolution width of ÙÚÏ Ò Þ�× T . Immediately, it is seenthat

the resummedsemiclassicaltheory, basedon Eq. (6.19),which wasusedto obtainthis result,givesa
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positive crosssectionthat shows noneof the unphysicalfeaturesseenwhena smallervalueof ÙÚÏ is

used. In addition,the convergencefactor ì is seento be well below unity for this rangeof Ï . While

theheightsof thesemiclassicalabsorptionpeaksaresomewhatsmallerthanthequantumresult,this is

expectedsincethequantumcalculationswereperformedat a smallersmoothingwidth (ÙÚÏ�Ò ÖU× ô ). In

spiteof this, the basicfeaturesin the crosssectionarepresentin both the quantumandsemiclassical

calculation. The correspondingFourier transform,or recurrencestrength,of this spectrais shown in

Fig. 6.14. Again,while thesemiclassicalrecurrencepeaksaresomewhatsmallerthanthequantum,the

agreementis generallyverygood;no unphysicalnoiseis seenis theresummedsemiclassicalresults.

Finally, I show thatsimplyincreasingthevalueof Ï usedcanalsoimprovetheconvergenceof the

semiclassicaltheory. This simply correspondsto decreasingtheeffective m in theSchrödingerequation

(seeAppendix A). Figure 6.15 gives both the Ï -domaincrosssection ÌÎÍ8ÏÓÐ (a) and the recurrence

strength(b) for diamagneticrubidiumat smoothingwidth of ÙÚÏÕÒ ÖU× ô . Therangeof Ï usedis much

larger (Ï ÒnT~Þ*Ö4Ö ÔoT�á�Ö4Ö ) thanpreviously used. The resummedsemiclassicaltheoryhasbeenused

to obtain theseresults. At this time, no accuratequantumcalculationsfor this rangeof Ï have been

performedfor any atom.Theimportantpoint of this figureis that theresummedsemiclassicaltheoryis

completelyconvergent.

6.4 Conclusion

This chapterhasusedthetoolsof this thesis,namelythe p -matricesandthepreconvolvedpho-

toabsorptioncrosssection,to developa convergentsemiclassicaltheoryfor thephotoabsorptionspectra

of atomsin externalmagneticfields. Themainresult,is a resummedsemiclassicaltheoreticalformula,

Eq.(6.19),for nonhydrogenicatoms.An interestingrelationshipbetweencore-scatteredorbitsandghost

orbits was uncovered. This enabledthe primitive semiclassicaltheory to be improved througha re-

arrangementof the expansionof the crosssection. While the path taken to get this result hasbeen

circuitous,thefinal resulthasa simpleform. Indeed,giventhesubtletiesfoundalongtheway, it is no

surprisethata convergentsemiclassicaltheoryfor nonhydrogenicatomshasnot beengivenpreviously.

Themainadvanceof this thesis,which enabledthesemiclassicaltheoryto bederived,hasbeen
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the useof p -matricesto describethe motion of the electron. I have shown that the p -matrices,along

with thepreconvolvedphotoabsorptioncrosssection,form a completeandpowerful framework for un-

derstandingatomsin externalfields. While the final result is a semiclassicaltheory, this development

hasdependedcritically on the useof accuratequantummechanicalp -matrices. Without the accurate

quantumcalculations,the surprisingcancellationeffect betweenghostandcore-scatteredorbits could

nothavebeendetected,andthesemiclassicaltheorywouldhaveremainedin asadandincompletestate.

Fromthis point, therearemany directionsto proceed.First, it is desirableto find experimental

testsof this theory. Recently, experimentalresultshave beenreportedfor theheavier atomsbarium[66]

andargon [67] in an externalelectricfield. Testssuchasthesewould provide an excellent testof the

semiclassicaltheorydevelopedin this dissertation.Second,the successof semiclassicalmethodsfor

generalsystemshingesstronglyon the developmentof an accuratetreatmentof bifurcations. While I

have givena basicoutlinefor incorporatingtheir effectsinto this theory, a morethoroughinvestigation

is in order. A questionthatis intimatelyrelatedto thetreatmentof bifurcationsis thepredictionof ghost

orbits.Hopefully, amorethoroughunderstandingof bifurcationswill show why thecore-scatteredorbits

andghostorbitsalwayscanceleachotherin hydrogen.

Accuratequantumcalculationscouldalsobeimproved,particularlyabove theionizationthresh-

old. To date,only a few calculationsof atomsin externalmagneticfields have beenperformedin this

regimewheretheelectroncanescapeto infinity. It would be very interestingto includethe additional

time scalespresentin a multichannelatom with more than one ionization threshold. The scattering

matricesdevelopedin this thesisshouldprovide an efficient way of performingandinterpretingsuch

calculations.It would alsobeof interestto studyothersystemsin atomicphysics,suchastwo electron

escapefrom helium,usingthemethodsdevelopedin thesechapters.

My hopeis that the readerof this thesishasbeenable to seethroughall of the complicated

derivationsto the underlyingphysicalconcepts. It is theseconcepts,ratherthan the derivationsthat

have madethis work a pleasureto developandwrite. Of course,a rigorousmathematicaltreatmentis

necessary- but it is not sufficient to provide insightinto complex physicalsystems.
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Appendix A

Scaledvariables for diamagnetichydrogen

Scaledvariablesarean importantpart of the studyof atomsin externalfields. Thesetransfor-

mationsleadto numericalefficienciesandconceptualsimplifications.This Appendixgivestherelevant

transformationsfor thecaseof anatomicelectronin astaticmagneticfield. Theseresultsarewell known

andarecollectedin anumberof articlesbesidesthis Appendix[138, 35, 39].

To begin with, theclassicalHamiltonianfor anatomicelectronin a staticmagneticfield applied

alongthe q -axisis:

rtsvuw x�yz-{|x}y~ {
� y ~w<� y��

u� { uw�� � ~ { u����y � yg� (A.1)

Asalways,I useatomicunits( � so��s���s u ) sothatthemagneticfieldstrengthis � s �5� Tesla��� w�� �����

u9����� . This Hamiltonianneglectsthespinof theelectron,relativistic effects,andthefinite massof the

nucleus.Of course,theclassicalequationsof motionaregivenby Hamilton’sequations[139]:

��  s ¡ r � �  � �x �
¡ �x � (A.2)

��x s
�
¡ r � �  � �x �
¡ � 

�
(A.3)

Oncetheseequationshavebeensolved(seeAppendixB) to givetheorbit � �  �£¢ � � �x¤�¥¢ �¦� , theclassicalaction

is simply,

§ � �  � � c¨ � s ©ª
©ª¬«
�x ¨ ¨c<® � c¨¯¨ � (A.4)

With theHamiltonianof Eq.(A.1) theclassicalaction
§

andperiod° of theelectrondependonboththe

energy ± andmagneticfield strength� . Scaledvariablesreducethis dependenceto a singleparameter,
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thescaledenergy ² . Thescaledvariablesaredefinedby therelations,

³ s w<´ � �dµ·¶¦¸ (A.5)

² s ± � � y ¶�¸ s ± ³w<´ y (A.6)

¹  s   ��y ¶�¸ s  
wV´
³ y

(A.7)

¹x s xc� �dµ·¶¦¸ s x ³w<´ (A.8)

¹� ~ s � ~ � µ·¶�¸ sº� ~
wV´
³ �

(A.9)

Whenthesescaledvariables(A.5-A.9) areusedto transformtheHamiltonian,Eq. (A.1), andtheequa-

tions of motion, Eqs.(A.2) and(A.3), it is seenthat both the time ¢ andaction
§

mustbe rescaledas

well:

» s ¢ � �� (A.10)

¹§ s § � ³ � (A.11)

Thisensuresthatthescaledequationsof motionfor (
¹  �£¢ � � ¹x¼�£¢ � ) canbederivedfrom thescaledHamilto-

nian,

¹r½s ² s uw ¹x�y~-{ ¹x}yz {
¹� y ~w�¹� y¾�

u ¹� {
¹� ~w�{ u� ¹� y�� (A.12)

using Hamilton’s equations(A.2) and (A.3) (but now with scaledvariableseverywhere). The most

importantfeatureof thisscalingtransformationis thatthescaledHamiltonian,Eq. (A.12),dependsonly

on thescaledenergy ² andnot thescaledmagneticfield ³ . This impliesthatthescaledaction(A.11),

¹§ � ¹  � ¹ c¨ � s uwV´
¿ª
¿ªÀ«
¹x ¨ ¨c<® ¹ �¨¯¨ � (A.13)

dependsonly onthescaledenergy(
¹§ s ¹§ � ²Á� ) aswell. Thus,whenphotoabsorptionspectraaremeasured

or calculatedatafixedscaledenergy ² asa functionof ³ , theclassicaldynamicsof theelectronremains

thesamefor all valuesof ³ � Oncea setof classicalclosedorbitshasbeencalculatedat a givenvalueof

² , thosesameorbitscanbeusedto constructthesemiclassical
§

-matrixof Ch.4 at any valueof ³ .

Thescaledenergy ² alone,then,controlsthedegreeto whichtheclassicaldynamicsareregularor

chaotic.Thetransitionto globalchaosfor thescaledHamiltonian,Eq. (A.12),hasbeenstudiedin depth
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FigureA.1: Thefractionof classicalphasespacethat is regular for diamagnetichydrogenis plottedas
a function of the scaledenergy ² s ± � � y ¶�¸ � As the scaledenergy approacheszerofrom below, the
classicaldynamicsevolve from beingregular ( ²eÂ � �

� �
) to beingglobally chaotic( ²*Ã � �

� u � ). This
graphis takenfrom [140].

by anumberof researchers[39, 60, 61]. An excellentreview of thesubjectcanbefoundanthearticleby

FriedrichandWintgen[140]. A qualitativepictureof theeffectsof changing² canbegainedby looking

at thefractionof classicalphasespacehaving regulardynamics(vanishingLyapounov exponent).Figure

A.1 showsthis fractionasafunctionof thescaledenergy ² . At low scaledenergies( ²�Â � �
� �

) almostall

of phasespaceexhibitsregulardynamics.As thescaledenergy is increasedfrom ² s � �
� �

to ²ÅÄ � �
� u �

thefractionof regularphasespacegraduallyapproacheszero.Finally, above ² s � �
� u � , theHamiltonian

is globally chaotic.Thisclassicaltransitionfrom regularto chaoticbehavior in diamagnetichydrogenis

importantto keepin mindwhenviewing scaledrecurrencespectraof thesystem.

While thescaledmagneticfield ³ is not relevantto theclassicaldynamicsof diamagnetichydro-

gen,its significancecanbe seenby exploring the effect of the scalingtransformationEqs.(A.5-A.11)

on the Schrödingerequation.The scaledSchrödingerequationfor the diamagneticHamiltonian(A.1)

reads:

uw
w<´ �
³ yÅÆ y ¿ª { ² �

u ¹� �
¹� ~w �

u� ¹� Ç � ¹  � s � � (A.14)

Thisshows thatthecombination
w<´ � � ³ canbeviewedasaneffectivePlank’sconstant,

�}È�É¬É�s w<´ �
³ � (A.15)

whosevaluecanbetunedby changingthescaledmagneticfield ³ . This providesa convenientmethod
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of studyingthe passagefrom the quantummechanical(
�}È�É¬É Änu in a.u.) to the classical(

�}È�É¬É�Ê � )

world. As a note,for mostof the calculationsin this thesis,³ is in the range u9��� �
� �g� a.u. so that

�}È�É¬É�s � � ��Ë w���� � �
� �cu wg�cÌ .

Two limitations of scaledvariablesareworth mentioningat this point. First, becausephotoab-

sorptionexperimentsaredoneat fixedvaluesof
� ~ (ratherthan

¹� ~ ), the scaledclassicalHamiltonian,

Eq. (A.12), is independentof ³ only for thespecificcase
� ~ s � . When

� ~ÎÍs � thetermsrepresenting

the centrifugalpotentialandthe linearZeemaneffect destroy the simplescalinglaws thatexist for the

� ~ s � case.Becausemostexperimentsto datehave studiedthe
� ~ s � case,this breakdown of the

classicalscalinghasnot beenaddressedin depth.Onenotableexceptionto this hasbeentherecentex-

perimentalstudyof
� ~ s u statesof heliumin a staticelectricfield [65, 141]. Themain lessonlearned

so far is that thenonscalingtermsin theHamiltonian,Eq. (A.12), becomeunimportantin theclassical

limit (
� È�É¬É s w<´ � ³ Ê � ).
Anotherscenariofor which theclassicalequationsof motiondependon both thescaledenergy

² and the scaledfield ³ is when the ionic core is somethingother than hydrogen. This introduces

additionalshortrangeion-electroninteractionsthat,in general,donotobey simplescalingrelationships.

However, the classicalscalinglaws still hold in the long-rangeregion wherethe core effects can be

neglected.This, combinedwith theweakenergy dependenceof theelectron-ioninteraction(contained

in
§ core) preservesthe usefulnessof scaledvariablesfor lighter nonhydrogenicatoms. That is, even

thoughthe classicaldynamicsof a diamagneticelectronin a oneelectronatomdependson the scaled

field ³ � this dependenceis weakandcanoftenbe neglected.However, in heavier multichannelatoms

with multiple ionizationthresholds,theusefulnessof scaledvariablesis morequestionableandmustbe

studiedcarefully.
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A surveyof classicalclosedorbits in diamagnetichydrogen

Themethodsandtechniquesfor calculatingtheclosedorbitsfor diamagnetichydrogenarewell

documentedin theliterature[37, 38, 39]. BecauseI usethesameapproachasothers,thefollowing just

presentsabrief summaryof themethodadoptedtocalculatetheclosedorbitsneededfor thesemiclassical

approximationsof thelong-range
§

-matrix.

The main difficulty oneencountersin integratingthe equationsof motion for the Hamiltonian

of diamagnetichydrogen,Eq. (A.12), is the Coulombsingularityat the origin. As a classicalelectron

approachesthe origin, its velocity becomesinfinite, which necessitatesthe useof arbitrarily fine time

stepsin a numericalintegrationof theclassicalequationsof motion. This difficulty is handledeasilyby

the useof scaledsemiparaboliccoordinates[39]. Thesecoordinatesaredefinedin termsof the scaled

radius
¹� andpolarangle Ï of sphericalpolarcoordinates:

¹Ð s ¹� � u {ÒÑ�ÓgÔ Ïg� � (B.1)

¹Õ s ¹� � u � Ñ�ÓgÔ Ïg�
�

(B.2)

ThescaleddiamagneticHamiltonian,Eq. (A.12), in thesecoordinatesreads,

¹r×Ö w svuw ¹x�yØh{ ¹x}yÙ � ²
¹Ð y-{ ¹Õ y { u� ¹Ð y ¹Õ y ¹Ð y-{ ¹Õ y {

¹� y ~wÚ¹Ð y ¹Õ y
¹Ð y-{ ¹Õ y � (B.3)

wherethescaledtime » , Eq.(A.10), hasbeenrescaledto thevariable» ¨ accordingto therelation:

® » ¨
® » s u

� ¹Ð y { ¹Õ y �
�

(B.4)
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This transformationof time,alongwith thefixedpseudoenergyof theHamiltonian(
¹r×s w

) ensuresthat

theequationsof motionfor thevariables(
¹Ð � ¹Õ � ¹x Ø � ¹x Ù ) areHamiltonianin structure.In thesecoordinates

theHamiltoniancorrespondsto two harmonicoscillatorscoupledbyaquarticpotentialterm.Becausethe

singularitiesof theCoulombpotentialhavebeenremovedfrom theHamiltonian,Eq.(B.3), theequations

of motionfor (
¹Ð � ¹Õ � ¹x Ø � ¹x Ù ) canbeintegratedwith astandardfourth-orderRunge-Kuttaintegration.I have

foundthatafixedstepsize Û » ¨ s � � �g�cu givesanenergy thatis conservedto eightsignificantfigures.

Using thesecoordinates,the closedorbits canbe found in a straightforward manner. I launch

classicaltrajectoriesradially outwardfrom a sphere
¹� s � � ���cu at a scaledenergy ² for a rangeof initial

polar anglesÏÁÜ . At somelater point, the orbits returnto the spherewith variousvaluesof the scaled

angularmomentum
¹x�Ý . Theclosedorbits that returnradially arethenfoundnumericallyastherootsof

theequation:

¹x Ý � Ï Ü � s � � (B.5)

Oncethe initial Ï Ü andfinal Ï É polaranglesof theclosedorbitshave beenfound,thequantitiesneeded

for thesemiclassical
§

-matrixarecalculated.Thescaledaction
¹§

is givenastheintegral,

¹§ s uwV´ ¹ ¹x Ø ® ¹Ð { ¹x Ù ® ¹Õ �

alongeachtrajectory. Thesemiclassicalamplitude,

Þ s wV´
³ ¹Þ s wV´

³ ¡�Ï Ü
¡ ¹x Ý�ß ¿àâáäãæå¼ç �

is calculatednumericallyby launchingnearbytrajectorieswith slightly differentinitial angles.Finally,

theMaslov index è is calculatedusingthemethoddescribedby Maoet al. [142]. As Du andDelos[37,

38] first reported,ageneralruleof thumbcanbegivenfor finding theMaslov index of theclosedorbits.

Therule is this: è incrementsby oneevery time theorbit crossesthe q -axisor passesthrougha turning

pointin the
�

direction.Exceptfor afew specialcases,suchasfor repetitionsof theclosedorbits,thisrule

givestheMaslov indicesaccurately. For the repetitions,thewinding numberof theclassicaltrajectory

mustbe tracked alongeachtrajectoryto find the Malsov index correctly. More detailedinformation

abouthow this is handledin generalcanbefoundin [142].
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Wheninterpretingtherecurrencesof thelong-range
§

-matrixandthephotoabsorptioncrosssec-

tion, it is usefulto haveanideaof theclosedorbitsthatcontributeatagivenscaledenergy ² . As ageneral

reference,Fig. B.1 shows the scaledactions
¹§

of classicalclosedorbits for a rangeof scaledenergies

from ² s � �
� é Ê � � � . Thescaledactionof ² s � �

� �
, wheremostof my semiclassicalcalculationsare

performed,is shown by adashedline. Furthermore,theshapesof someof theorbitsatthisscaledenergy,

alongwith theirscaledactions,areshown in Fig. B.2. Thesetwo figuresprovideausefulresourcewhen

assigningclosedorbitsto recurrencepeaks.
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FigureB.1: The scaledactions
¹§

of classicalclosedorbits of diamagnetichydrogenareplottedasa
functionof thescaledenergy ² . As thescaledenergy increases,new orbitsbifurcateinto existence.By
thetime thescaledenergy hasreached² s � , theclassicaldynamicsareglobally chaoticandthereare
infinitely many closedorbits. Thelabelingschemeusedherefollows thatof Welge’s group[35]. Three
classesof orbitsareidentified.First, therotators( ôöõ÷ � areorbitsthatbifurcateoutof the ø th repetitionof
theorbit perpendicularto themagneticfield ô µ , thesocalledquasi-Landauorbit. Likewise,thevibrators
( ùeõ÷ ) bifurcateout of the ø th repetitionof theorbit parallelto themagneticfield, thesocalledparallel
orbit. In bothof thesecases,the superscriptú denoteswhich bifurcationof the ø th repetitionthathas
occurred.Thus,the label ù-¸y denotesthethird bifurcationof thesecondrepetitionof theparallelorbit.
Thethird classof orbitsarethesocalledexotic orbitsandarelabeledby û . Thebifurcationsof these
orbitsoccurin isolationfrom otherorbitsthroughsaddlenodebifurcations.Thereis avarietyof labeling
schemesfor theseorbits. I chooseto simplelabelthefirst few sequentially(û µ � û y � û ¸ �

���â�
).
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SemiclassicalGreen’s function amplitude

In Ch. 5, thesemiclassicalGreen’s functionof Gutzwiller [20, 21, 22] wasusedto calculatethe

semiclassicalapproximationto the long range
§

-matrix. This Green’s function involvesa two dimen-

sionalJacobiandeterminantthatmeasuresthestabilityof theclassicalorbitscontributing to theGreen’s

function. Many of the propertiesandmanipulationsof this stability amplitudearesubtleanddifficult.

With this in mind, this Appendixdescribessomeof thesimplificationsandmanipulationsof the semi-

classicalamplitudeusedin this thesis.For moredetailson the propertiesof the semiclassicalGreen’s

function, the texts of Brack and Bhaduri [24] and also of Reichl [23] are invaluable. An article by

Littlejohn [143] givesacomplete,but moremathematical,analysisof theamplitudesdescribedhere.

Theamplitudeof thetwo-dimensional,semiclassicalGreen’s function,Eq.(5.17),is:

����� s ¡ �¥x ¨ z � x ¨ ~ ��¢ �
¡ � � � q � ±�

s
� à « �� z

� à « �� ~
� à « �� �

� à « !� z � à « !� ~ � à « !� �
� "� z � "� ~ � "� �

�
(C.1)

HereandthroughoutthisAppendix,theverticalbars
�#�

denotetheabsolutevalueof thedeterminant.The

coordinates� � � q�� andconjugatemomenta�£x z � x ~ � arethe standardcylindrical coordinates.It canbe

shown thatthetwo-by-two subdeterminantin theupperleft handcornerof Eq.(C.1)vanishes[24]:

� à « �� z
� à « �� ~

� à « !� z � à « !� ~
s � � (C.2)

This is a generalpropertyof thesemiclassicalamplitudethatholdsin any coordinatesystemasaconse-

quenceof energyconservation.To takethisvanishingsubdeterminantinto account,thederivative ¡ ¢ ��¡�±
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in Eq. (C.1)canbesetto zero(althoughit is finite) withoutconsequence.

In addition,amoresymmetricform of Eq. (C.1)canbeachievedby usingtherelations:
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(C.4)

Thentheamplitude
�$���

, Eq. (C.1),reads:
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Littlejohn [143] hasshown that this derivative canbesimplified further. This final simplificationleads

to theform of theamplitudeusedin Eq. (5.19)to derivethelong range
§

-matrixof Ch.5. Usingenergy

conservationandvariouspartialderivativesof theHamiltonian,Littlejohn simplifiestheamplitude
�����

of Eq. (C.5) into a form that involvesthevelocity in onedirectionanda simplepartialderivative in the

otherdirection. Two suchforms canbe derived,correspondingto separatingout the velocity in the
�

direction,

���&� s u �� u �� ¨ ¡ x ¨ ~
¡�q ~ « � (C.6)

or in the q direction,

�$��� s u �q
u �q ¨

¡ x ¨ z
¡ � z «

�
(C.7)

Althoughit is not obvious,thesetwo formsof theamplitude
�����

areidentical. In fact,Littlejohn shows

thatthevelocity in any directioncanbeseparatedout. Thuswhensphericalpolarcoordinates� � � Ïg� are

used,thesemiclassicalamplitudetakestheform:

�$��� s u�� �� ¨ ¡ x ¨ Ý
¡cÏ Ý « (C.8)

This form (C.8)of theamplitudeappearsin thesemiclassicalGreen’sfunction,Eq.(5.19),usedto derive

thesemiclassicalapproximationto
§ LR.
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