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A generalized open quantum theory that models the transport properties of bosonic systems
is derived from first principles. This theory is shown to correctly describe the long-time behavior of
a specific class of non-Markovian system-reservoir interactions. Starting with strongly-interacting
bosons in optical lattices, we use this theory to construct a novel, one-to-one analogy with elec-
tronic systems, components, and devices. Beginning with the concept of a wire, we demonstrate
theoretically the ultracold boson analog of a semiconductor diode, a field-effect transistor, and
a bipolar junction transistor. In a manner directly analogous to electronics, we show that it is
possible to construct combinatorial logic structures from the fundamental electronic-emulating de-
vices just described. In this sense, our proposal for atomtronic devices is a useful starting point
for arrangements with more complex functionality. In addition we show that the behavior of the
proposed diode should also be possible utilizing a weakly-interacting, coherent bosonic drive.

After demonstrating the formal equivalence between systems comprised of bosons in optical
lattices and photons in nonlinear cavity networks, we use the formalism to extend the ideas and
concepts developed earlier in ultracold boson systems to nonlinear optical systems. We adapt the
open quantum system theory to this new physical environment, and demonstrate theoretically how
a few-photon optical diode can be realized in a coupled nonlinear cavity system. An analysis of
different practical cavity quantum electrodynamics systems is presented and experimentally-viable

candidates are evaluated.
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Chapter 1

Introduction

The advent of laser cooling and trapping of neutral atoms and ions [1] has revolutionized
the field of atomic physics in several ways. From the standpoint of spectroscopy, the absorption
lines of trapped, virtually stationary ultracold atoms or ions can be resolved without spectral lines
undergoing shifts or broadening due to time dilation and Doppler effects. Additionally, the ex-
tended observation times allow the unshifted, unbroadened features to be resolved with greater
precision. These ultracold, trapped atomic systems, along with our improved spectroscopic knowl-
edge of them, have led to great advances in the field of metrology as well. For example, this
technology has allowed improvement in the accuracy of atomic clocks by orders of magnitude, and
matter-wave interferometry of ultracold atomic beams has made ultrasensitive accelerometers and
thus gravimeter and gravity gradient detectors. The impact that laser cooling has had on atomic
physics as a field of research goes well-beyond enhancements in high-resolution spectroscopy, time
standards, and metrological technologies.

Today, cold atoms can be prepared (via optical pumping techniques for example) in specific
quantum states, precisely manipulated, and even entangled [2]. Entanglement, manipulation, and
storage of quantum states in atomic systems has played a significant role in the emergence of the
field of quantum information science.

Ultracold atomic systems have also proven to be effective quantum simulators: many-body
quantum phase transitions such as Bose-Einstein condensation (BEC) [3] and the Bose-Einstein

condensation to Bardeen-Cooper-Schrieffer (BEC-BCS) cross-over [4] have been demonstrated and



studied in these systems. The fact that ultracold atoms can be stored in virtually defect-free crystals
known as optical lattices [5] also makes them great quantum simulators for condensed matter models
such as the Bose-Hubbard model [6]. Perhaps the most striking demonstration of applying Bose-
Hubbard physics to ultracold gases was the recent observation of the Mott insulator-to-superfluid
phase transition [7].

Over the past two decades, our ability to manipulate and control quantum systems has
increased profoundly. This precise level of control has inspired the idea of atomtronics, which is
the topic of this thesis. The goal of atomtronics is to realize the behavior of electronic components
and devices in atom-optical systems. Micheli et al. originally proposed the idea of a single atom
transistor [8], where the transport of bosons in an optical lattice can be allowed, or inhibited,
based on the spin orientation of a single fermion ‘impurity’ atom. This system is illustrated in
Figure 1.1(a). Stickney, Anderson and Zozuya [9] proposed transistor-like behavior in a different
system, consisting of a BEC trapped in the left most well of a three-well system. In their model,

depicted in Figure 1.1(b-c), the transport of atoms from the left well to the right well is controlled
(a)

e T—
| > ¢

Figure 1.1: (a) The single atom transistor, proposed by Micheli et al. involves a BEC trapped on
the left side of an optical lattice where its transport to the right side of the lattice is controlled by a
single fermionic atom (labeled as q). If q is spin down, then the BEC remains fully on the left-hand
side where quantum interference effects inhibit the wave function from existing on the right-hand
side of the lattice. If q is spin up, there is no interference, and the BEC can traverse the lattice.
Reprinted with permission from reference [8]. (b) A three well BEC transistor device, proposed by
Stickney et al. Here a BEC is stored in the left well of the three well system. If no atoms are in
the middle well, then there is a chemical potential mismatch between the central and the first well
containing the atoms. The mismatch prevents the atoms from tunneling to the third well. (¢) On
the other hand, in this configuration, adding atoms to the middle well raises the chemical potential,
bringing it closer to the chemical potential of the left well. When a resonance is achieved between
the left and middle wells, the atoms can cross and populate the right-most well.



by the chemical potential of the middle well. If atoms are added to the middle well, its chemical
potential is raised. As the chemical potential of the middle well approaches the chemical potential of
the well containing the BEC, a resonance is enabled, allowing atoms in the BEC to tunnel through
to the right well in the system. The general qualitative behavior of both of these proposed devices
is consistent with the device characteristics exhibited by a conventional electronic semiconductor
transistor.

In this thesis, we present a different approach to atomtronics. We consider a much closer
analog to electronic circuitry than the systems mentioned above. Our approach involves atomtronic
devices composed of optical lattices that are driven by reservoirs of ultracold, neutral atomic gases.
These systems are direct analogs of traditional electronic components driven by a voltage source,

where the atoms traversing the lattice resemble electrons moving in a semiconductor crystal.

(a) (b)

(@

--------------------

Figure 1.2: Tllustration of the analogy between (a) the electronic circuit of a wire (with some
inherent resistance) connected to a battery and (b) its atomtronic counterpart.

The analogy is illustrated in Figure 1.2, where we have the simple circuit of a resistive wire
connected to a battery. In this example, the electric potential difference between the two battery
terminals that is responsible for generating an electronic flux through the wire is replaced by
a chemical potential difference between two reservoirs, which enable an atomic flux through the
system. The wire itself, which could be for example a copper lattice where electrons hop from atom-
to-atom, is replaced by an optical lattice with finite site-to-site tunneling. The electronic current
measured in amperes is replaced by an atomic flux measured in particles per second through the
optical lattice system. The motivation to construct and study these particular atomtronic analogs

of electronic systems comes from several directions.



First, the experimental atomtronic realizations promise to be extremely clean. Imperfections
such as lattice defects or phonons can be essentially eliminated if desired. This allows one to study
an idealized system from which all inessential complications have been stripped. Interest in such
complexity-reduced systems lies parallel to the recent research efforts in single electron transistors
in mesoscopic systems [10] and molecules [11], where many themes common with atomtronics
emerge. A consequence of the near ideal experimental conditions for optical lattice systems is that
theoretical descriptions for atomtronic systems can be developed from first principles. This allows
theorists to develop detailed models that can reliably predict the properties of devices.

Second, atomtronics systems are intrinsically richer than their electronic counterparts because
atoms can possess more complex internal structure than electrons. Whereas electrons can only be
spin-up or spin-down, atoms can be either bosons or fermions, possessing many internal states,
and the interactions between atoms can be widely varied from short to long range, from strong to
weak, and from isotropic to anisotropic. This can lead to behavior that is qualitatively different to
that of electronics [12, 13, 14, 15]. Consequently, one can study repulsive, attractive, or even non-
interacting atoms in the same experimental setup. Additionally, current experimental techniques
allow for the detection of atoms with fast, state-resolved meters that operate at near unit quantum
efficiency [16]. Thus it is possible, in principle, to follow the dynamics of an atomtronic system in
real time.

Third, neutral atoms in optical lattices can be well-isolated from the environment, reducing
the negative effects of decoherence. They combine a powerful means of state readout and prepara-
tion with methods for entangling atoms [17]. Such systems have all the necessary ingredients to be
the building blocks of quantum signal processors. The close analogies with electronic devices can
serve as a guide in the search for new quantum information architectures, including novel types of
quantum logic gates that are closely tied with the conventional architecture in electronic computers.

Fourth and finally, recent experiments studying transport properties of ultracold atoms in
optical lattices [18, 19, 20] can be discussed in the context of the atomtronics framework. In

particular, one can model the short-time transport properties of an optical lattice with the open



quantum system formalism discussed here.

This thesis is structured as follows. In Chapter 2, we review background physical concepts
used throughout this work. We discuss the basic physics involved in trapping atoms in optical
lattices, and consider how the system of ultracold bosonic atoms trapped in an optical lattice is
related to the Bose-Hubbard model. We then derive a simple coupled cavity quantum electrody-
namics (QED) model and discuss the implication of inserting a nonlinear Kerr medium into the
cavity. As we see, this system is an alternative physical realization of the Bose-Hubbard model.
We conclude this chapter with a review of electromagnetically-induced transparency (EIT) and an
extension thereof. Such systems are shown to exhibit large Kerr nonlinear response with minimal
absorption.

In Chapter 3, we review the master equation treatment of open quantum systems. We
derive the standard second-order Born-Markov master equation as well as an all-orders kinetic
theory description of the formalism. After demonstrating that under the same approximations,
the two formalisms are equivalent, we generalize the kinetic theory description to model system
Hamiltonians that are time-dependent.

In Chapter 4, we demonstrate the possible breakdown of the Born-Markov formalism when
the reservoirs in the model have sharp boundaries in their density of states. We then derive a
non-Markovian master equation that is capable of modeling these exotic reservoirs. The validity of
this non-Markovian theory is confirmed by comparing its behavior at a sharp reservoir boundary
to the behavior of a large, closed quantum system model that can be solved exactly.

In Chapter 5, we develop atomtronics components in the context of bosonic atoms trapped in
optical lattices. Assuming a fermionized bosonic reservoir model, we propose a series of atomtronic
devices that emulate the electronic behavior of a semiconductor diode, field-effect transistor, and
bipolar junction transistor. We show that basic discrete logic behavior can be realized in these
systems. Afterwords, an alternative reservoir model, where the lattice system is driven by a coherent
BEC is considered. Assuming this reservoir model, the basic atomtronic diode behavior is recovered.

In Chapter 6 we discuss the progress that we have made to extending the atomtronics theory



to encompass sequential logic devices. After the set-reset flip-flop is reviewed, the time-dependent
master equation is used to demonstrate the enhancement of transport across off-resonant lattices.
This is done in the context of developing and understanding bistable atomtronic circuitry, which is
at the heart of implementing sequential logic behavior.

In Chapter 7 we discuss a distinct realization of the atomtronic components in a nonlinear
optical cavity context. We present models for various driving mechanisms, and perform simulations
that evaluate the parameter regime where the characteristics of the diode could potentially be
realized. We then explore possible experimental implementations of this device in high-finesse
etalon cavities, toroidal microcavities, and photonic band-gap nanocavities.

Finally, in Chapter 8 we draw conclusions, and consider potential avenues for future research

directions.



Chapter 2

Background and Physical Concepts

Our goal in this thesis is to realize electronic behavior in atom-optical systems, specifically
atoms in optical lattices and photons in optical cavities. Here we provide a brief review of es-
tablished physical concepts that will be utilized throughout this thesis. We first discuss optical
lattices and their connection to the Bose-Hubbard model. Afterwords we derive a simple coupled
cavity theory consisting of cascaded one-dimensional etalons containing a nonlinear y) material.
We find that the Hamiltonian for this nonlinear etalon cavity theory, in second-quantized form,
amounts to another realization of the Bose-Hubbard model with on-site interactions. For this rea-
son, the Bose-Hubbard model plays a central role throughout this thesis. Finally, we review the
basic characteristics of three-level and four-level electromagnetically-induced transparency (EIT)
systems. These systems have the capability of generating large Kerr nonlinearities with minimal

dissipation.

2.1 Atoms in Optical Lattices

Optical lattices, in the simplest sense, are periodic crystals of light created by interfering coun-
terpropagating laser beams. The resulting standing-wave is a spatially-periodic array of strong and
weak electric and magnetic fields. Single atoms predominantly interact with the electric component
of this light field, where they can either be attracted to the field maxima or minima depending on
whether the wavelength of the light field is detuned to a frequency either above or below the atomic

transition. If the potential energy of the atom-lattice coupling is large compared to the thermal



energy of the atoms themselves, the atoms become localized on the lattice sites, with the ability to
tunnel to neighboring sites. In the limit that the lattice potential goes towards infinity, the atoms
lose the ability to tunnel even to nearest neighboring sites, and thus remain frozen in place.
Optical lattices are near-perfect crystal structures. They are free of lattice vibrations, they
can be perfectly regular, i.e. defect-free structures, and, if desired, they can be constructed with
precisely-located ‘defect’ features. They are also energy-conserving systems, which makes them
suitable for quantum information applications. Furthermore, these lattices can be constructed in
one-dimension, two-dimensions, or three-dimensions by utilizing the appropriate number of counter-

propagating pairs of lasers in orthogonal directions. This is illustrated schematically in Figure 2.1.

(a) (b)

(c) (d)
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Figure 2.1: Illustration of a BEC confined by (a) two orthogonal sets of counterpropagating lasers,
which generate a two-dimensional lattice of tube-like BEC distributions (b). (c) The addition of
a third mutually orthogonal set of counterpropagating lasers generates a three-dimensional light
crystal, confining the atoms to point-like sites (d). Reprinted with permission from reference [21].

Jaksch et al. [22] suggested that the dynamics of an ultracold gas of bosons trapped in an
optical lattice could be well-described by the Bose-Hubbard model [6]. The Bose-Hubbard model
utilizes a Hamiltonian that describes a system of bosons confined to sites of a crystal lattice, where

the bosons can interact with each other, and can tunnel in the lowest band to the nearest neighboring



sites. This minimalistic model exhibits a quantum phase transition as a function of the lattice depth
known as the Mott insulator-to-superfluid phase transition. In their work, Jaksch et al. proposed
that this quantum phase transition could be realized in this atom-optical system. These ideas
were subsequently experimentally implemented and confirmed by Greiner et al. in 2002 [7]. The
success of this experiment, depicted in Figure 2.2, demonstrated that optical lattice systems can be
ideal realizations for a variety of strongly-correlated condensed matter models. Among many other
implementations, these lattices are currently used in both theoretical and experimental contexts to
study analogs of high-temperature superconductivity via the so-called t-J-U Hamiltonian [23], and
Tonks-Girardeau gases, where a strongly-interacting one-dimensional Bose gas can exhibit some

fermionic properties [24].

Figure 2.2: Experimental realization of the Mott insulator-to-superfluid quantum phase transition.
Reprinted with permission from reference [21].

Experimentalists have made great strides in their ability to create, manipulate, and resolve
the behavior of ultracold gasses trapped in optical lattices. Today, instead of simply using counter-
propagating lasers to obtain a uniform lattice structure, site-by-site custom optical lattices can be
constructed with great precision by illuminating a holographic mask with a light source [25, 26]. As
can be seen in Figure 2.3, cutting-edge experimental technology also makes it possible to resolve sin-
gle atoms in the lattice [25, 27, 28] as well as to address single sites at the sub-micron level [29, 30].
The lack of energetic dissipation, the extreme tunability of the Bose-Hubbard systems, and the

ability to resolve single atoms, make optical lattices excellent candidates for the study and possible
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Figure 2.3: An actual experimental image of site-resolved 640 nm optical lattice. Here, single
atoms, holes, and even adjacent atoms are resolved. Reprinted with permission from reference [16].

realization of the atomtronic components, as we propose in this thesis.

In this section, we introduce the basic physics behind trapping atoms in optical lattices, and
provide a brief derivation of the Bose-Hubbard model for atoms in optical lattices. For simplicity,
these calculations are performed in one-dimension. In principle at least, extending these ideas to

higher dimensions is straightforward.

2.1.1 Interaction of an atom with a standing electromagnetic wave

Consider the one-dimensional problem of a two-level atom interacting with the electromag-
netic field that is generated by two counter-propagating lasers that are both characterized by the

wave vector k. The electric field for this system can be written as

E(t) = Ep(cos(kr — wt)+ cos(kx + wt))

= FEpcos(kx) (ei“’t + e_i“’t) (2.1)

where Fy is the magnitude of the electric field and w is the frequency of the laser field. The

atoms interact with the electric field through their electric dipole moment p. The corresponding
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Hamiltonian for a two-level atom interacting with this electric field is
H = hwo|1)(1] + pEy cos(k:a:)<|0><1| + |1><0|) (ei“’t + e_i‘*’t) . (2.2)

Transforming into an interaction picture that rotates with the frequency of the laser field, the

corresponding Hamiltonian in the interaction picture H is

H = RA[1)(1| + pEycos(kx) (\O>(1]e_m + \1>(0]ei“’t) (e7™! + ")

12

RAIDY (1| + pEy cos(k‘:z:)(|0>(1| + |1><0|) (2.3)

where A = wp — w, and we have made the rotating wave approximation by dropping the rapidly-
oscillating terms of frequency ~ 2w. This approximation is justified since, for optical frequencies
~ 10" Hz, these terms average to zero rapidly compared to their stationary counterparts.

If |AA| ~ |uEp|, the atom may absorb photons from the laser field, and then spontaneously
emit them. Such dissipative dynamics can be suppressed by working in the regime where |[RA| >
|1wEo|, which causes the atom to essentially remain in its ground state. Additionally, this regime
allows us to treat the dipole term perturbatively since, by construction, it is much smaller in
magnitude than AA. Perturbation theory gives the following second order correction to the ground

state energy:

2E2
6(()2) (r) = _MHAO cos?(kx)
= Vycos?(kx) (2.4)

This is known as the alternating current (AC) Stark shift. From this energetic correction, we see
that the atom experiences a spatially periodic potential through its interaction with the oscillating
electric component of the standing wave. It is through this potential that the atom becomes
confined to sites on the optical lattice. For w > wy, i.e. ‘blue-detuning’, the atoms experience a
potential minimum whenever cos?(kz) = 0. Alternatively, when w < wy, i.e. ‘red-detuning’, the
atoms experience a minimum whenever cos?(kz) = 1. Since the atoms will localize at the potential
minima, blue detuning localizes the atoms at the field minima, while red detuning localizes atoms

at the field maxima.
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2.1.2 The Bose-Hubbard model

In recent experiments, the relative minima of individual lattice sites can be shifted up or
down in energy with respect to one another. We can include this effect in our model by adding a
site-dependent energy term e(x) to the Hamiltonian, which defines the relative local minima of the
lattice. Using the AC-Stark shift result from Section 2.1.1, the corresponding Hamiltonian for a
two-level atom trapped in a three-dimensional optical lattice can be written as

H= % + Vo (cos?(kx) + cos?(ky) + cos®(k2)) + e(z). (2.5)

where p is the kinematic momentum, m is the mass, and we have assumed the the frequency
and intensity of all of the counterpropagating laser beams are identical for simplicity. If e(x) is
neglected, then the periodicity of Vjcos?(kx) implies that the complete set of wave functions that
are eigenmodes of the Hamiltonian are Bloch functions. These Bloch functions can be expressed
as a site-localized set of orthonormal basis states known as Wanier states. Assuming that all of
the atoms are in the lowest band, and that their kinetic energies are much smaller than the second
band excitation energies, we can expand the wave function solutions in the lowest band Wanier

states alone. In a second quantized description, the field operators are then

Ia) = Y aunfe - 2,) (2.6

where a; annihilates an atom on site j and wo(x — x;) is the lowest band Wanier state centered on
site j.
Assuming that the ultracold atoms interact with each other through an s-wave scattering

contact potential, the atom-atom interaction can be written as [31]

Arh2a,

m

Ulzj, i) ~ d(xj; —xy) (2.7)

where a; is the scattering length and x; and x;, are the positions of atoms indexed by j and k.

The second quantized Hamiltonian for the many atom system [32] is then
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~ H2 ~
H = /da: U () (2].; + Vo (cos?(kz) + cos?(ky) + cos®(kz)) + e(a:)> ()

m

™ 2CL ~ ~ ~ ~
2 [ b (@) @) @) @)
p2
= d;&k/dac wo(x — ;) om + Vo (cosz(kaz) + cos®(ky) + cosz(k;z)) + e(m)) wo(x — )

(2.8)

Restricting ourselves to the tight-binding regime, where the magnitude of the lattice potential
guarantees that a non-negligible overlap of Wanier states occurs for nearest neighbor lattice sites

alone, we get

A i Ui 5+ 4+ i+
H= <hwja}aj + 7’&}&}@@) — Y Tikdlar (2.9)
j (3.k)
where
hw; = /d:c w(x — x;)%e(x), (2.10)
Amh?a
Uj = s | g wo(x — x;)*, (2.11)
m
and

Sk = —/dm wo(x — ;) <§—Z2v2 +W (COS2(k‘:E) + cos?(ky) + cos2(k‘z))> wo(x —xg).  (2.12)

The sum (j, k) is exclusively taken over nearest neighboring sites.

Equation (2.9) is known as the the Bose-Hubbard model. The parameters hw; and U; are
the zero point and on-site interaction energies for lattice site j, and Jj; is the tunneling energy
between sites j and k. In this thesis, we will make great use of this Hamiltonian in a variety of open
quantum system settings. The definition of an ‘open quantum system’, as well as the mathematical

apparatus needed to describe them, is provided in detail in the following chapter.

2.2 Photons in coupled optical cavities

An alternative system to atoms in optical lattices is coupled arrays of high quality optical

cavities. In this section, we provide a classical field analysis of such coupled etalons. Quantization
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of the cavity mode field is straightforward [33, 34, 35] and implemented afterwords. We show that
this simple system is all that’s needed to introduce the cavity parameters that will be discussed
later in this thesis.

We then consider the effect of inserting a material with a Kerr nonlinearity into the cavity.
This material generates an effective nonlinear photon-photon interaction. This interaction term, in
a second-quantized representation, is formally equivalent to the on-site interaction energy of two
atoms trapped on the same lattice site. With the inclusion of the Kerr-type material in the cavity,
the resulting second quantized form of this cavity QED system Hamiltonian is another realization

of the Bose-Hubbard Hamiltonian.

2.2.1 Simple cavity theory

We first consider a single etalon cavity comprised of two parallel mirrors driven by electro-

magnetic plane waves. Figure 2.4(a) depicts this scenario where an incident wave EZ~(+) approaches

the etalon from the left side. For simplicity, we assume that the mirrors have the same transmission

and reflection coefficients (t,7). The field inside the cavity as a function of frequency can be deter-

mined from the continuity of the boundary conditions as the field propagates through the etalon

(b)
@
E® tr £ tr £ I/l L
I C 0
ANNNNA~ AN~ ANNNA—~ W gx
~\N\N\N\V
E(_)
C
wp 2wy 3w

Figure 2.4: (a) An illustration of light incident, inside and leaving an etalon with reflection and
transmission coefficients r and ¢. (b) The generic response of an etalon driven by a laser with
frequency w and fundamental cavity mode wg. The axial mode spacing wgy; and linewidth I' are
labeled.



15

system:
EM = itEW 4 rEeis (2.13)
E) = rEMeE (2.14)
E) = itEMeis (2.15)

where the sign designates the field traveling in the positive or negative direction for the incident
field E;, the cavity field F., and the field transmitted through the cavity E,. The reflection and
transmission coefficients 7 and t are constrained by |r|> + [t} = R+ T = 1, where R and T
are the reflectance and transmittance of the cavity, and ¢ is the round trip phase shift that the
electromagnetic wave acquires in the cavity. From these expressions, the ratio of the intensity of

the field inside the cavity to the input intensity is

i T
7 1—2Rcos(p) + R?
T
(1-R)?

- : . (2.16)
1+ —g(lf% sin? (£)

This function is plotted in Figure 2.4(b), where we have labeled the axial mode spacing by w,, and
the cavity bandwidth (or linewidth) by I". From equation (2.16), the axial mode spacing (or free
spectral range) can be determined:

p=tm=k = (2.17)

where [ = )g is the round trip path length, or fundamental wavelength of the cavity and c is the
speed of light. The cavity linewidth, which is the full-width half maximum (FWHM) of the periodic

peaks of equation (2.16), can be obtained by asserting

%Sim2 (g) =1 (2.18)

Here ¢ corresponds to the half width half maximum (HWHM) of the linewidth. Assuming that

R ~ 1, it follows from equation (2.18) that

T 1—-R
| R — 2.19
o = VR (2.19)

Ao 2wHWHM
=k -\ =wHWHM— = T———
c Waz
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or simply
Wazx
T = 2.20
v (2:20)
where
Fo VR (2.21)

1-R
is the finesse of the cavity. Since T' = 1 — R is the fractional power loss in the cavity, the cavity
linewidth is directly related to the cavity decay rate. Since R — 1, implies F — oo, more reflective
cavity mirrors lead to a higher value of finesse. For this reason, finesse is a common cavity parameter
used to characterize how ‘good’ a cavity is. In modern cavity QED experiments, finesse values
greater than 4 x 10° have been achieved [36, 37]. An alternative way to quantify the quality of a
cavity is through its quality factor, or ) factor. The @) factor of a cavity is defined as the ratio of

the cavity driving frequency over the cavity linewidth. Thus

Wax

F=rQ (2.22)

where wy is the frequency of the driven cavity mode.
For high finesse cavities, the axial modes are well-separated, and a single mode description
of the cavity field is possible. The corresponding Hamiltonian for a particular cavity mode with

energy wi can be expressed in the following second quantized form:
Heoy = hunata. (2.23)

The cavity field amplitude for this mode is

~

E(z) =€y, (& + dT> sin (k12) (2.24)

where z is the direction of propagation of the field, k1 = wy /¢, and

hW1
o =] — 2.2
Ewn @ (2.25)

is the electric field per photon in the cavity, where ¢ is the permittivity of free space and V is the

effective mode volume [34].
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The mirrors that make up the cavity in practice are typically spherical mirrors as illustrated in
Figure 2.5. The cavity mode within the Rayleigh range and under the paraxial approximation [38]

is a Gaussian standing wave of the form
Y(w,y, 2) = sin(ky z)e” @ v/ (2.26)

where the standing wave is in the z-direction, and wq is the cavity mode waist [38]. The cavity
waist, depicted in Figure 2.5, is an important cavity parameter as it restricts the effective mode
volume of the cavity. As the effective mode volume is reduced, the electric field per photon is
enhanced. Since the atom-cavity field coupling is proportional to the electric field, smaller cavity

mode volumes lead to greater atom-field coupling strengths.

{ 2W0

|

Figure 2.5: An illustration of a driven etalon cavity with characteristic mode waist wy.

2.2.2 Classical treatment of cavity input-output theory

Here we relate the classical input-output parameters of a cavity to its quantum mechanical
counterpart. This is achieved by comparing the response of a driven classical oscillator to the
response of a driven cavity mode. This comparison allows us to determine which etalon parameters
correspond to the oscillator damping and detuning. As we see, the etalon result in this form agrees
exactly with the quantum input-output theory of Gardiner and Collett [39]. This is not surprising
since the quantized cavity mode is merely an oscillator itself.

To start with, consider a classically driven damped harmonic oscillator whose equation of
motion is

d’X, dX

a2 + BW + w%Xl = Ae~ ! (2.27)
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where X7 is the position of the oscillator, § is the damping coefficient, wy is the oscillator frequency,
A is the driving strength, and w is the driving frequency. A particular solution to equation (2.27)
is

X (t) = ae™ ™! (2.28)
with

A
(w1 —w)(w1 +w) —ifw’

(2.29)

o =

For near resonant driving, wy ~ w, this reduces to

A (2.30)
o~ — .
—512W1 — iﬁwl
where 1 = w — wy. The ratio of the oscillator excitation to the drive is then,
Xi(t) gy
SNZ A (2.31)

—swt . :

Ae—w g — 1071

We now use these results for a mechanical oscillator to assist with understanding the analo-

gous optical system. Consider a near-perfect etalon cavity whose mirrors have different reflection

coefficients 11 = 1 — ¢; and r9 = 1 — €2 where 0 < €15 < 1. Performing the same analysis as in

Section 2.2.1, we find
E£+) . t1

= — 2.32
E(+) 21 — r1roe'¥? ( 3 )

where w is the frequency of the driving laser, wg, is the axial mode spacing of of the cavity and
0 = w — wy is the detuning of the driving laser from the cavity mode w;. If the driving field is

near-resonant to the Nth mode of the cavity, then

. - 27T W ;27 ;2T . 27T
eZSD = eZ wWaxr — elwa:v (Nwaz+5) = eZ wa15 ~ 1 + Z—(S. (233)
Waz

Since the transmission coefficient t; = /1 — r? ~ \/2¢1, taking equation (2.32) to first order in ¢,
€1, and €9, implies

B T
E("") (‘é‘? (61 + 62) — 0

zlﬁ— Al (2.34)
5(71 +72) — @0

12
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Since the cavity decay rate is equal to the cavity linewidth, equation (2.20) implies v, = €;wqy /7.
This is the decay rate out of mirror x. Comparing the denominators of this expression to that

of equation (2.31) we see that the oscillator decay rate 3 corresponds to the etalon decay rate

71+ 72 [35].

2.2.3 Cascaded optical cavities

When two cavities are coupled together, as depicted in Figure 2.6, a photon in one cavity
can tunnel to the other. Here we characterize that tunneling rate by performing the same classical
analysis above. We call this coupling parameter J because it is analogous to the hopping parameter

in the Bose-Hubbard Hamiltonian.

Figure 2.6: Illustration of a driven, coupled etalon system.

Here we consider two coupled oscillators with different damping rates and frequencies, where
oscillator 1 is driven at frequency w and coupled to oscillator 2. The equations of motion for the

coupled system are

d2X1 —iwt

T 51 +w1X1 = A +uwiJXy (2.35)
d?X dX

dt22 +ﬁ2 2 +w§X2 = waJXj. (2.36)

Particular solutions to these equations are Xi(t) = aje™™! and X5(t) = age™ ™. Substituting

these solutions into the equations of motion yields for the excitation amplitude of oscillator 2

a . Ale
2T (w1 —w) (@i + @) — iB1w] [(wo — w) (w2 + w) — iGaw] — wiwaJ?
A J
N At (2.37)

(B — o) (% —idy) + &

Here we have assumed that §; < w, and o < w.
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The ratio of the excitation of oscillator 2 to the drive of oscillator 1 is then

Xo(t) — i

Aem (B — o)) (% —ig) + &

(2.38)

We now consider two coupled etalons as shown in Figure 2.7. Matching boundary conditions

for this system yields

EN = iy BN 4 DR (2.39)
EY) = itEé_)ei% —|—7‘E§+)eiwz_1 (2.40)
EY = B 4T (2.41)
ES) = roEDe? (2.42)
ED = ityB{Dei (2.43)

where t1 (1), t (r), and t5 (r2) are the transmission (reflection) coefficients for the left, center, and
right mirrors respectively, E;, F1, E>, and F, are the electric fields that are incident on the left
cavity mirror, inside cavity 1, inside cavity 2, and exiting cavity 2 from the right. The corresponding
sign determines the direction of propagation, and ¢ and ¢- are the round trip phases in cavity 1

and 2. Here, we get

ESY t et
+) i i 2 i(p1tep2) (2.44)
E! (1 — rrie1)(1 — rraet®2) + t2ryroeile1+e2

Since equation (2.38) is second order in § and 3, we take equation (2.44) to second order in d; o

and €1 2. As we demonstrate here, second order in €; » implies first order in e.

(+) t +) i +) tf +)
Ei El E2 Eo

[ s . T i T g N . g N T g N N N

e N N B S b T N g

E ES’

Figure 2.7: Illustration of a driven, coupled etalon system. The electric fields propagating in both
directions that are incident on the system, in cavity 1, in cavity 2 and leaving the system labeled
as well as the transmission and reflection coefficients for all three mirrors.



21

@ f,F; €57, byt
£ | | =
ECEC | ED E7EY
ni Nno np ni ny

Figure 2.8: (a) Illustration of a finite width dielectric boundary with index of refraction ng, and
transmission and reflection coefficients ¢, 7, and to, 7 four boundaries 1 and 2 respectively. All
propagating fields are labeled, and it is assumed that ng > ny. (b) The infinitely-thin counterpart
to the finite width dielectric with effective transmission and reflection coefficients ¢t and r.

The infinitely-thin central barrier in Figure 2.7 with coefficients r and ¢ is a schematic for a
dielectric barrier with a finite width (Figure 2.8(a)). The effective coefficients r and t actually cor-
respond to the net reflection and transmission through this barrier (Figure 2.8(b)). Here we derive
the effective transmission and reflection coefficients by solving the continuity boundary conditions
in the three regions of space depicted in Figure 2.8(a), and map them onto the infinitely thin sys-
tem reflection and transmission coefficients depicted in Figure 2.8(b). The incident electromagnetic
wave passes through a medium with index of refraction ny > nq with entry and exit coefficients of
reflection and transmission (71,%1) and (72, f2).

The boundary conditions for the finite width boundary with ng > ny are

B = mEM 4iftEL) (2.45)
EY) = LE™Y —ifeTE) (2.46)
EG) = LES) —ifett B (2.47)
EW = e TER 4 7B, (2.48)

where F;, E,,, and E, are the incident, intra-medium and outgoing fields in regions traveling in the
positive or negative directions, (71,f1) and (79,%3) are the reflection and transmission coefficients
of the left and right sides of the barrier, and ¢ is the round-trip phase shift that the light wave

acquires from traveling inside the barrier.
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We guarantee that no field is stored in the medium by asserting ¢ = . Eliminating the

intra-medium field in terms of the incident and outgoing field yields

E,-(_) _ 17‘:_—17;17"7:22 Ei(+) - T‘EZ~(+) (2.49)
B = _Z'%Ei(” = itE . (2.50)

From equation (2.50), given t ~ t1f5 we conclude that second order in 1,5 implies first order in ¢.

Taking equation (2.44) to second order in d; 2, second order in €; 2, and first order in e,
EyY t et
EC) T 2e+ (e —ip1)(e2 — ipa)
Vit T g

F — 005 — ida) + P

ity 2 2
= VY (2.51)

2

(3 —i0)(% —id) +

where comparison with equation (2.38) implies

S W VG (2.52)
T Q ‘ |

This is our classical estimate for the second quantized photon tunneling rate through two coupled
cavities. This rate is Hermitian: the rate of tunneling out of cavity 1 into cavity 2 is equal to the
rate of tunneling out of cavity 2 into cavity 1, and the phase shifts are conjugate. The corresponding

second quantized coupled cavity interaction Hamiltonian term is then simply given by
hJ(alag + aral). (2.53)
Utilizing equation (2.20), we see that for two identical coupled cavities
r~J (2.54)

where I' is the individual cavity linewidth.

For the etalon cavity system modeled here J is fixed and unalterable. In alternative cavity
systems discussed in later chapters, such as toroidal microcavities coupled with a tapered fiber
via evanescent waves, and photonic band gap nanocavities, the value of J becomes potentially

modifiable, allowing a range of parameter values to be explored.
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2.2.4 Effect of a nonlinear media in a cavity

If a nonlinear medium is inserted into the cavity, the cavity, in general, experiences a shift of
the mode frequency, and the light inside the cavity picks up a nonlinear phase shift that depends
on the mode intensity. Here we derive the second quantized description of the cavity mode field
when such a medium is present.

Consider a classical nonlinear material with first and third order contributions to the polar-
ization

P=c (X(” + |E|2X(3)) E. (2.55)

Here E is the electric field vector with magnitude |E|. The total energy generated from the inter-

action of the medium with the light field inside the cavity would then be

Hy = VP-E

= oV (XVIEP + x| B[ (2.56)

where we have assumed that the nonlinear material fills the cavity mode volume for simplicity.
Since the electric field amplitude in the cavity is defined by equation (2.24), Hine generates terms in
the cavity Hamiltonian proportional to afa and a'afaa [35]. A lossless ¥ medium, induces a shift
of the cavity resonance, while a lossless y® medium causes an effective photon-photon nonlinear
interaction exactly of the collisional type given in the Bose-Hubbard form. In Section 2.3, we will

derive in detail these terms in a second quantized framework. For now, we acknowledge that the

effect of including a x® medium in the cavity can yield the following Hamiltonian term

%AT alaa, (2.57)

where U is determined by properties of the medium and the cavity geometry.
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2.2.5 The effective system Hamiltonian

Putting everything from this section together, we obtain the following Hamiltonian for N

coupled, nonlinear cavities:

N
A L+ Ui+ +. . L
Hg = E hwja}aj + Ja;a;ajaj + g hJji (a}ak + CLjCLL) , (2.58)
j (3.k)

which is, again, the Bose-Hubbard model. The qualitative difference here being the operators a;
annihilate photons in a mode defined by the cavity boundaries. Here U; and hJj;, are the interaction

energy per photon pair, and the photon hopping matrix element respectively.

2.2.6 Cavity QED experiments

Recently, the field of cavity QED has been spurred on by a growing interest in experiments
involving toroidal microresonators coupled to atoms [40, 41, 42]. The toroidal microcavity system
has a few advantages over standard etalon cavities. First, the effective mode volume of the mi-
crocavity can be ~ 50 um3, which is ~ 500 times smaller than its etalon counterpart. This leads
to an increase in the atom-field coupling strength by a factor ~ 20. Second, it is the whispering
gallery mode of the cavity that is excited. This can lead to extraordinarily high Q-factors, which
have exceeded 10'°. Finally, improved development techniques have made the fabrication of many
identical toroidal microcavities relatively easy compared to the construction of just one etalon.
Obviously cascaded identical, multi-layer dielectric etalon cavities are even more difficult to make.

Another contemporary avenue of cavity QED research involves photonic crystal nanocavi-
ties [43]. These cavities are constructed in semiconductor slabs where etching or lithography are
used to isolate their relative location and size. The finesse of these cavities is not as impressive as
that of the toroidal cavities. Nanocavities, however, can have mode volumes ~ 0.03 pm?>. These
nanocavities are also easy to consistently fabricate. It is even possible to enhance the y®) char-
acteristics of the cavities by doping them with quantum dots [44], or possibly electromagnetically-
induced transparency (EIT) atoms, which have been successfully embedded into semiconductor

crystals while maintaining their EIT characteristics [45, 46].
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2.3 Electromagnetically-induced transparency and the giant Kerr nonlin-

earity

There is a major issue with bulk nonlinear media: the third order x(®) nonlinear response is
generally dwarfed by the first order YV linear response. If the y(!) response was purely real, this
would not be such a problem, since the term would merely shift the cavity’s resonant mode. In
practice, the imaginary component of x(!) dominates the x(®) nonlinearity [47], which leads to loss
and absorption. As an alternative to obtaining a Kerr nonlinearity from bulk material. We examine
systems that acquire their nonlinear response using electromagnetically-induced transparency (EIT)
atoms and also quantum dots.

In the 1990s, the pioneering work of researchers such as Harris and Imamoglu led to an
extensive understanding of EIT [48, 49, 50, 51]. One of the remarkable properties of the EIT
system, is that a x® > x(1) is obtainable. Later, Schmidt and Imamoglu [47] demonstrated that a
slightly more exotic atomic system can yield a ‘giant’ Kerr nonlinearity, where x(® is predicted to be
nine orders of magnitude greater than the original EIT scheme while maintaining a negligible ()
response. This theoretical effort was instrumental to the success of the slow light experiments [52].
This work was later extended to cavity QED systems [53, 54, 55, 56, 57], where a ‘photon blockade’
effect was predicted. Roughly ten years later, in an experiment using a high finesse multi-layer
dielectric cavity, the photon blockade effect was realized [37]. In this section, we review the physics

behind EIT and the giant Kerr nonlinearity.

2.3.1 EIT Kerr nonlinearity

EIT involves an ensemble of three-level atoms prepared in their ground state. A possible EIT
level structure, known as the lambda structure, is illustrated in Figure 2.9 with states |1) (ground),
|2), and [3). The transitions |1) — |3) and |2) — |3) are dipole allowed transitions while the
|1) — |2) transition is forbidden. If a probe laser incident on the otherwise undisturbed ensemble is

resonant with the [1) — |3) transition, the light is efficiently absorbed and scattered by the atomic
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12)
11)

Figure 2.9: Schematic of a three-level EIT atom with |1) — |3) and |2) — |3) dipole-allowed
transitions with corresponding frequencies w;, and we.

sample. However, if a coupling laser resonant with the |2) — |3) transition is also applied, then a
quantum mechanical interference phenomenon can lead to the probe laser passing straight through
with minimal absorption i.e. with virtually Im [X(l)] = 0. In other words, the coupling laser makes
the once opaque sample transparent to the probe laser. This general behavior is the fundamental
concept behind EIT.

For the system described above, the Hamiltonian for the doubly-driven three-level system

under the rotating wave approximation is

H=h [w215'22 + ws1633+ ¢ (5’13€iw”t + 5’316_wpt) + Q. (&ggeiwct + 5’326_wct)] (2.59)

where G, = [n) (M|, wpm = Wi, — Wy, 1 the frequency difference between states |n) and |m), g is
twice the Rabi frequency (taken to be real) of the probe field with frequency w,, and €2, (also taken
to be real) is twice the Rabi frequency of the coupling field with frequency w..

Transforming to an interaction picture that rotates with the drive frequencies w, and w,, a

transformation defined by the unitary operator

A~

U (t) = e /wpstlepmwe)on)t, (2.60)

yields

H = h(wa — wp + we)Fa + (w31 — wp)G3s + g (613 + 031) + Qc (G23 + 32)] . (2.61)
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Letting § = w31 — w, and taking w, to be resonant with the |2) — [3) transition leads to

H = ﬁ[55’22 + 6633 + q (5’13 + (5’31) + Q. (5’23 + 5’32)] . (2.62)

In order to correctly include dissipation from level |3) to levels |2) and |1), we need to
construct a quantum master equation for this system. This formalism is described in detail in the
next chapter. Here we ascribe pg to be the reduced density operator of the three-level system, and
then the inclusion of decay from state |3) to states |2) and |1) gives rise to the following master

equation:

dﬁ — i[~
dt h

H, ps] — % (6316013ps + Pps631013 — 2613P5531)
V2 a4 A A A NP
5 (632623p5 + PsT32093 — 2623P5532)
= —%[ﬁ, ps] — v (Gs3ps + PsGs3) + 115135031 + V202305532, (2.63)
where 71,72 are the decay rates from [3) — |1),|2) respectively, and v = (71 + 72)/2.

As discussed in references [58, 59, 60, 61], this master equation can be unraveled into wave
functions (or trajectories) which evolve under an effective non-Hermitian Hamiltonian, undergoing
‘quantum jumps’ according to the Monte Carlo wave function method. Such trajectories can be
averaged over to reconstruct the proper evolution of the master equation. The non-Hermitian

Hamiltonian for this particular EIT case would be

A~

Heg = h[0022 + (6 —iy)033 + g (013 + 031) + Qe (23 + F32)] (2.64)

In the perturbative limit, where 2. > g, a system that is initially in its ground state, for the
most part, does not undergo quantum jumps. As a result, in this limit, we can use the effective
non-Hermitian Hamiltonian to extract the relevant information to explain EIT [48]. As discussed in
the next chapter, this is a special case—dissipation cannot universally be introduced into quantum
mechanical situations by compromising the Hermiticity of the Hamiltonian. The validity here relies
on the property that any particular trajectory has a low probability for undergoing quantum jumps.

Assuming that the system is in its ground state, and that . > g, we look for steady-state
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solutions to the Schrodinger equation involving H.g:
L0 -
Zﬁa\@ = Heg|t)). (2.65)

Since 1)) is going to remain in its ground state with near-unit probability, we seek out solutions of

the form

1) = [1) + c2[2) + c3)3). (2.66)

In steady-state

0 = dco+ Qecs

0 = (d—iv)es + g+ Qecy, (2.67)

which implies

9, g0

TR i T TR0 i

(2.68)
Note that the normalization condition on |t)) gives 1 + c3 + c3 ~ 1, asserting that |co 3| < 1. This

constraint is consistent with the approximation made above, namely |g|/|Q.| < 1. Once |¢)) is

known, the density matrix for a single atom in the Schrédinger picture can be constructed,
p(t) = UMW) |0 (@) (2.69)
where U(t) is defined by equation (2.60). The polarization P(t) can be expressed as
N et ; ; 0
P(t) = VTr{p(t) (13613 + po3des + Hoe)} = e\ VE(t) (2.70)

where N is the number of atoms in the volume V', and hg = E, - 13 and A€, = E. - pa3. Keeping

track of the terms that rotate with e *»? implies
(1) N hg2 6
YO =

T VelEP282—02—ins

(2.71)

The real (blue, solid) and imaginary (red, dashed) parts of 1) are plotted in Figure 2.10, where

it is seen that both go to zero as the detuning § — 0.
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Figure 2.10: The real (solid blue) and imaginary (dashed red) x» responses of an EIT atom as a
function of probe laser detuning in the presence of a resonant coupling drive.

For EIT systems in the § — 0 limit, the probe laser experiences a maximum X(3) phase

shift [48] of the form

N 2g 1

(3) N 2 1
6= 0) o Ga—rr o (2.72)

Thus, one can use EIT atoms to generate ) nonlinear media with a vanishing x(!) at the resonant

driving frequency.

2.3.2 Giant EIT-like Kerr nonlinearity

In 1996 Schmidt and Imamoglu [47] suggested that much larger x®) nonlinearities can be
achieved by adding an additional atomic level to the EIT scheme. This four-level system, depicted
in Figure 2.11(a), still has a virtually zero ¥ component, allowing photons to experience a large
effective Kerr interaction with minimal energetic shift and loss.

Since we are ultimately concerned with a nonlinear cavity, we derive this theory for a cavity
containing a single atom. We consider a cavity whose driven mode is detuned from the [1) — |3)
atomic transition by 0. The coupling laser drives the atom in a direction orthogonal to the cav-

ity mode as illustrated in Figure 2.11(b), and is resonant with the |2) — |3) transition. The
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Figure 2.11: (a) The level structure and allowed dipole transitions of a four-level giant Kerr nonlin-
earity scheme. (b) An experimental schematic of the driven four-level system, where the coupling
laser is driven orthogonal to the cavity mode/probe field.

Hamiltonian for this scenario under the rotating wave approximation is

H = h (wo — 5)€LT5L + w91699 + wWob33 + (wgl + wo + A)5'44 + glg(dTé'lg + dé’gl)

+ 924(&T524 + d542) + Q. (532€_iwct + 523eiwct)] (2.73)

where wg — ¢ is the cavity mode frequency, wa1, w31 = wp, and wys = woy +wp + A are the frequency
differences between states |1) and |2), |1) and |3), and |2) and |4), and finally, g13, ., and go4 are
twice the Rabi frequencies for the 1) — [3), [2) — |3), and |2) — |4) transitions. Transforming

into an interaction picture with

A~

U(t) = o~ i((wo—8)atat(wa1—6)22+(wo—8)F33 +(wa1+wo —26)644) (2.74)

yields

H = h|6695 + 6633 + (20 + A)éas + g13(a' 613 + a631) + goa(alGaa + aGa2) + Qe(G32 + 5’23)] .
(2.75)
Similar to the EIT system described above, this system will be operating in the perturbative regime

13, 924 < €2, and the effects of atomic relaxation can be included in this model by means of the
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effective non Hermitian Hamiltonian

E[Cg = Hh|0099 + (5 — i’yg)é’gg + (25 + A — i%)é’@ + glg(fLT(ﬁ'lg + dé’gl)

+ g24(a7 694 + 46 42) + Q632 + Ga3) (2.76)

where v3 = (31 + 732)/2 is the average decay rate out of state |3), and ~42 is the decay rate from
state |4) to |2). Here we look for steady-state solutions of the atom in the n-photon manifold of
the cavity:

[V)n, = In)|1) + caln — 1)]2) + c3ln — 1)|3) + c4ln — 2)|4) (2.77)

where, once again, we have asserted that the system approximately remains in the ground state

|n)|1). In steady-state, we get the following system of equations from the Heg Schrodinger equation:

0 = 0ca+Qecs+vVn—1 gogey (2.78)
0 = (0—1iy3)cs+vVn g1z + Qeca (2.79)
0 = (25 + A — i%)64 +vn —1 gayco, (2.80)

which yields

\/ﬁglgﬁc(i% - 25 — A)
€2 = — . - Y42 : 2 (2'81)
g3(n = 1)(ivz — 0) + (i3> — 20 — A) (i3 — 6)0 + Q22)

2 (n—
Vige(igt — 26— &) (& + o) o) -
C = ‘
’ 92,(n —1)(iy3 — 0) + (122 — 26 — A) (i3 — 6)6 + Q2)

cq = Vvn — 19139249 (289
) 93, (n — 1) (iys — 0) + (1282 — 26 — A) (i3 — 6)6 + Q2) :

Since the time-independent Schrédinger equation determines the eigenenergy E by E|i)) = H [1),

the energy for this system in the n-photon manifold is
En ~ h\/ﬁglgcg. (284)

In the limit where the detuning 6 — 0,

2 9
913924

3934 (n — 1) + Q2(i%2 — A)

n(n —1). (2.85)
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Thus,
2 2
913924
E = h n(n—1
n"@n i’ygg%4(n -1+ Qg(ﬂéﬁ _ A) ( )W>n

2 2

- 913924 At atan

= h - a'a'aaly

395, (n — 1) + Q2(i%% — A) [}
= H oY) (2.86)

where ﬁx(s) is our effective photon-photon interaction Hamiltonian under the constraint that
leal?, |es)?, [eal? < 1. Our assertion that the atom remains effectively in its ground state elimi-
nates the atomic degrees of freedom from the problem. In the limit that the atomic decays are

negligible compared to 2. and A, the validity conditions for this system are

2 2
g13 924 954
il == K < .
<Qc> <1, <1, Qc_1 (287)

where we are assuming that the cavity is operating in the few photon regime. Assuming gog4 < €1,

equation (2.86) implies that the effective Kerr nonlinearity is then

2 2
o ~ —n2B3%550,
C

= Ualataa. (2.88)

Therefore, for § = 0 and g3, < Q2, this four-level system exhibits a high nonlinear response

with () = 0. Furthermore,
A

2

Re [X(3)]
Im [X(?’)]

. (2.89)

For typical alkali atoms, A ~ 10° rad/sec and 42 ~ 107 rad/sec [55]. That is, the nonlinearity is

~ 100 times the absorption for the system.



Chapter 3

Open Quantum Systems and the Master Equation Formalism

In quantum mechanics, the state of the system [i) evolves under the Schrédinger equation

ih

9 .

W)~ A1), 1)
where the Hermitian Hamiltonian H describes an isolated (closed) quantum system. The Hermitic-
ity of H is crucial to the theory of quantum mechanics: It guarantees that the prediction of the
quantum state energies are real, and that [1)) evolves under a unitary transformation with a norm
|1) that is preserved. Consequently, the dynamical evolution of i) under the Schrédinger equation
is completely reversible. That is, Schrodinger’s equation describes the dynamics of dissipation-free,
energy-conserving systems. Trying to incorporate a loss mechanism into quantum mechanics by
compromising the Hermiticity of H can ultimately lead to a state |1} whose norm is not preserved.
This could imply that after some time 7', the system has zero probability to be in any state. This
outcome indicates that attempting to include damping in a quantum mechanical framework by
constructing a non-Hermitian Hamiltonian is, in general, incomplete. One consistent method of
including dissipative effects into quantum mechanics is to couple the isolated Hermitian quantum
system to a comparably vast reservoir. This approach is known as the quantum master equation
formalism [34, 35, 62], which we derive here. Under the assumptions that the reservoir is in thermal
equilibrium and is very large compared to the system, it is diagonal in its energy basis, and resides in
a steady-state. If this reservoir is weakly-coupled to the small system, the small perturbations that

it experiences via the coupling negligibly affect its thermal equilibrium [63, 64]. As we demonstrate
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below, these simple and reasonable assumptions alone allow us to develop a theory that introduces
dissipative, irreversible behavior into a quantum mechanical framework that is consistent with all
of the fundamental postulates of quantum mechanics.

Since Schrodinger-type evolution is in general incapable of correctly describing dissipative
processes, we derive the master equation from the density matrix representation. This construction
leads to a theory where the trace of the reduced density matrix, and therefore the total probability
of the mixed quantum state, is preserved.

In Section 3.1, we derive the master equation in a quantum optics theoretical framework.
This derivation provides a general discussion of the key approximations that are necessary. The
logical structure of this derivation follows that of reference [62]. In the following section, we discuss
a kinetic theory approach to the master equation. This alternative method yields an all-orders form
of the master equation that illuminates a way to relax major approximations that are commonly
made. In doing so, we enable the formalism to accommodate the parameter regime of ultracold
atom systems. After demonstrating that the two theoretical descriptions are equivalent when the
same approximations are applied, we conclude this chapter by extending our open quantum system

theory to model time-dependent system Hamiltonians.

3.1 The master equation formalism under the Born and Markov approxi-

mations

We start with the full detailed quantum mechanical description of a small system coupled to a
reservoir. We assume that the reservoir is much larger than the system and in thermal equilibrium,
so that it is diagonal in its energy basis and in steady-state. Finally, we assume that the interaction
between the system and reservoir is weak.

The Hamiltonian for the full quantum mechanical system is
ﬁ:ﬁs—l-f{}g—l-f{v, (3.2)

where Hg is the Hamiltonian for the isolated system, Hp, is the Hamiltonian for the isolated reservoir
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and Hy is the system-reservoir interaction Hamiltonian. The generic interaction Hy in a second
quantized framework involves the product of a creation operator of the system with an annihilation
operator of one of the many modes of the reservoir plus the Hermitian conjugate term. Here, we
denote the annihilation operator corresponding to the kth reservoir mode as Rj.. The two-time
average correlation functions for each mode k of the reservoir (RL(T)I%MO)}, and (}A%k(T)R,TQ(O»
decay on a timescale 7. that is determined by the inverse bandwidth of the reservoir spectrum. In
the limit that the reservoir modes form a near-continuum, 7. becomes considerably smaller than
the timescale of appreciable evolution of the system, defined here as Tjs.

The corresponding von Neumann equation of motion for the density operator p is

dp i
SE— _ZIH . .
o h[ ] (3.3)

We transform the equations of motion of p(t) into the interaction picture, effectively rotating out

the free rapid rotation arising from the free energies of the system and reservoir. Defining the free

Hamiltonian as ﬁo =H s+ H r yields the following equation of motion in the interaction picture:

dp 1~ -
i —ﬁ[HV(t)yp] (3.4)
where
p = eiflot pe=i ot (3.5)
and
ﬁv(t) = e%ﬁotﬁve_%ﬁot. (36)

If the interaction Hy is sufficiently weak, then the evolution of pg(t) is slow compared to its

Schrédinger picture counterpart. Under this condition, we can approximate the time derivative of

ps as

dp _ plt+At) —p(t) _ Ap
dt At At (3.7)

where 7, < At < Tyys. This is known as coarse-graining, where the microscopic evolution on

the timescale 7, is averaged over. Coarse-graining the equations of motion simplifies the system
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dynamics, yielding an analytic open quantum system model. For this reason, we construct the
equations of motion for the coarse-grained density matrix.

We begin the derivation of the coarse-grained equations of motion by integrating equa-
tion (3.3), and iterating to yield the first two terms of the Dyson expansion. Since Hy is weak, it

is generally sufficient to truncate the expansion at second order,
PR 3 1 [tHAt t1 B N
sty —3 [ dnldiv ) -5z [ an [ ae {va), [y (t2). 1) ] (3.8)
where Ap(t) = p(t + At) — p(t). This weak-coupling approximation is known as the Born approxi-
mation.
It should be noted that we are typically interested in the dynamics of the small system only.
Consequently, we are concerned with observables that are solely functions of system variables.
This simplifies the calculation immensely. Consider the expectation value of any particular system

observable Og. Assuming that we have the solution for the full density matrix p,

(@s) = TFSR{@Sﬁ} (3.9)

_ Trs{TrR {@gﬁ} } (3.10)

where the trace is taken over the variables of the system and reservoir. Since Og is not a function

of the reservoir degrees of freedom,

(Og) = Trg{égTrR{ﬁ}} (3.11)

~ Ty {0sps) 312)

where pg = Trr{p} is known as the reduced density matrix of the system. Tracing over the
reservoir degrees of freedom of equation (3.3), yields the equation of motion for pg. This equation
of motion is a function of the system degrees of freedom alone, greatly reducing the complexity of
the problem.

We assume the reservoir and system are initially uncorrelated. The reservoir’s interaction

with the system induces correlations as time evolves. However, these correlations decay on a
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timescale of 7. < At. Consequently, for resolving times ~ At, the reservoir’s reduced density
operator effectively remains independent of the system evolution albeit coupled to it. Thus, for
the coarse-grained equations of motion, the density operator can be approximately factorized at all

times as
p(t) = ps(t) ® pr(t). (3.13)

where pr = Trg{p} is the reduced density operator for the reservoir. This is known as the decorel-
lation assumption and is equivalent to assuming that the system and reservoir degrees of freedom
do not become entangled. The assumptions that the reservoir is vast, in thermal equilibrium, and
weakly-coupled to the system, also imply that it approximately remains in its initial state, despite

the system-reservoir interaction; i.e.

p(t) ~ ps(t) @ pr(0). (3.14)

Tracing over the reservoir degrees of freedom of equation (3.8) and changing the variable of

integration from to — t; — 7 yields

Astt) = o [ o / " T {ivie. [five - psomo] |} @1s)

The trace of the single commutator term in equation (3.8) is equal to zero due to the fact that pr
is diagonal and that Hy is proportional to Ry, and ]A%L
Noting the geometry of the integration domain shown in Figure 3.1, the order of integration

can be switched, implying

Astt) =~ [ Yar / :A anten { () [fiv(e -0 psmmo)] [} o)

Anticipating that the correlation functions that arise from the trace over the double commutator
of the form (R(t1)RT(t; — 7)) = (R(7)RT(0)), and (R(t;)R(t; — 7)) = (RT(7)R(0)) will decay on
a timescale 7. < Tys, without consequence we can remove the negligibly-small 7 dependence of
the ¢ integral limit. The rapid decay of the reservoir correlation functions compared to T,y will

additionally allow us to take the upper limit of the 7 integral to infinity without compromising our
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!

Figure 3.1: Graphical representation of the integration domain of the ¢; and 7 integrals

result:

Apstt) =~ [ ar [ " T {iv [ves -npsopo] |} Gan

This approximation is known as the Markov approximation. Physically, the rapid decay of the
reservoir correlation functions imply that the system-reservoir interaction is effectively memoryless.
Coarse-graining is consistent with the Markov approximation since time-averaging in steps AT > 7.
leads to system evolution which lacks information of its past.

The rapid decay of the reservoir correlation functions imply that the remaining system op-
erators in equation (3.17) can be removed from the 7 integral retaining their initial value of 7 = 0.
Additionally, since At < Ty, we can approximate the remaining system variables, now solely a

function of ¢1, as a constant over the interval [¢,t + At]. Thus,

astt) =~z [ artun { [ v o), [fute - 7). ps(05m00)] | (3.18)

Equation (3.7) implies that the coarse-grained equation of motion for the reduced density operator

in the interaction picture is

o0

dc% = _% | drlir { [ﬁv(t% [ﬁv(t - T)aﬁS(t)pR(O)} ] } , (3.19)

or equivalently in the Schrodinger picture

dﬁs _ _i 2 ~ _ i 00 '} —if{oT 3 if{oT A ~
= =% [Hs,ps] hQ/O dTTrR{[HV7 [e Hye ,ps(t)PR(O)} - (3.20)
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This result is known as the master equation under the Born and Markov approximations. This
equation is suitable for modeling a wide variety of quantum optics phenomena, such as the sponta-
neous emission of photons from atoms and molecules, and the emission of photons from an optical

cavity.
3.2 A memory kernel approach to the master equation formalism

In this section we discuss the master equation from a kinetic theory standpoint where the
equation of motion for pg is derived in a Liouville representation. The formal solution that we
obtain from this approach proves to be of critical importance in the next chapter when we examine
reservoirs with a non-Markovian character.

For each part of H = Hg+ Hg + Hy we introduce the Liouville operation jx, defined by its

action on an arbitrary operator © as

i%,0 = —[0,H,], where z € {S, R, V}. (3.21)

1
7
Additionally, we define the projection operator P by

PO = pr ® Trr{6} (3.22)

and its compliment by @ = 1 — P. Under these definitions, P and Q satisfy the usual projection
operator relationships P26 = ]13’(:), Qzé = @é, and ]f”@(:) = Q]f”(:) = (0. Using the projection

operators, the reduced density matrix for the system can be written as
ps = Trr{Pp}. (3.23)

To find the equation of motion for pg, we start from the evolution of the full density matrix:

dp s
= —i. %) .24
7 iZLp, (3.24)

where & = -js + .,?R + .,?V. Noting that P+Q= 1, this equation can be written as

d@”d;t@ﬁ —~i(F+Q) 2 (B+Q) s (3.25)
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Acting on this equation with P and Q yields the the following coupled equations

B0~ i[p20p+ 220G (3.26)
W~ -i[a2B+0L0@). (3.27)

where we have used the fact that Qzé = Qé Equation (3.27) can be simplified since

(1 -P)Zs(1 - P)p
= Zsp- Lbp - PFp + PAED

= ZQp (3.28)

QZsQp

where the last two terms cancel since % is not a function of reservoir observables, and
o R
Q02r0p = ZrQ — P2 + BL2AT (3.29)
due to the diagonal and stationary assumptions respectfully. Therefore,
QLQp = s+ Zr + QA Q. (3.30)
The formal solution of equation (3.27) is then
t 2 > A > A A A A
Qp=—i / e L HLRFQI QDT Q 2P j(t — 7)dr. (3.31)
0

where we have assumed that the system and reservoir are initially uncorrelated, i.e. @,6(0) = 0.

Using this result to eliminate Qp in equation (3.26), we get

d]:f])A A AN A A A t Y 17 N 2O A s
d_tp = —iPLPp — P.LO / T ELsHLRAQAVATQ LPp(t — 7)dr. (3.32)
0

This equation can be simplified by considering the action of the projection operators. The operators
P and @ operate on everything to their right. Therefore, we apply the right-most P and @ first,
and work our way through them from right to left. Here we do so term-by-term. Consider the

Py ]f”ﬁ term in equation (3.32), the definition of P implies

PLPp = P(Ls + Lr + Lv)psir. (3.33)
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The fact that pg is stationary also implies

dpr

_— = — j 0 = . 4
dt 1-ZRPR 07 (3 3 )
while the diagonal assumption of pr gives
P% pr = pr(Zvpr) = 0. (3.35)
Therefore,
PLPp = prLsps. (3.36)
Consider now
P.2Qe— 020 () 2P (3.37)

This term is a bit more complicated. Here we break it down by first noting the fact that
QLPp = (1-P)(Ls+ZLn+ L )bspr
. 5 0 . . R 0. . 0
— Zspspr+ Lnpsir + Ly psin — Bspspr — BLapsin — Bpsin
= Lvbshr (3.38)
where we have used equation (3.34) and equation (3.35). Now consider an arbitrary function F of
system and reservoir variables.
PLQFpr = P(ZLs+ Ln+ L)1 —P)Fpr
= PLsFpr+PLrFir+PL Fir—PLPFpr — PLsPFjpp — PLPFpr
N . oo 0 . . 0, . 0
= ZpEL + RLnF b+ P2y Fpn — BsprtE] - BLuplF) - BLepm(F) (3.39)

= Pjvﬁ . (3.40)
The second term in equation (3.39) goes to zero since
PLrFpr = pr <T1"[ﬁR~7:—[’R] - Tr[]:—f’Rf{R])
= pr (DHRFpr] — Te[HFpr])

= 0. (3.41)
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Putting everything together we get,

dPp N LI O TSI
d_t” = —iPLPp—-PLQ / e QLU QLPH(t — 7)dT
0
t S DA ~
= ﬁRgsps—/ vae_ZQgQTgvﬁs(t—T)ﬁRdT. (3.42)
0

Finally, tracing over the reservoir degrees of freedom yields

dps(t)
dt

¢
—~iZsps(t) + [ Aps(t )i (3.43)
0
where we have defined the memory kernel
%(T) = —TrR {j\/e_i(ﬁs—‘_"sﬁ?-’_@j‘/@ﬁj\/ﬁ}{} . (3.44)

The first term on the right hand side of equation (3.43) is the free system evolution while the second
term describes the irreversible contribution due to the system-reservoir interaction.

Equation (3.43) is the exact master equation under the sole condition that the system and
reservoirs are initially uncorrelated. All the dynamics due to the coupling to the reservoirs is
encapsulated in Z(7). Once the memory kernel is known, we can calculate the evolution of the
reduced density matrix of the system. However, it turns out in general to be impossible to solve for
the memory kernel exactly except for the most trivial situations, so approximations must be made

to continue from this point.

3.3 Equivalence of the two formalisms

In this framework, we can recover the master equation under the Born and Markov approxi-
mations in two simple steps. First, the Born approximation can be made by taking equation (3.43)
to second order in Hy . This amounts to eliminating the Qiﬁv@ term from the exponential in equa-
tion (3.44). Second, the memoryless (Markovian) nature can be asserted by taking the 7 integral
to infinity as well as assuming that, on the time scale of the rapid decay of the memory kernel, the

backwards evolution of pg is determined solely by the system evolution, i.e.

ps(t — ) = D57 pg (1), (3.45)
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Hs(t . o0 L
WPs) _ i Zepsl) - / Tep { Lo DTN Zy b p(t - 7)dr
0
~ —ijsﬁs(t) . / Trp {jve—i(fs-i-jﬁ,)rjvﬁ}%} e_ijSTdTﬁs(t)
0

_ —ijsﬁs(t) B / Trg {jve—i(fs-i-ffﬁ,)rjvﬁl%} e—istTdTpAS(t)
0

—i [ﬁs,ﬁs(t)] —/ Trr { [ﬁv, [e_iHoTﬁveiHoT,ﬁs(t)ﬁR(O)H } drps(t) (3.46)
0
which is in agreement with equation (3.20).

3.4 Time-dependent master equation

We conclude our formal discussion of the master equation by considering the possibility of a
time-dependent system Hamiltonian in an open quantum system setting. Later in this work, we use
the results derived here to explore the properties of specific time-dependent Bose-Hubbard systems
coupled to the environment. We perform this derivation using the projection operator method as
well, and it follows closely the master equation derivation in Section 3.2. Due to this similarity,
we go through this derivation rather quickly, taking for granted mathematical details established
in Section 3.2.

Given a time dependent system, the full equation of motion for the density matrix for the

system and reservoir is

% — _i(Ds(t) + Lr+ L), (3.47)

which yields
% — —i [PLWP)+ PL(1)QQH)] (3.48)
W _i[aghs+ 0L00). (3.49)

The formal solution of equation (3.49) is

A~ t i ta 17 _ N 2 O _ ~
Qp=—i / o (T2 ottt + 20010 200020) (1) (3.50)
0



44

where the T signifies time-ordering for the integral in the exponential, and we have once again
made the assumption that the system and reservoir are initially uncorrelated. Substituting this

result into equation (3.48) yields
d]f—DA PN N t ~ B to 17 _ A 2 O _ ~
d_tp — —Z]P)f(t)]P)[) _/ fve (Tft jS(tl)dtl'i‘fR(tZ t)+QfVQ(t2 t)>$VﬁS(t2)ﬁRdt2- (351)
0

We make the Born approximation by taking the %y term in the exponent to be zero. Since

[Zs(t1), Zr] =0,

o (T 12 Zs(t1)dt1+Lr(ta —t)> — T 12 Zs(t1)dt1 iR (t2—t) (3.52)
Changing the variable of integration to 7 =t — t9 implies
d[@)ﬁ TS D T A t > 4T ftiT jg(tl)dtl —inT N N
—- =—iPLMPy— | LT e Ly ps(t — 7)prdT (3.53)
0

Finally, making the Markov approximation, and tracing over the reservoir degrees of freedom, we

arrive at the master equation

dps s
- = - t
5 iZs(t)ps
—TI'R {/ |:Z:A[V, |:eiT fttiT ﬁs(tl)dtle—iﬁRT EA[VG_iT fttiT Hs(tl)dtle_inT7 ﬁRﬁS(t)]] } dr
0

(3.54)

This equation is identical to equation (3.46), but with a time-ordered propagator for the system
Hamiltonian. As we see later in this work when specific models are adopted for the system and
reservoir, under the Markov approximation the rapid decay of the correlation functions in the
memory kernel lead to a time-independent expression for the kernel. Under this condition, the only

difference between equation (3.46), and equation (3.54) is Lsps — Ls(t)ps.

3.5 Conclusion

In this chapter, we reviewed the master equation formalism under the Born and Markov ap-
proximations. Afterwords, an all-orders kinetic theory approach was presented. In the next chapter

we will use this theory to make approximations that go beyond the standard approximation. After
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demonstrating that the two formalisms are equivalent when the Born and Markov approximations
are made to the memory kernel, we derived a generalized master equation that is capable of treating
time-dependent system Hamiltonians. This equation will find use in Chapter 6, when we discuss

the progress that we have made in understanding sequential logic in atomtronic systems.



Chapter 4

Non-Markovian Open Quantum Systems

Most of the atomtronic systems that we apply the master equation approach to in this
thesis involve reservoirs where zero-temperature Fermi-Dirac equilibrium statistics are assumed.
At the start of this research effort, however, we found that such reservoir assumptions lead to
various mathematical divergences when the standard Born-Markov master equation framework is
employed. Here, in the context of a two-level atom coupled to a distribution of vacuum modes,
we discuss the origin of these divergences, as well as derive a non-Markovian master equation
theory to rectify the theoretical inconsistencies. As we demonstrate, the divergence only arises
when system energy differences directly overlap with a sharp boundary in the reservoir structure.
In order to properly quench this divergence, we go beyond the standard approximations. Using
the memory kernel formulation derived in Section 3.2, we derive a modified master equation by
introducing an ansatz for the full memory kernel. The resulting model is free of all divergences that
are induced by the reservoir structure discontinuity. Our analysis reveals that the divergence is a
consequence of the breakdown of the Markov assumption. We conclude this chapter by comparing
the behavior of our modified master equation to exact results from a closed, isolated quantum
system. These simulations confirm that our model correctly captures the steady-state dynamics

around the quenched divergence.
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4.1 Coupling an atom to the vacuum

Consider a two level atom coupled to the zero-temperature vacuum environment schematically

depicted in Figure 4.1. The Hamiltonians for the system, reservoir and interaction are

Hy = %m0&<2> (4.1)

Hp = > hoRIR; (4.2)
J

ity = Son(gkle) + i) (4.3)
k

where 69, 6(), and 6(*) are the Pauli spin matrices, hwg is the energy of the two level atom, }?L
and R}, create and annihilate an excitation in the reservoir with energy hiy, , and g, is the complex
coupling between cavity mode k£ and the two level atom.

The standard Born Markov master equation is given by

dlas _ il ~ 1 > & —iHoT 7 iHoT A A
TRl [Hg,pg] h2/0 dTTI‘R{|:Hv, [e Hye ,pg(t)pR(O)} . (4.4)

Here we examine in detail the integral
S A~ . 3 ~ . £
- /0 drTrg {Hve_ZHOTHVeZHOTﬁS(t),éR} . (4.5)

The divergence that we discuss directly below is common to all four integrals in the second-order

kernel that arise when the commutators are expanded. The remaining three integrals are treated in

(a) (b)

e =
VAV AVAVYVAEY, - %
— o =
% wo |e>
0= —19)

Figure 4.1: (a) Ilustration of a two-level atom radiating a photon into the vacuum. (b) Schematic
of a two-level atom coupled to a near-continuum of modes, which gives the atom the ability to
decay into the vacuum.
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exactly the same manner. The simple form of Hy = Hg + Hp, has the following two consequences:

e~ 3w00 T 5 () gzwosr &(_)eon, (4.6)
e—z‘ﬁRereiFIRr = Ry, (4.7)
Thus,
e wHoT oot —  o—jHor <thk1%L&<—>+g;Rk&<+>) e Ho (4.8)
= hz gk}?,tc}(li)ei(“’o_wkﬁ + gL Ry6 e wo—an)T, (4.9)
k

When the assumption is made that the reservoir is in thermal equilibrium, the trace over the
diagonal reservoir reduces the two sums over the reservoir degrees of freedom to one, and eliminates

terms that are not of the form (JA%LJA%Q or <RkRL> Thus

Trg {ﬁve_iﬁmﬁveiﬁmﬁs(ﬂﬁ}z}

= 1) |gl (<RLRk>&(_)6(+)ﬁse_i(“’°_“_’k)T + <RkRL>&(+)5’(_)ﬁSei(wo_wk)T> . (4.10)
K

Since we are assuming a zero temperature vacuum reservoir, <RZR;€> =0, and <RkRZ> =1 for all

modes k. Therefore,
- / drTrg {ﬁve—iﬁOTﬁveiﬁOTﬁS(t),sR} =12 |gP6H6 ) ps / dre@oERT (41])
0 . 0

Assuming that the system is coupled to a dense collection of reservoir modes, we may replace the

summation over the reservoir modes by an integral. Therefore

12 Jgi[2606 ) p / dreiwo—a)r
k

0
= —r26M5) g lim dr / doP()|g(@)|?etwo@)r—er (4.12)
0 0

e—0t

where 2(w) is the density of states for the reservoir modes, g(w) is the continuum counterpart of
g, and the convergence factor ¢ — 07 selects the appropriate handedness for the contour around

the pole in the @ complex plane [32].



49

Assuming that Z(w) is slowly-varying about wg, and that the coupling can be expressed as
9(@) = g(wp)f(we — @) where 0 is the Heaviside function, an assumption that asserts the Markov

approximation, the integration of equation (4.12) yields

—n26 e g 111%1 dT/ doP(0)|g(wo)|?0(we — @)e!wo@)T—eT
E—
: 2., .2
_ 2 2 q; We — Wo wo v wy t+ €
= —h*PD(wp)|g(wo)| 51£(r)l+ { [arctan < . > + arctan <?>} + §ln <(w0 SUNE +€2> },

where we have additionally assumed that the density of states is slowly-varying to derive the

imaginary part. The limit of ¢ — 0T implies

—n26 e pg 111%1 / dT/ do 2(0)|g(wo)|?0(we — @)l wo@)r—er
E—
w
= —7Tﬁ2 (WO)‘Q(WO)P <1 + — - In ﬁ ) . (414)

From this expression it is clear that taking the limit of w. to infinity would cause the imaginary
component of the integral to diverge. This behavior is known as the ultraviolet divergence. There
are rigorous treatments of this divergence, such as electron mass renormalization in the context
of quantum electrodynamics [33]. If w. were to be taken to infinity, the divergence would arise
directly from the erroneous assumption that the density of states and atom-reservoir coupling
could be treated as constants for all frequencies from zero to infinity. Assuming that the system
couples to a resonant vacuum mode in the exact same manner that it does to a vacuum mode that
is infinitely higher in energy is clearly incorrect. In quantum optics, the cut-off is typically taken
to be the frequency w. for which a photon would have a wavelength equal to the size of the atom.
Under this assumption, the imaginary term leads to a small energetic shift, analogous to the Lamb
shift [33, 34], and is generally neglected since it is orders of magnitude less than optical system
frequencies. Alternatively, it can also be incorporated in the definition of the resonant frequency.

Neglecting this small energetic shift, we get
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—h2> " gel?6 M6 pg / dre! 0™ = wh?|g(wo)|* 2 (wo)5 P ps. (4.15)
k 0

Similar mathematical manipulations on equation (4.4) yield the following result for the master

equation of a two level atom coupled to a zero temperature vacuum:

dps i

dt  h

o |

|15, s(t)] = 5 (606D ps + ps6 P8O = 26056 (4.16)

where T' = 27|g(wp)|?Z(wp) is the decay rate for the excited two level atom. This decay rate agrees

with the expression calculated with Fermi’s golden rule [65].

4.2 Sharp reservoirs: a non-Markovian situation

Suppose instead of an atom being coupled to a continuum of modes up to w,. such that
we > wp, as illustrated in Figure 4.2(a), the atom is coupled to modes up to w. = wy as in
Figure 4.2(b). This reservoir model was analyzed in detail in Pepino et al. [66]. Mathematically,
this can be done by including the Heaviside function in our definition of the coupling constant,
density of states, or vacuum mode occupancy. Regardless of the choice taken, the modification

would take the integral in equation (4.12) and augment its form to the following:

(@) (b)

— e

0 =-—-----—--- — i)

Figure 4.2: (a) A two-level atom coupled to a near-continuum of modes whose upper energy level
we > wp. (b) A two-level atom couple to an exotic reservoir whose maximum energy w. = wg. The
latter reservoir model leads to divergences in the standard Born-Markov open quantum system
treatment.
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—h2D(wo)|g(wo)* lim  lim dT/ dof(we — @)D (@)|g(@)|2e!wo—@)T—eT
0 0

e—01+ we—wo

. 1 w?
= —h29(w0)|g(w0)|2w11£100 {g + éln <70> } (4.17)

(wo — we)?
Recall, in the previous model, the energy shift was a negligibly-small quantity. However, as w. ap-
proaches wy, the energy shift not only becomes non-negligible, it diverges! This infrared divergence
occurs for all surviving integral terms in equation (4.4).

This result shows that we cannot simply employ the second-order Born-Markov approxima-
tions when the hard edge overlaps with system eigenenergies, as the resulting theory is mathemat-
ically undefined. The divergence is caused by a violation of our time scale assumption, where we
have assumed 7, < Tiys. As we see in Section 4.3, the sharp cut-off must impart a correlation time

on the system-reservoir interaction on the order of, or greater than, the system response time.

4.3 Fourth-order estimate of the full memory kernel

In this section we derive a higher-order treatment of the master equation formalism. A
property of memory kernels that model relaxation processes is that they exhibit exponential de-
cay [63]. Here, we estimate the all orders exponential decay by expanding the memory kernel of
equation (3.44) to fourth-order in . This order of expansion involves 256 possible terms. Here
we focus on the fourth-order correction to the (=) (t)5g(7)5(+) () term for two-level atom coupled
to the zero-temperature vacuum, and expand the kernel about the divergence.

Transforming equation (3.44) into the interaction picture yields [67]

d ~ t - —i t 'O 2 - ~ .
Chs = - /0 dr( Gy (e LT Z (1)) () (4.18)

12

_ / d7<<jv(t)jv(7)>
0
—/ dTl/ 1dT2<jv(t)jv(Tl)QjV(T2)jV(T)>

_ / dr, / h d72<.,sév(t).,?v(n)><Q.,?V(72).,?V(T)>> p(7). (4.19)
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Expanding the second-order expectation value, and acting with the Liouvillian operators on pg(7),

the zero-temperature reservoir assumption implies
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R () BL () ps(r)5 ™) <T>6<—><t>) (4.20)
= D ol Re(m)RL)e D (0)ps(r)e D) £, (4.21)
k

where we will compare the matching fourth-order term to the second-order term of equation (4.21).
The fourth-order term in equation (4.19) can be expanded most simply by an application of

Wick’s theorem [67] along with the knowledge that the reservoir is in the zero-temperature vacuum

state. Then, utilizing the fact that 6(=) - (=) = 5(+) . 5(+) = 0 leaves only four surviving terms.

Of those four, only the following two are relevant for comparison with equation (4.21):

B / . / E dm(jv(t).,?v(Tl)><@jv(72)jv(7)>> ps(r)
S lallorl [ dn [ dn () Rl ) R R + (Rl RO} o) L)
1 k T T

x5 ) ()6 (1)) (1) pg (1) P (1) £ - - - (4.22)

Since

t T R . ~ R
> X loflal [ an [ dan G RO} Fer)RL)
ZZL@A w2 / d“/ dry (RiR])(Ry R} )1 (=)ot (=)

wo wo
| (WO |4 29 WO / dwl/ dwk/ dTl/ dr ezwz(t T2) zwk(r T1)

= \g(wo)\4ﬂ2@(wo)2/ dTl/ dry 6(t — 12)0(T — 11)

= 0,

12

equation (4.22) becomes
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2w ge)? S |l [ dm [
0)1g\Wo zk:gk /T 1/T 2[
8(r2 — T){(Ri(r) RL()& ) (1)) ()6 (r2)ps (1)6H (1) | £ -+
= 32(0)lgwo)® Y gt = DH{BR(T)RL(0)6 ) ()66 D ps(1)5 () £ - (4.23)
k
= 520)lglw0)* Y |kt = )RR R0 ()55 (r)5 D (r) £ -

k
1Y lgel(t — T/ Ri(r)RL ()67 (0)ps(1)d ) (r) £ -+ (4.24)
k

where we define

~|

n=520)lgw) = 7. (4.25)

Here T, defined by equation (4.16), has already been introduced as the decay rate of the two level

atom. The fact that (]?k(T)]?L(t» = <Rk(0)]?;2(t — 7)) means equation (4.19) can be simplified to
Gos = [ar (Z b 2B (O) B (¢ — )5 (¢ — 7)5s (1) (0) £ - ) (1-nt-m)
k

~ /Ot dr (Z 9% 2 (Re ()R (t — 7))6 ) (¢ — 7)ps(1)5H) (0) + - > e M=) (4.26)
k

for nt < 1. Thus, the master equation in the interaction picture is

%ﬁs = - /Otdf<2v<t>e-iffdf’@fv<f’>$v<7>>ﬁs<7> (4.27)
~ - /0 tdﬂjv(())e—"(t—ﬂjv(t—T)>,55(T). (4.28)

Since the transformation from the Schrodinger picture to the interaction picture is

¢ t
/ RH(T)p(t —1)dT — / H(t — 7)p(T)dr, (4.29)
0 0
the master equation in the Schrodinger picture is given by
d . t P P
s~ ~iBaps / dr (Lo D76 B ot — 7). (4.30)
0

Physically, the new parameter 1 that we have introduced in this theory is the inverse of the finite
correlation time that the system-reservoir interaction acquires when a sharp reservoir boundary

overlaps with system eigenenergy differences. This accounts for the violation of the separation of
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time scales assumption, since 7 ~ I' implies 7. ~ Tys. Thus, the Markov approximation cannot
be made in this case since the correlation function does not decay rapidly compared to the system
time scale. If we are solely concerned with steady-state solutions of the master equation, long times
t imply ps(t —7) ~ pg(t). Therefore, in this case ps can be removed from the integral, whose upper

limit goes to infinity:

d . 00 R

T Ps = —iZips = / dre™" (Lye HoT L, etHom) 5o (1), (4.31)
0

In taking t — oo we lose the ability to resolve the short-time characteristics of the evolution

of the density operator. Since we will generally be concerned with the steady-state behavior of

atomtronic systems in this thesis, this is a justified approximation. Equation (4.31) is the modified

master equation we implement whenever there exists sharp reservoir boundaries that could overlap

with system energy levels.

4.3.1 The physical interpretation of n

Here we compare the standard Born-Markov master equation to our non-Markovian model in
order to illuminate the modification that 1 induces on a simple system. Consider a two-level atom
with frequency wg coupled to an exotic reservoir that is comprised solely of ground state two-level
atoms with transition energies ranging from 0 to w,, and excited two-level atoms with transition
energies greater than w,.

We can calculate the steady-state population as a function of the system frequency wgy by
taking the trace of the product of the Born-Markov master equation with 6()5(=). Since 8,55 = 0,

and Trg{[Hg, ps]6H6(-)} =0, we get

0= Trg {lim / R [ﬁv, [ﬁv(—f), /35” &<+>&<—>} , (4.32)
0

e—0

which yields a steady-state value for the average system excitation of

(66 = 0wy — w,). (4.33)
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This step function about the reservoir boundary is what one might expect from such a model since,
wp < w, couples the system solely to vacuum modes while wy > w,, drives the system with the
excited reservoir.

The limit € — 0 is convergent in this case due to a cancellation of the imaginary terms that
occur by taking the trace of pg with the observable () 5(=).

FEmploying our non-Markovian model to the same system,
0 A~ A~
0= Trg { / dre™"" [HV, [HV(—T), /35]] &<+>&<—>}, (4.34)
0
which yields a steady-state value for the average system excitation of

1 1 Wy, — W
5P ey = = = p_—*0
(' 6\ 7)) 5 arctan < ; > . (4.35)

This expression is very similar to the one obtained from the Born-Markov model. The only difference
here is a population transition region broadened by 7, as shown in Figure 4.3. Interestingly, in the
case of a Fermi-Dirac reservoir, the finite correlation time acquired by the system-reservoir coupling
is directly analogous to including a finite temperature in the reservoir structure.
This result also makes sense from a perturbative standpoint, where one would expect that
a higher-order treatment of the memory kernel would mix the otherwise sharp distribution of the
reservoir modes. Since n = I'/4 = |g(wo)|>?Z(wo)m/2 = 7|g(wo)|?/(2Aw), the broadening is directly
@)
1.0r P —m—————momoooo
O.8f
O.Gf
04

0.2}

Figure 4.3: The analytic comparison of the Born-Markov master equation to our non-Markovian
master equation applied to a two-level atom coupled to a reservoir with a sharp boundary.
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proportional to the reservoir square of the coupling, and inversely proportional to the energetic
spacing. This might have been anticipated since our perturbative expansion of the memory kernel

was taken to second order.

4.4 Closed system model estimate for 7

In this section we present a simple model calculation that clearly confirms our prediction of
the higher-order behavior of the memory kernel for a structured reservoir with a hard edge. Here
we test our estimation of 1 by performing full calculations on reasonably large, closed quantum
systems. The closed system we consider is again a single excited two-level atom ‘system’, but this
time coupled to N energetically equally-spaced ground state ‘reservoir’ two-level atoms as illustrated
in Figure 4.4. We take the energy spacing of the reservoir modes to be Aw. The Hamiltonian that

models this system is
Fy 1 z 1 ~(z A ~(— A(—) A
H=nh —wo&(() - E wj ) 1 g <a(+)a(() ) 4 ]( )a(()+)> ) (4.36)

where wg and &(()Z) are the frequency and Pauli spin matrix of the system two level atom, w; = jAw

is the energy level of the jth ‘vacuum mode’ and g is the coupling of the jth mode to the system,

taken to be uniform. Here w. = NAw, and the uniform spacing of the j modes implies that the

(a) (b)

Figure 4.4: The illustration of a numerical experiment consisting of a large closed system consisting
of a single two level atom coupled to a finite collection of equally-spaced reservoir modes. The
population of the single two-level atom is recorded as its frequency wg scans through the reservoir
frequencies starting from (a) the middle where wy < w. to (b) wp > we.
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density of states for the reservoir is Z(wp) = 1/Aw.

Ideally, we would like to configure the reservoir with a sharp boundary w,, between excited and
ground state two-level atoms to match the model described above. Unfortunately, the N+1 coupled
atomic system has a Hilbert space with dimension 2V*! which grows exponentially, becoming
numerically-unmanageable as a function of N very quickly. Instead, we consider conditions where
the system is initially excited, and the reservoir solely consists of ground state two-level atoms
with energies ranging from 0 to w.. This allows us two work in the single excitation manifold
whose dimension is merely N + 1. In doing so, we are able to model much larger systems that,
in turn, approximate system-reservoir dynamics more accurately. This model is sufficient for our
comparison with the non-Markovian model but, the lack of an excited two-level atom drive with
energies above w,, restricts the validity of the model to the regime where wy < w.. The reservoir
boundary w, in this case models the reservoir edge w,, since 6((]+)|e> = 0, where |e) is the excited
state of the atom.

In the limit where Z(wy) < 1/g, the system effectively couples to a single mode, and Rabi
flops between the system and reservoir modes. Therefore, in order to approximate system-reservoir
behavior, we require Z(wp) > 1/¢, which guarantees that the system interacts with several modes
of the reservoir. Since the major feature that the non-Markovian model added was a broadening
of the system population transition as a function of the system frequency wg, here we record the
average population P, of this closed system as a function of wy — w.. We then measure the width
of the population transition as wqy approaches w, from below.

For fixed 2(wp) and g, we simulate the model described above by time evolving the excitation
of the two-level atom system as a function of w. — wp. Since this is a closed quantum system, the
excitation of the atom system undergoes collapses and revivals due to the fact that there is no
true steady-state for the Hamiltonian system. We calculate the average excitation of the system
in the region precisely between consecutive revivals. Obtaining a series of these average system
excitations as a function of w. — wg, we can numerically construct the average population function

Py(we — wp). The half width at half maximum of Py(w. — wp) is determined from the fall-off of
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the excitation as a function of w, — wy about the 50% occupancy level. This broadened population
transition as a function of frequency is then directly comparable to 7.
Figure 4.5 demonstrates this process for the case where Aw/w, = 0.005 and g/w. = 0.015

are fixed. Figure 4.5(a) is a plot of the population of the system as a function of time where

Po(t) 1 @ Pty 1 ® 5w ©
0.8 0.8} 05
0.6 0.6} ’
0.4 04}__4 l ., 025
0.2 e l B 0.2 | | 1 |
0 1 2 3 4 0o 1 2 3 010
t[27D(wo)] t[27D(wo)] wWo—We

Figure 4.5: A demonstration of the calculation of a n/w. for a large closed quantum system. For
fixed Aw/w. and g/w,, time evolution of this as a function of wy —w, exhibits collapses and revivals
due to the fact that it is a closed quantum system. (a) The time evolution for wy — w. = —we. (b)
The time evolution for wy ~ w.. We record the collapsed population value as a function of wg — we,
and then plot them (c). The half width at half maximum is the value 7.

wo < we. For a given Aw, the revival time is approximately equal to 2r%(wp) as can be observed
on the plot. The quasi-steady-state can thus be calculated by time-averaging about 7% (wp). The
quasi-steady-state for this case is approximately zero, since the system frequency is covered above
and below by vacuum modes. Figure 4.5(b) is a plot of the population of the system as a function
of time where wy < w,, but ~ 8% of its value. Here the revival time is the same, since the density of
states is unchanged, and the quasi-steady-state is now a nonzero value. Figure 4.5(c) is the function
P, (we — wp) obtained from data obtained in the manner just described. This particular numerical
experiment yields ~ 0.09, where the theoretically-predicted broadening is n ~ 0.07. The procedure
is repeated for a variety of values of g and Z(wp). The resulting data is given in Table (4.4).
Since we are checking the claim that n = g?Z(wg)m/2, in Figure 4.6 we plot n x 2/(92(wo))
as a function of g. In doing so, if n accurately models the system broadening, the slope of this line
should be ~ 1. The top (blue), middle (red), and bottom (yellow) points and lines correspond to

the data and linear fit for Z(wp)w, = 100, Z(wp)w, = 200, and Z(wp)w. = 500 respectively. The



D (wo)we =100 || Z(wp)we = 200 || Z(wo)we = 500
g/we | njwe | g/we | njwe || g/we | n/we
0.020 | 0.081 0.010 | 0.044 0.006 | 0.040
0.022 | 0.096 0.012 | 0.060 0.008 | 0.067
0.025 | 0.121 0.015 | 0.090 0.010 | 0.099
0.027 | 0.138 0.017 | 0.113 0.012 | 0.136
0.020 | 0.148 0.014 | 0.176

60

Table 4.1: A table of half width at half maxima as a function of Z(wp) and g for a large-closed
quantum system. The standard Born-Markov theory predicts that these values should be zero. We
can check the validity of our non-Markovian theory against these values to see if it characterizes

the broadening correctly.

linear fits for Z(wg)w. = 100, Z(wp)w. = 200, and Z(wg)w. = 500 are

2 0.6
X —— ~ 09729+ —r,
T gD (wo) 97 P(wo)
2 0.8
X —— o~ 0972 g+ ——,
T 29D (o) 97 G(wo)
X 2 0.940 g + 15
T 9D (o) I Gy

(4.37)
(4.38)

(4.39)

In order to make the closed system model comparable to the theory presented in Section 4.2,

we require that g > 1/%(wy), or equivalently g% (wg) > g. Under this condition, the nonzero

0.030]
0.025 -
0.020
0.015]
0.010
0.005
0.000"

n
77[5 9D (wo)]

0.010 0.015

0.020
g

0.025

Figure 4.6: A plot of the data in Table 4.4 where the top (blue), middle (red), and bottom (yellow)
lines correspond to Z(wg) = 100w, Z(wo)we = 200, and Z(wp)w. = 500 respectively. From these
lines, the extrapolated equations, and given the fact that we require g > Z(wy), we confirm our

previous definition of 7.
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intercept is negligible. From this large closed system model, we conclude that

™
~

N~ 59"7(w), (4.40)

which is in direct agreement with the non-Markovian correction calculated in Section 4.2.

4.5 Conclusion

In this chapter, we derived the decay of a two level atom that agreed with the decay obtained
from Fermi’s golden rule. After coupling the system to an exotic reservoir whose cut-off energetically
matched the frequency of the atom, the standard Born-Markov master equation formalism acquired
a diverging energy shift. This divergence was an artifact of the approximations that are typically
made. By choosing the sharp reservoir boundary close to relevant system energies, we inadvertently
contradicted the separation of time scales that we required in the original derivation of our coarse-
grained master equation. This led to a violation of the Markov approximation.

To treat this problem correctly, we referred to the all-orders memory kernel form of the
master equation. Observing the form of this expression and being aware of the long-time behavior
of relaxation processes, we estimated the all-orders behavior by expanding the kernel to fourth-
order, deriving an estimate for the decay of the kernel, which we referred to as 1/n. Here we
found that n was equal to one fourth of the decay rate of the two-level system coupled to the
reservoir. The proximity of the Ty, and 7. implied by 7 ~ I' indicates that this specific type of
system-reservoir interaction is non-Markovian. The implication of the higher order correction in
the formalism is that the sharp bare reservoir levels are broadened and mixed by their interaction
with the system. In other words, the resolution of the levels of the reservoir get smeared by an
amount ~ 7 due to their interaction with a common system. This is what one might expect from a
perturbation theory standpoint. The resulting expression that we obtained was a solvable master
equation with higher-order behavior accounted for. In its form, this master equation is incapable
of resolving short times. Since we will be solely concerned with steady-state system behavior, the

loss of the ability to model short times is not necessarily of major consequence.
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We tested our all-orders approximate memory kernel model against a large, closed quantum
system. Varying parameters such as the density of states and the couping strength of this closed
system, we were able to verify that our model encapsulates the all-orders behavior of the large

closed system quite well.



Chapter 5

Atomtronics with Atoms in Optical Lattices

The atomtronic systems we consider in this chapter involve bosonic atoms traversing optical
lattice potentials. Here we employ a novel application of the master equation approach to open
quantum systems where the reservoirs act as ‘sources’ and ‘sinks’. We monitor the current response
across the lattice as atoms move across from a high chemical potential reservoir to a low chemical
potential reservoir. This concept is illustrated in Figure 5.1.

After quantifying our measure of atomic current, we examine the behavior of specific systems
coupled to two different types of reservoirs: strongly-interacting and weakly-interacting bosonic
reservoirs. In the limit of very strong atom-atom interactions, the zero-temperature bosons in the
reservoir fermionize and map onto a zero-temperature, non-interacting fermion system with an equi-

librium characterized by a Fermi-Dirac distribution with chemical potential ur that separates vac-

-]

Figure 5.1: Illustration of an optical lattice coupled to two different reservoirs of ultracold atoms
with chemical potentials i, and pur. As depicted in the figure, when pr > pg, a current of atoms
in induced across the system from left to right.
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uum states from occupied states. In the limit of weak atom-atom interactions, the zero-temperature
atoms can Bose-condense, and the ‘reservoir’ becomes a superfluid that is the matter analog of a
single coherent driving field. As we shall see, the strongly-interacting and weakly-interacting reser-
voirs lead to very different system responses. The systems and computational methods we develop
in this section are also suitable for the generic study of transport properties of atoms through
customized optical lattices.

In this chapter, we demonstrate theoretically a variety of highly customized optical lattices
that mimic the behavior of a semiconductor diode, field-effect transistor (FET'), and bipolar junction
transistor (BJT) when driven by atomic reservoirs with chemical potential differences. We show
that these fundamental electronic-like elements can be cascaded, leading to the the development
of more complex logic components. The resulting atomtronics technology proposed in this work is

intended to be a one-to-one analogy of traditional electronic systems.

5.1 Calculating atomic current through a custom optical lattice

Given a specific system and reservoir, we derive and solve the appropriate master equation
for the evolution of the reduced system density operator pg. One pg is known, the expectation
value of any system observable can be obtained by taking the trace of the product of pg with the
observable in question. The observable that we are concerned with here is the atomic current that
corresponds to atoms moving into or out of the system via the reservoir channels. In this section,
we derive the operator whose expectation value is this current.

Consider a system coupled to many reservoirs. The modified master equation (4.31) for such

a system-reservoir interaction is given by

s == s ps] = {3 [ are [0 [Vut-r) nis] | | (5.1

where,

Ve = D hge(alRej+ack] ) (5.2)
J
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and g, ; is the coupling constant for the reservoir mode j coupled to the lattice site &, al. creates
a particle on system site x, and }A%,w' annihilates a particle from the mode j of the reservoir that is
connected to lattice site .

Here we examine how a particular reservoir coupled to lattice site g affects the population
of system eigenstates |3,,); each |(3,) being an eigenstate in the n-particle manifold of the system.

The evolution of the population of this state is given by

d i 1 o0 o Ta

il 5 - __ 5 _ -nT —Y Bnb

= (Balps|.) = (Bl [Hs, ps]B) hﬂm{; /0 dre™ " (Bl [ Vi, [ Vie(=1), s | Iﬁn>}
S Vo (Va7 o
= gz | e Tenq (Bl [V [Va-7). omds| | 150)

~ton > " are gl [T [0u(-r), ] )} (5.4

where [Hg, ps] = 0 since |3,) is an eigenstate of Hg. Since we are interested in the influence on
the population of state |3,) solely due to the action of reservoir ¢, we focus our attention on the
terms in equation (5.4) involving Vq alone. Expanding these terms, we get

2 /0 h dTe—mTrR{wn\ [Vas [Val=7), prs| | w}

— / dre™ (5|
0

- (aq@(—ﬂﬁs@ggq(—ﬂ n ﬁsaq<—7>a;<é;<—7>éq>)] 160)

(az<—f>ﬁsaq<égéq<—f>> T &Eﬁs&q(—f)<52(—7)9q>>

N

+ /OOO dre™ (B, [(dq(—ﬂﬁsdl@qgg(”» + dqﬁsdg(—7)<gq(_7)gg>>

_ (aj,dq(—T)ﬁs@qg; (—7) + ﬁsag(—T)aq<éq(—7)ég>>] 18,) (5.5)

where the first terms in the brackets (i.e. those proportional to (QAJILQA[])) add atoms into the system,
and the second terms in the brackets (i.e. those proportional to (G, A; )) remove atoms out of the
system.

The positive terms on proportional to (G}@ in equation (5.5), responsible for supplying
population to the |f3,,) state, are proportional to <ﬁn|&;ﬁsdq|ﬁn> = (bp-1|ps|bn-1), where |b,_1) is a

quantum state that belongs to the (n—1)-atom manifold. Therefore, as illustrated in Figure 5.2(a),
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a) b)
===(n+1)-manifold =—=—(n+1)-manifold
%aa*;os, paa’ % apa’
n-manifold . n-manifold

a'aps, psa'a

g

% a'pea

(n-1)-manifold (n-1)-manifold

Figure 5.2: An analysis of how the terms in the master equation contribute to population in the
n-particle manifold. (a) The action of a reservoir adding particles to the system. The operator
a'psa, linking manifolds n and (n — 1), increases the n-particle manifold, promoting atoms from
the (n — 1) manifold. The number-conserving operators aalps and pgaa’ decrease population in
the n-particle manifold as the system is promoted to the (n + 1) manifold. (b) The action of a
reservoir removing particles from the system. The operator apgal, linking manifolds n and (n+1)
increases population in the n-particle manifold as particles are removed from (n+1). The number-
conserving operators alaps and pga’a decrease population from the n-particle manifold as the
reservoir removes a particle.

the |(3,) state receives population from the manifold below it as a particle enters the system. The
negative terms proportional to <Q2Qq> in this equation, responsible for depleting population from
the |3,), are proportional to either (Bn]dqd:gﬁg\ Bn) or (B ﬁsdng] Br). Since dqd:g preserves particle
number, these terms generate population loss out of the n-atom manifold: the |3,) state loses
population as the system is promoted to a state in the (n + 1)-particle manifold as a particle is
added to the system. This behavior is also illustrated in Figure 5.2(a).

In contrast, the other terms in equation (5.5) behave as follows. The positive terms propor-
tional to (_C’;qub, responsible for removing atoms from the system, are proportional to
<5n\dqﬁsd§]6n> = (bnt1lps|bnt1) where |b,+1) belongs to the (n + 1)-atom manifold. Thus,
the state |3,) receives population from above as particles leave the system. The negative terms
proportional to <Qqég>, responsible for depleting population from |3,), are proportional to either
<5n\d§dqﬁslﬂn> or (] ﬁsdgdqlﬂm. Since d:gdq preserves particle number, population is lost out of
the |3,) state, where it goes to a state in the (n — 1)-manifold as a particle is removed from the
system. These actions are illustrated in Figure 5.2(b).

To find the net current observable for the state |3,,), we take the sum of positive contributions
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from the influx terms and the negative contributions from the outflux terms, i.e.

oy = [ [w <d$(—f)ﬁs&q@$§q(—7)> n azﬁsaq<—7><¢2<—7>6q>> 6)

—(Bnl <d$dq(—7)ﬁs<QqQ2(—7) + ﬁsdq(—T)a$<g2(—T)Qq>> Iﬁn>] - (5.6)

Under this convention, a positive value for <jq> corresponds to current entering the system. Alterna-
tively, we could have taken the sum of the negative contributions from the influx terms and positive
contributions from the outflux terms. In which case, a positive value for <jq> would correspond to
current exiting the system.

The total current into, or out of, the system lattice site ¢ can be obtained by summing the net
current of all of the eigenstates |3,). This sum is equivalent to a trace over the system eigenstates.

Using the cyclic property of the trace, we obtain

) = Trs{ [ [ e (aqafx—fxgggq(—f» T ag(—r)al (61 (—)G))

= Trg {jqﬁs} (5.8)

where we identify jq as the system current operator at the system-reservoir junction q. We use this
current operator throughout the remainder of the thesis to analyze effective transport through our

proposed devices.

5.2 A strongly-interacting boson reservoir model (fermionized bosons)

A zero temperature strongly-interacting boson reservoir is comprised of a near-continuum
of occupied levels up to some energy w,, above which the modes are assumed to be in vacuum.
When w, lies above a system energy difference, sufficient energy is available for the system to be
excited. The sharpness in the number distribution of the zero temperature Fermi-Dirac distribution
implies that we need to use the non-Markovian master equation (4.31), to model this particular

system-reservoir interaction. In a manner analogous to Pauli blocking, the atom-atom repulsion of
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the strongly-interacting reservoir model has the desirable feature that atoms that enter the system
cannot go back. They are forced to exit the system through the reservoir channel corresponding
to the lower chemical potential. This characteristic makes this reservoir model an ideal model to
study transport properties of custom optical lattices. We use this model to construct the majority
of our proposed atomtronic components. Here we derive the master equation for an optical lattice
system whose site ¢ is coupled to a single reservoir in detail. Additional reservoirs can be added
by following the same steps outlined here.

The starting point for this derivation is equation (4.31). Expanding the Liouvillians, we get

% = —%[ﬁs,ﬁs] - % /OOO dre”"Trg { [ﬁv, [ﬁv(—T),ﬁRﬁsH} (5.9)

where 7 = I'/4, the system decay rate I' is derived below, A4/ (—7) = e~iHor/h Z, eitor/h,
Hy = Hg + Hpg, and the averaging is performed over the reservoir degrees of freedom. For
an N-site Bose-Hubbard system, the Hamiltonian is
N U N—
ngz<hw ala; + + 5 atala;a > ZJ (a aji1 + aja jﬂ) (5.10)

j=1

where w; and U; are the oscillator frequency and on-site interaction energy for site j, and J; is the
tunneling energy between sites j and j + 1. The reservoir consists of a near-continuum ensemble
of non-interacting oscillators whose Hamiltonian is
f[R = kaélék (5.11)
k

where @y, is the frequency of reservoir mode k. The zero temperature Fermi-Dirac distribution is

characterized by a reservoir frequency @,, such that for &, < w,,

(RLR) =1 (ReR[) =0 (5.12)
and for wy, > @,

(RIRy) =0  (RyR}) =1. (5.13)

The Hamiltonian that describes the system-reservoir interaction is

Hy =h (Z gexRla, + g;,k]%kd;> (5.14)
k
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where g, ;, is the complex coupling constant that couples the oscillator to the mode k of the reservoir

that is coupled to the system site q. Expanding the commutators of equation (5.9), we get

dp U T e R (U
% = —E[H&ps]—ﬁ/ dre™" TY{HVHV(—T)PRPS—Hv(—T)PRPSHV
0
—Hy prpsHy(—T) +,5Rﬁsﬁv(—7)ﬁv}- (5.15)

Inserting equation (5.14) yields

d i~ o o o B
% = —3[Hs, ps] _/0 dre™ Tr{Z‘gq,kP <R£Rk(—7)aqa2(—7)PspR
k

\]
~—
-

+ RiR] (~7)akag(—7)pspr + psprRy(—T) Rudq(—7)ak + psprlte(—T)Ral(~)a,

— RlagpsprRi(—7)al(—7) — RypalpsprRy(—7)ag(—7) — RL(—7)aqg(—7)psprRBral

- f?k(—T)dj;(—T)ﬁSﬁRRqu> }

= —ilHs, ps] — / dre™ Y |ggil? <<R,1Rk<—f)> laq@}(~7)fs — al(—7)psiy
0 e

(R R (=) [adag(~7)ps — ag(~7)psab] + (RL(—7)Re) | pstg(—r)a} — alpsig(~7)]

# (=) B [psal(-)aq ~ agpsal(-n)] ) (5.16)
where we have simplified the expression by taking advantage of the fact that the reservoir is diagonal
in its energy eigenbasis, and then we have used the cyclic property of the trace operation.

Next we project this equation onto the system energy eigenbasis:

d oo L B ) A ' )
Oap = —WwapGap / dre™ 3 lgg P ( (RLRR) e [ Aun Al e~ 5,
dt ; Ek
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+ (E;é]» —iot [UanAnme—iwanA:fnb - Aln&nmfimbe_iwmbq—]

(R B 50 A e A — AanﬁnmA;be—iwD
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where we have defined &, = (a|ps|b), Aay = (ald,|b), and Alb = <a|a¢T]|b> to simplify the notation,
and wgp = wg —wy is the frequency difference of states |a) and |b). Converting the sum over reservoir
modes to an integral, and asserting the reservoir statistics defined in equation (5.13), we get

S W ~ ~ . _
ié’ab = _iwab&ab - / dTe_m— / dw@(@)\gq (@) ’2 [AanAILme_Z(wnm _W)Ta'mb

- Alne_i(wan_w)TﬁnmAmb + a'anlenme_i(an—"_@)lejnb - Alnﬁnmﬁmbe_i(wmy‘rwﬁ}

_ / dTe—nT/ d@@(@)’gq(@)P [A:[mAnme—i(wmn-i-@)ra,mb
0 Wy

— A ot G B G A e O Ay = A Ay o=
(5.18)
where Z(w) is the density of reservoir modes and g,(w) is the continuous analog of g, ;. The upper
limit on the second @ integral goes to w. instead of to infinity to avoid the ultraviolet divergence as

previously discussed in Section 4.1. If we assume that the density of states and coupling function

are slowly-varying about wy,, we can define the n, m matrix elements of
+ o0 W . -
(6),, = [ ar [ dela@ra@e e

1o
arctan <w> — arctan <wnm>
n n

_ %ln <(wnmiwu)2+n2>

w2, +n?

= £|g4(@0)[*2(@0)

(5.19)

and
(W) = /0 dr / Ao P(@)em xR T

Wy
S 4 +
arctan (M) — arctan <M>
n n

z’l ( (@e £ @,)% +n? >
— —1In
2 (wnm £ @)% + n?

= +[gg(@o)*Z(0)

. (5.20)

This implies
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(

Gil) Amp = AwmtamAl, (GG)) ] (5.21)

where the decay rate, or linewidth, I' = 27|g,(@0)|?Z (@) is equal to what one acquires from Fermi’s
golden rule.

This is the complete master equation for a Bose-Hubbard system that has site g coupled
to a reservoir characterized by &,. In atomtronics applications, we require at least two reservoirs
to drive current through the system in steady-state. Other reservoirs can be added in a similar
manner to equation (5.21) where they may be characterized by their own system-reservoir decay

rate and chemical potential.

5.2.1 The atomtronic wire

Here we begin the analysis of atomtronics components by considering the atomtronics coun-
terpart to a simple circuit of a battery connected to a resistive wire. As seen in Figure 5.3, the
analogy of a wire is an energetically-flat optical lattice, with uniform tunneling and interaction en-
ergies ( €; =€, Uj = U, and Jj;, = J for all neighboring sites). For this system, and all atomtronics

systems discussed in this thesis, we assume U > J. The corresponding Bose-Hubbard model for

(a) (b)

(@

--------------------

Figure 5.3: TIllustration of the analogy between (a) the electronic circuit of a wire (with some
inherent resistance) connected to a battery and (b) its atomtronic counterpart.
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this N-site system is

N N—-1
. . U .+, . L o
Hg = Z (hwa}aj + Ea;a}ajaj> +J Z (a}ajurl + aja}H) . (5.22)
J=1 j=1

where hw = e. For this system, we assume weak reservoir coupling and calculate the atomic current
as a function of chemical potential difference. This numerical experiment is carried out by initially
setting both left and right chemical potentials (7, and pgr) to zero, and then raising pz so that
an atomic current response is induced across the system from left to right. Using the analysis
outlined in Appendix A, solve for pg in steady-state. We then compute the current (Jg) out of
the right side of the system. This data is presented in Figure 5.4. Here we see that the current
increases with the chemical potential difference, but in quantized steps that correspond directly
to the left chemical potential overcoming multiples of the on-site interaction energy. This is the
energy needed to increase the number of atoms on the left site by one. A closer examination of the
numerical simulation implemented in Figure 5.4 reveals two subtle features. Moving from left to
right across graph in Figure 5.4, the first current jump occurs at (uy, — €)/U = 0, and the current
increases in two steps. One might have expected to observe a single jump, since the condition to
put a particle in the lattice is uz, > €. This is a result of the fact that the degeneracy of the Fock

states in the one-particle manifold is split by 2J in the system state eigenbasis due to tunneling.

(ur — €)/U

Figure 5.4: Current of the atomtronic wire (in units of I'g), in the case of weak coupling to the
reservoirs, as a function of the left chemical potential. The current monotonically increases in
quantized jumps as the on-site interaction energy to put on an additional particle is overcome. The
parameters used to model the atomtronic wire in this simulation are ¢/U = 3, J/U = 3 x 1072,
and hlg/U = 1076,
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In addition, the jump in current is broadened slightly by both the nonzero n and by the system-
reservoir coupling. This broadening, which makes the jump in current a smooth transition rather
than a discontinuous step is even more apparent in the atomtronic devices presented below, where
the system reservoir-coupling is taken to be orders of magnitude larger. Although the exact details
for the second and third jumps are more complicated, the reasoning is the same: the eigenenergies
are split by approximately 2J, and the overall jump is smoothed out by 7. These general properties

hold for many of the numerical experiments that follow.

5.2.2 The atomtronic diode

A diode is a device with an approximately unidirectional current characteristic. The basic
behavior is that a voltage bias across the diode yields a current in one direction, but if the voltage
bias is reversed the current response is negligible. Such behavior can be realized in an optical
lattice by creating an energy shift in half of the lattice with respect to the other as we now show.
We find that the diode characteristic persists as the number of lattice sites is increased so we may
anticipate the result to hold in the mesoscopic limit. For simplicity, here we illustrate the idea
of the atomtronic diode in a double well lattice system. For the simulations for the rest of this
chapter, we assume J/U = 3 x 1072, hl'g/U = 1072,

In the Fock basis for a two site system, there exist three states in the two-particle manifold:
|20), |11), and |02), where |nm) refers to n particles on the left site and m particles on the right.
The external energies of the two sites (€; and e2) can be chosen so that the eigenstates |20) and
|11) are approximately degenerate, leaving both states far detuned from |02). This configuration of
the site energies is given by €; = € and €3 = €; + U. We refer to this as the “resonance condition”.

The corresponding Hamiltonian for this two-site system is

A~

ot n ot n U/+.4. . At a o .
Hg = hwlaial + (hwy + U) agag + 5 (a{aialal + CL;(IEGQCLQ) +J (aiag + a1a£> (5.23)

Figure 5.5 illustrates how the resonance condition generates reverse-bias and forward-bias

behavior in a two-site optical lattice. As seen in Figure 5.5(a), if one holds the left reservoir
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Figure 5.5: (a) Energy schematic of the reverse bias dynamics of the two site atomtronic diode.
The red arrows represent the system transitions from an initially empty system. The gray (dotted)
arrows represent all other possible transitions. Regardless of which state the system starts in, it
evolves almost entirely to the |02) state. (b) Energy schematic of the forward-bias dynamics of the
two-site atomtronic diode. Blue arrows illustrate transitions into current-bearing cycles, while gray
(dotted) arrows represent all other possible transitions.

chemical potential at pr, = 0 and raises the right reservoir chemical potential ppg, the system will
undergo a transition from |00) to |01). The states |01) and |10) are separated in energy by U. As
a result, most of the population remains in the |01) state. Increasing pur above the point where
the transition from |01) to |02) is allowed, the system remains almost completely settled in the |02)
state.

As seen in the Figure 5.5(b), if one holds pur = 0 and raises pr, the system first undergoes
a transition from |00) to |10). However, increasing puz so the system evolves to |20) leads to a
very different situation than in the above case: since |20) is resonant with |11), both states are
simultaneously populated. Since pur = 0 takes all particles out of the site on the right, the system
can make a transition from |[11) back to [10). The combined effect of setting pr, and pug to these
values is to force the system to undergo a closed cycle of transitions between [10), |20) and |11).
The result is a net atomic transport (or current flow) across the system. A second contributor to
the net current through the system is the fact that py allows transitions from [11) to |21). Thus,
an additional current-generating cycle exists: |11) to |21) to |20) and back to |11). Both cycles
contribute positively to a net current flow across the system.

For systems consisting of N lattice sites, the diode configuration is composed of two con-
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nected, energetically-flat lattices whose energy separation is Ae = U. The basic dynamical re-
sponse seen for two sites holds also for larger systems due to the fact that the flat lattice allows
for effective transport. This is because adding a particle to the left site of the left half of the
lattice is energetically degenerate with adding a particle to any sites up to, and including, the left
site of the junction. Therefore, there exist current cycles initially generated from the degenerate
[222...2) ®10...000) to [222...1)®]1...000) transition. Going the other direction, one can, in principle,
go to [0...000) ® |222...2) but, as is seen for the double well model, conditions are not energetically
favorable, and atomic transport across the junction is greatly suppressed. Figure 5.6 is a schematic

of a four-site atomtronic diode in the forward-biased direction.

m L Kd ™

Figure 5.6: Schematic of the four-site optical lattice atomtronic diode.

In support of the fact that the dynamics of the diode are qualitatively-independent of the

overall size of the lattice, we model a four-site diode here. The Hamiltonian for this system is

A

Hg = hw <a1a1 + agag) (hwr +U) <a3a3 + ala4)

U Atata
EZa;a ;0 JZ(CL 41+ aja ;+1) (5.24)
7j=1 7j=1

Figures 5.7(a-b) and Figures 5.7(c-d) are numerical simulations of the current responses of the two
site diode Hamiltonian, and four site diode Hamiltonian, respectively. The general features of both

diodes are qualitatively identical.



76

5 5
al (a) at ()
r® >
2 2
1 1
0 0
1 1
0 0.5 1 0 05 1
5 5
4t (o) 4} (d)
3 3
[/I—'2 5
1 1
0 0
1 1
0 0.5 1 0 0.5 1
pr/(e +U) pr/(e+U)

Figure 5.7: Current responses (in units of I'g) of (a) forward-bias two site diode, (c¢) the four site
diode as a function of puy (with ur = 0); current response of (b) the reverse-bias two site diode
and (d) four site diode as a function of pp (with pz, = 0). The chemical potentials of all figures
are normalized to the resonance condition, and the currents normalized to I'g.

5.2.2.1 Noise analysis of the atomtronic diode

Given the current characteristics of the diode, one might ask how much does the signal
fluctuate about its steady-state value. Quantifying the signal-to-noise ratio (SNR) is an important
measure of the functionality of any device. A time-averaged SNR can be obtained by constructing
the power noise density function, convolving it with a filter, and then integrating over all frequencies.

For the current operator jq, the corresponding Sp(w) is

2

(t))e “ldt (5.25)
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Given a system steady-state time tp, the Wiener-Khintchine theorem can be stated as

So(w) = Re {3 /0 " dre T (t + T)jq(t0)>} . (5.26)

™

since the function is (J,(tg + 7)J,(t0)) is a real-valued function [68].

Propagation of (J,(to + 7)J,(to)) becomes tractable under the quantum regression theorem,
which asserts that this correlation function evolves under the same equation of motion as pg(t). We
can confirm this by considering the correlation function for the full system and reservoir problem.

In this case,

<jq(t0 + T)jq(t(])> = Trgp { <ei1:1(to+T)/hjqe—iﬁ(to+7—)/h) (eiﬁto/hjqe—iﬁto/h) <e—iﬁto/hﬁeiﬁto/h)}
(5.27)
where H = H s+ H R+ H v, p(to) is in steady-state and the trace is over the system and reservoir

degrees of freedom. The cyclic property of the trace implies
<jq(t0 I T)jq(t0)> — Trgp {jqe—iﬁr/hjq (e—iﬁ2to/hﬁeiH2to/h> ez’Hr/h}
= Trgp {jqe—iﬁﬂ-/h [jqﬁ(tO)] eifiT/h}

= Trg{jq Teg {7/ yp(to)| 17/} } (5.28)

where we have used p(2tg) = p(to) since p is in steady-state, and the fact that jq is a system

observable. The evolution of the full density operator is
p(7) = e—iﬁT/hpAeiﬁT/h7 (5.29)
implying that the evolution of the reduced density operator is
ps(r) = Trp {e—“%/ RpeiflT/ h} : (5.30)

Comparing equation (5.28) with equation (5.30), we see that pg and [jqﬁ(to)] evolve in the exact
same manner. Since pg evolves under the master equation, it follows that [jqﬁ(to)] evolves under

the master equation as well.
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In the Liouville representation, we can express the equation of motion for [jqﬁs(to)} as
d T ~ > 7 A~
= [Jap(to)| = At | Jups(to)] () (5.31)

where fMEq is the super operator that defines the master equation for pg. This equation can be

Laplace transformed into

[Japs(t0)] (5) = (s1 — Auwa) ™ [Japs (t0)] (t0) (5.32)

From Equation (5.26), taking s — iw in Equation (5.32) implies

So(w) = Re{% /0 OodTe_i“T(jq(to+T)jq(t0)>}

A A

= o2 [T are s {Atdastioin)}

2 S A
= Re {; Trg {Jq (zw]l . fMEq> [Jqu(to)](to)}} . (5.33)
We simulate time-averaging by convolving this expression with an exponential filter

F(t) = %e_t/T (5.34)

where T is the time the current measurement is averaged over. The convolution theorem then
implies

S(T,w) =Re {So(w)ﬁ} . (5.35)

Since Sp(w) is a real-valued function due to the fact that the correlation function is both real and

symmetric,
1

T w) = —_—. .
In this convention,

(J2) = / So(w)dw. (5.37)

0
Therefore the time-averaged SNR is
J,
Rsn(T o) (5.38)

) = —.
\/fooo S(T,w)dw — (J)?
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where (jq> is the expectation value of current. For values of 1/T" that are small compared to

appreciable changes of Sp(w),

(Jq)

[ 1 ()

So(0) [ m
_ (/) VT (5.39)
\/Re {limw_)O Trs{j(iwﬂ - jMEq)(jﬁS)}}

Rsn(T) =

12

Typical optical lattice experiments can achieve an on-site interaction energy U/h ~ 1 kHz. For the

parameters used for the diode, we find
Rsn ~ 8.9VHzVT. (5.40)

Therefore, a signal-to-noise ratio of ~ 10 can be achieved by averaging the atomic current for
1 second. Gillen has reported having atoms trapped in Markus Greiner’s customized optical lattice
experiments for up to 17 seconds [25], which would seem to make the proposed diode system
experimentally accessible. We note this ratio is certainly parameter-sensitive, and could perhaps

be improved upon in a different regime.

5.2.3 The atomtronic field-effect transistor

A field-effect transistor (FET) is a device that allows an externally-applied field to control the
amount of current that flows through the device. This characteristic allows the FET to be utilized
as a voltage-to-current amplifier. Since the diode is optimized when the resonance condition is
imposed on the optical lattice, small deviations from the resonance condition lead to large changes
in the maximum current propagating across the lattice. These changes in the relative zero-point
energies can be brought on by changes in an external field that is applied to the lattice. This is
precisely the behavior of a FET where a current is controlled by an applied voltage. In Figure 5.8,
we plot several current results for the forward-bias configuration as the separation in the external

energy of the second site is raised past the resonance condition by fractions of J, the smallest
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Figure 5.8: Current response of the atomtronic FET as a function of the chemical potential: small
changes in €5 lead to appreciable changes in the current response. That is, as the system is detuned
from its resonance condition, there is a fall off of the net current value across the device. The
legend in this figure indicates the colored curves that correspond to particular values of €s.

system parameter in the model. In doing so, we successfully recover the FET-like behavior where
small changes in an external field lead to appreciable changes in the current response of the device.

Along this line of reasoning, external fields can also be used to switch the atomic current
completely off by either shifting the sites well out of resonance or by exchanging their value, changing
the lattice from the forward-bias configuration to the reverse-bias. Such a switch might be useful

if one desired a control of the atomic transport that was function of time.

5.2.4 The atomtronic bipolar junction transistor

A bipolar junction transistor (BJT) is a three terminal device in which the overall current
across the emitter and collector is controlled by a much weaker current via the base. Two practical
applications of the BJT are signal amplification and switching (on and off) of the emitter current.

Realization of BJT-like behavior in atomtronic systems requires at least three sites connected



81

to three different reservoirs. If the atomtronic diode is considered to be an atomtronic p-n junction,
one might guess that the atomtronic n-p-n transistor would entail raising the external energy of
the left and right (collector and emitter) sites higher than the middle (base) site by the on-site
interaction energy. This configuration is illustrated in Figure 5.9(a). The reason this configuration
yields BJT-like behavior is due to the approximate degeneracy between the Fock states [110), [020),
and |011).

We implement numerical simulations of this lattice configuration by fixing a chemical poten-
tial difference across the lattice. The left reservoir chemical potential py is set to maintain one
particle on the left site and the chemical potential of the right reservoir up is set to zero. The
atomic current is measured as a function of pp;.

When there are no atoms on the middle site, the configuration of the reservoirs pump the
system into the [100) Fock state (as seen in Figure 5.9(b)). The [100) and the |001) states are
degenerate with each other, but the system must undergo a second-order, off-resonant transition

via the |010) state in order to transition from [100) to |001). Such transitions are suppressed by

(a) (b)
2¢ + U 2e + U 2¢e + U
|110) ]O2O |()11
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Figure 5.9: (a) An illustration of the BJT lattice-reservoir system. (b) The energy schematic of the
three-site optical lattice under the extended resonance condition. Here the left reservoir is set to
maintain an occupancy of one atom on the left site and the right is set to remove all atoms. If the
middle reservoir is set to remove all particles, then the system evolves to the |100) state (red dotted
arrow). If the middle reservoir is set to maintain an occupancy of one atom on the middle site,
then the degeneracy between states [110), |020), and |011) allows current to traverse the system.
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a factor of (J/U)? and thus become less likely as the energy difference between [100) and |010)
increases. Thus, when the middle reservoir is set to maintain zero atoms on the middle site, the net
current out of what would correspond to the emitter lead of a conventional transistor is minimal.

When the middle reservoir’s chemical potential is increased to allow a single atom into the
middle site of the system, the degeneracy between the [110), |020), and |011) states is accessed,
which allows atoms to travel across the system. One issue with this configuration is the following:
in order to get to |011), the system has to make a transition through the |020) state. Since the
middle reservoir is set to maintain an occupancy of one, but not two, atoms on the middle site,
one of the atoms can be lost to the middle reservoir, leading to a loss of emitter current out of
the base. If the couplings of all three reservoirs to the system are equal, then the result is the
current measured passing through the base turns out to be greater than the current measured out
of the emitter. Thus, the system represents an inefficient transistor realization. On the other hand,
if the middle reservoir were to be coupled weakly compared to the other reservoirs, then current
predominantly leaves the system via the emitter, which is the desired behavior.

Figure 5.10(a) is a numerical simulation of the current out of the emitter and the base as a
function of the base chemical potential. The coupling strength of the base connected to the reservoir
is one fifth the collector and emitter reservoir coupling. It should be noted that the region where
the proposed atomtronic transistor mimics the electronic BJT is limited to the transition region, or
current jump. One can increase the length of this region by increasing the overall system-reservoir

coupling strength. Figure 5.10(b) shows that the gain of this device is fairly linear.

5.2.5 Discrete atomtronics logic

Integrated circuits are designed with a very large number of transistor elements to perform
a desired function. The demonstrated ability to realize atomtronic diodes and transistors thus
motivates the question as to whether higher functionality can be realized with these ultracold
atomic systems. Here we look at the most fundamental of these, the atomtronic AND logic gate.

A traditional logic element is a device with a given number of inputs and outputs, composed
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Figure 5.10: Characteristics of the atomtronic BJT. (a) For a fixed collector-emitter voltage bias,
the current response measured through the base leg (green, dashed curve) and the emitter leg (blue
curve) are plotted as a function of the base chemical potential. (b) The current out of the emitter
is plotted vs. the current out of the base. Here a large linear gain is observed.

of switches, that generates a series of logical responses. Such logical behavior can be expressed in a
truth table composed of 1’s and 0’s (‘ons’ and ‘offs’). Logic elements are the fundamental building
blocks of computing and discrete electronics. In Table 5.1(a) the truth table for the AND logic gate
is given as an example. The next level of complexity in emulating electronic systems is to create
logic elements from the atomtronic components.

An AND gate is a device with two inputs (A and B), and one output (O). As illustrated in
Table 5.1(a), the device characteristic of the AND gate is that O remains off unless both A and B
are on. In electronics, such a device can be constructed by connecting two transistors in series (as
illustrated in Figure 5.11(a)). By direct analogy, the atomtronic AND gate can be constructed by
connecting two atomtronic BJTs in series as illustrated in Figure 5.11(b).

When constructing practical logic circuits, the logical values of the 1s and 0s are mapped to
a given energetic range. The data in Table 5.1(b) has been generated in a numerical experiment
of the optical lattice configuration depicted in Figure 5.11(b). For this particular experiment,
the maximal current out of the device is at least a factor of 6 greater than any other measured
current. Thus a discernible difference between ‘on’ and ‘off’ is observed and the output currents
reproduce the AND gate truth table to reasonable fidelity. Such a difference can also be enhanced

by increasing the on-site interaction energy U of the lattice.
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AND Gate Atomtronic AND Gate Simulation
A|B| O A | B O

01010 0 0 0.00
110]0 321 0 0.01
0[1]0 0 |32 0.16

11 1 3.2 | 3.2 1.00
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Table 5.1: AND gate truth table where the two inputs are labeled by A and B, the output labeled
by O, and the 1 or 0 entries represent ‘on’ and ‘off’. (a) Truth table describing the device charac-
teristics. (b) Numerical simulation of the atomtronic AND gate normalized to the maximal output
current ‘O’. Here, the inputs A and B are the respective chemical potentials measured with respect
to the on-site interaction energy (u4/U pup/U) and the output is the atomic current normalized
by the maximum output current (I/I,4.). In practice, the logical ‘ins’ and ‘outs’ are mapped to
physical currents by setting threshold ranges. Since the maximal output current is larger than all
other output values by at least a factor of 6, we can conclude that there exists logic gate behavior

in this optical lattice setup.
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Figure 5.11: (a) Electronic schematic for the AND logic gate, a device constructed by cascading
two transistors in series. (b) Atomtronics AND schematic. The atomtronic AND logic gate is
constructed exactly like its electronic counterpart, i.e. by cascading two transistors in series. A
chemical potential bias uy — pugr across the device attempts to drive a current across the device.
No substantial current is observed, however, unless both 4 and pup supply atoms onto the base
terminals of their respective transistors.

5.3 Weakly-interacting boson reservoir model (BEC reservoir)

Up to this point, our reservoir models have all been of the strongly-interacting type. However,
in this section we consider the driving mechanism for the system to be a near-zero temperature
weakly-interacting trapped Bose gas. In other words, we take the reservoir drive to be a Bose-
Einstein Condensate (BEC) in a superfluid state. Here, we develop the theory, and examine the
current characteristics, for a one-dimensional lattice driven by a BEC on one end, while coupled to
the zero-temperature vacuum on the other as depicted in Figure 5.12.

In contrast to the Fermi-Dirac type drive that we’ve used previously, the BEC drives the
system with a monochromatic coherent frequency. This causes the system to exhibit resonant
current responses as the BEC energy scans past the system energies. Additionally, once the BEC
drive deposits an atom into the system, it cannot block the atom from going back in the same
way as was observed for the Fermi-Dirac reservoir. For these reasons, one may anticipate that the

overall measured current that flows through the system will be less.
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Figure 5.12: An illustration of an atomtronic wire coupled to a BEC drive as well as the vacuum.

5.3.1 The BEC reservoir model

We model the non-interacting BEC as a classical drive, since its interaction with the system
is coherent, and we treat it as part of the closed system. The system Hamiltonian is comprised of
a Bose-Hubbard lattice model whose site ¢ is coherently driven by the BEC. Under the rotating

wave approximation, this is given by

s = 1 (afe™7" + 4,67 ) + 3" wjala+ g alalasa; - 7 (alag +ajal,,)  (641)
J

where Qp and hwp are the coupling strength and ground state energy of the BEC coupled to the
system, w; is the trap frequency of lattice site j, and U and J are the the on-site interaction and
tunneling energies, and are assumed here to be uniform and real.

The time-dependence of Hg can be eliminated by transforming to an interaction picture that

rotates with the BEC frequency wp yielding

iy = 1 () +a,) + > (hwy — wp) ala+ Salalaja; — T (alaj +ajaly,) . (5.42)
J
When the lattice site [ is coupled to the zero temperature vacuum, the master equation for

this open quantum system becomes

dps _ %
dt  h

= To /.4, . A ata U
[Hs, ps] — <alTasz + psaja — 2al/0.5'a2r) (5.43)

where I'y is the standard system-reservoir decay rate.
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5.3.2 The BEC-driven atomtronic diode

Here we use Equation (5.43) to examine the current characteristics of an optical lattice in the
diode configuration. Assuming Awy = hwy 4+ U, coupling the BEC to site 1 and the vacuum to site 2
would drive the system in the forward-bias direction. Conversely, coupling the BEC and vacuum
modes to 2 and 1 respectively drives the system in the reverse-bias direction. Taking hQ2p/U = 0.4,
J/U =3 x1072 and hl'g/U = 10~2, we plot the expectation value of the forward-bias current, the

reverse-bias current, and the current asymmetry as a function of the BEC frequency in Figure 5.13.
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Figure 5.13: The current response of the BEC-driven diode in the (a) forward-bias configuration
and (b) reverse-bias configuration (in arbitrary units). (c¢) The asymmetric current response of the
system.

We first note the resonant nature of the current response in the forward-bias direction, where
the maximal current peaks at the resonance condition wg = hw; + U. The reverse-bias current
has a resonant peak at wp = wi;. This is a second-order, off-resonant process since the BEC
in this case is resonant with the first site frequency. For the chosen parameter set, we achieve
a maximum asymmetric current response of (J)pwp/(J)rEv ~ 420. An analysis of the Fock
state populations for the forward-bias and reverse-bias system driven by a BEC characterized by a
frequency hwp = hwi + U also confirms that the dynamics are in general agreement with the given
physical interpretation.

Performing the same signal-to-noise ratio implemented in Section 5.2.2.1, and assuming
U/h ~ 103 Hz, we obtain

Rsn(t) ~ 18VHzVt (5.44)
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for the long-time-averaged behavior. This implies that a signal-to-noise ratio of 10 can be achieved
by time-averaging for ~ 300 ms, and a ratio of 18 by time-averaging for one second. Since the
upper limit on the lifetime of a BEC experiment is on the order of a second, we anticipate that the

diode behavior should be observable and resolvable in an experiment.

5.4 Conclusion

In this chapter, we applied the mathematical tools that we developed in the previous chapters
to fabricate theoretically optical lattice atomtronics systems in an open quantum system setting.
In this novel approach to atomtronics, the coupling of multiple reservoirs with different chemical
potentials induced an atomic current across the optical lattice in question. After deriving the
system current operator, we introduced a strongly-interacting boson reservoir model. With this
model, we studied a variety of highly-customized optical lattices. In doing so, we were able to
recover the electronic-like behavior of a semiconductor diode, FET, and BJT in these systems. A
SNR analysis was performed for the atomtronic diode using the quantum regression theorem where
we concluded that an SNR of ~ 10 should be achievable by time-averaging the current for about
one second. This implied that the functionality of the diode should be observable given the current
state of experiments in this field. Afterwords, we demonstrated that these components could be
used to build basic logic structures such as the AND gate.

We then implemented a weakly-interacting boson reservoir model, where the optical lattice
is driven by a coherent BEC. The resonant nature of the BEC interacting with the system led
to resonant responses in the current dynamics. Applying this reservoir model to the atomtronic
diode, we were able to recover an asymmetric response. However, the resonant response was a sharp
feature peaked about the resonance condition. The SNR of the BEC-driven diode at its maximal
current response was larger by a factor of two when compared to the strongly-interacting reservoir

model.



Chapter 6

Time-Dependent Open Quantum Systems

In the previous chapter, we demonstrated how the steady-state behavior of diodes and tran-
sistors can be realized utilizing atoms in optical lattices. Following the development of traditional
electronics, we were able to recover elementary logic gates from the atomtronic transistors. We
illustrated the AND gate in the last chapter. By similar simulations, we have also verified the be-
havior of the NOT, OR and NAND gates in optical lattice systems. From an electronics standpoint,
the verification of these devices ends the discussion of steady-state, or combinatorial, logic behavior
since, in principle, any universal computation can be constructed out of NAND and NOR gates
alone. The next level of complexity in electronic circuitry involves the sequential logic components.
These are pulse-driven devices that add the potential for memory and storage of information.

Similar to the NAND and NOR gates in combinatorial logic, an SR flip-flop is a fundamental
building block for all sequential logic circuits. This device can be utilized as a memory element,
where a bit of information can be stored or cleared. It is a four port device with inputs S, R and
outputs @, Q. This device is a pulse-driven, as opposed to a steady-state, device. Its basic function
is to set a signal @) by sending an electronic pulse through the S channel. This stored signal can
then be reset by sending an electronic pulse through R, which changes the signal from @ to Q). The
truth table for a set-reset device is provided in Table 6.1. The functionality of this device crucially
relies on the hysteresis behavior that when both S and R are on at the same time, the final state
remains as it was before and is thus nondeterministic. That is, S = 1, R = 1 has two valid solutions

where the state can either be @ or Q. The specific solution depends on the condition of the system
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SR Flip Flop Truth Table
State | S| R| Q]| Q Action
110]1]0 Set
Set 11 1] 1| 0| Nochange
011011 Reset
Reset 11| 0| 1] Nochange
Invalid | O | 0 | x | X X

Table 6.1: The truth table for the SR flip-flop. This device, which exhibits a bistability for s = 1
and R = 1, is capable of storing state information.

before S and R were simultaneously on. The overview of the SR flip-flop makes clear important
role that bistabilities play in the functionality of this class of devices. Investigating the bistable
behavior of a cross-coupled transistor circuit reveals that the atomtronic analogs of this class of
devices require effective atomic transport across off-resonant system junctions.

In this chapter, after discussing basic atomtronic bistable circuitry, we conclude our open
quantum system treatment of atomtronics in optical lattices by demonstrating how effective atomic
transport can be achieved across energy-shifted lattices by modulating the barrier in between sites.
This topic makes extensive use of the time-dependent master equation formalism described in

Section 3.4.

6.1 Bistable circuitry

In order to understand and develop a synchronous device that functions like a flip-flop, we
first need to consider the role that bistabilities play in atomtronic circuits. In this section, we
initiate the study of bistable atomtronic circuitry. The goal of this work is to ultimately construct
and simulate the SR flip-flop.

The bistable circuit we study here is a cross-coupled transistor circuit illustrated in Fig-
ure 6.1(a). This circuit is a two input, two output device. When current simultaneously drives
both inputs, the system responds with one of two steady-state solutions: the current is measured ei-

ther through output A, or output B. The atomtronics analog to this bistable circuit is illustrated in
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Figure 6.1(b) where two driven atomtronic transistors are cross-coupled. A topologically-equivalent,
simpler version of this bistable circuit is illustrated in Figure 6.1(c).

There is an overarching theme that goes along with all of the atomtronics components that
we have developed thus far, but also encompasses the devices under consideration: atomic trans-
port can either be facilitated, or halted, by the strategic placement of energetic resonances and
mismatches. Immediately from this diagram we see a significant problem in the direct realization
of this device using the same general approach as before, since it requires atomic transport by
hopping between sites that are not degenerate in energy. It appears that our immediate problem in

developing the flip-flop, and thus the problem of understanding the functionality of bistable circuits

(a) (b)
Al

IH -y
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Figure 6.1: (a) Electronic schematic of a simple bistable circuit composed of two cross-coupled
transistors. If the cross couplings are highly resistive (not shown here), then when current is
introduced into the circuit, it either flows through transistor A or transistor B. (b) The equivalent
atomtronics circuit bistable. Here, the dotted lines represent couplings between the two transistors.
These couplings join together sites that are off-resonant. (c¢) A simpler, topologically-equivalent
bistable circuit to that of (b).
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is to resolve the question as to how one may obtain effective transport across non-resonant lattice
sites. In the following section, we show that effective atomic transport across an energetically-offset

lattice can be enhanced by modulating the tunneling barrier at the offset frequency difference.

6.2 Transport enhancement via tunneling barrier modulation

We can understand how atomic current can be enhanced across an off-resonant lattice by
studying a simple double well system with infinite on-site repulsion. Infinite repulsion allows us to
make the two-state approximation for the lattice site occupancy.

For a fixed complex tunneling rate J, a double well system exhibits a maximal current
response when the site energies are the same, i.e. €, = e = €. The Hamiltonian for this isolated
quantum system is

0 = eala) + ealis + Jalag + J*aal. (6.1)
For a system with a frequency difference A between the two sites, the Hamiltonian is
Hy = edlay + (e + hA)abay + Jalag + J*ayad. (6.2)

If we transform this Hamiltonian into an interaction picture that rotates with hAd;dg, then the

interaction picture Hamiltonian is
Hy = ealay + eabay + Je~Aalay + J*e™ayal. (6.3)

Now, if J — Je'®t, then

Hy = cilay + eaday + Jalas + J*aral. (6.4)

That is, modulating the tunneling rate J at the gap frequency A, makes H; = Hy. Thus the
effective transport of the gapped system will exhibit the same current response of the energetically-
flat system if the barrier modulates at the gap frequency.

To verify this claim that modulating the barrier does, in fact, create the desired effect in
an open quantum system setting, we derive the corresponding time-dependent master equation.

We consider a reservoir which does not have any discontinuities that directly overlap with system
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energy differences. In doing so, the standard Born-Markov rules apply. Recalling from Section 3.4

that the time-dependent master equation is

dps Lo R 1 o0
— = —ng(t)PS—ﬁTrR{/o dr

X {E[V7 [eiT fttiT ﬁs(h)dtl/he_iHRT/h]fIve_iT fttiT HS(tl)dtl/he_iHRT/ha pARpAS(t)H }

(6.5)

Due to the fact that the mathematical operations on all of the terms in the memory kernel are the
same, and the similarity of these operations to those performed in Section 5.2, we go through a
single term here at an accelerated pace.

Assuming the interaction Hamiltonian that couples a reservoir to system lattice site ¢ is
Hy =1 (graf Ry, + gragRY), (6.6)
k
we examine the term,
/oo drTrp {Z ‘gk’2Rze—iﬁm7’/theiﬁRT/hﬁR} dqeiT i f{s(h)dm/hd:r]e—iT [ Hs(tl)dtl/hﬁs_ (6.7)
0 k

Momentarily shifting our focus to the trace,
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k

lin%\g(wo)P@(wo)/ TG
€—> 0

12

= 27|g(@o)[* 2 (@0)d(7)
= T4(7) (6.8)
where Z(wg) is the density of states and |g(@wg)| is the system-reservoir coupling. Both are taken

to be constant about the system transition frequencies. Here we have taken w, to be much larger

than the system transition frequencies. Putting this back in equation (6.7), we get

o0 - —T 7 . —T 7 F . 3 . S
F/ dT&(T)CAquZT ftt Hg(t1)dty dj‘]e—zT ftt Hg(t1)dty ﬁs — E&quT ftt Hg(t1)dty d[’ge—zT ftt Hg(t1)dty ﬁs
0
r, ..
= anagps. (6.9)

That is, under the Markov approximation, the time-ordered unitary operators become unity. This
is due to the fact that in the Markovian limit, the memory kernel is effectively delta-correlated.
Thus, it is guaranteed to decay on a much more rapid timescale than the system. As a result,
despite the fact that there is a time-dependence in the system Hamiltonian, the memory kernel
remains time-independent. Thus, the master equation for a time-dependent two-site lattice, where
site 1 is being driven by an atomic reservoir and site 2 is coupled to the zero temperature vacuum
is

Iy

dps [ . | R At A A ata A oA ata A an
o = " 7HHs(),ps] - 7(%6405 + psinal —2alpsin) — 7(@@205 + psabas — 2a2psal) (6.10)
where
Hg(t . )
Sh( = wialay + wodbig + Je¥alag 4+ Je'ayal,. (6.11)

We solve equation (6.10) numerically, propagating ps(t) as a function of time. To show that
the full solutions are, in fact, identical, we plot the populations of the four states of the system

(]00), |01), |10), and |11)) as a function of time. Figures 6.2(a-c) are plots of the populations
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Figure 6.2: Numerical verification that oscillating an off resonant junction at the gap frequency
enhances the effective transport. (a) Population as a function of time for a flat, two-site lattice. (b)
Population as a function of time for a two-site lattice with zero-point frequencies wi and wy + A.
(c) Population as a function of time for the two-site lattice defined in (b), but with a tunneling
rate that oscillates at frequency A. The evolution of the gapped, oscillatory system (c) is identical
to the evolution of the flat, stationary lattice (a). As a result, current flows through the systems
modeled in (a) and (c) in the exact same manner.
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of the system’s four Fock states as a function of time (in arbitrary units). Figure 6.2(a) tracks
the populations for the case where wqy = wo with § = 0, i.e. the resonant lattice with constant
J. The system starts in the initial Fock state |00) and decays to a specific mixture of all four
states. The current is proportional to the average number of atoms on the right lattice site. Here
(Ng) ~ 0.48. Figure 6.2(b) are plots of the system populations given ws = wo + A with § = 0
(the off-resonant lattice with constant J) starting with the same initial condition. Here the system
relaxes predominantly to the |10) state. The average number occupancy (Na) ~ 0.0002 confirms
that atomic transport across is significantly reduced in the off-resonant lattice system. Figure 6.2(c)
are plots of the system Fock states given wy = wy + A with 6 = A (the off-resonant lattice, gap-
modulated J). Here the evolutions of the populations are identical to the evolutions in Figure 6.2(a).
As a result, (Vo) calculated here is identical to (Ny) when A =4 = 0.

Therefore, we conclude that effective transport can be achieved through intra-system off-

resonant junctions by modulating the corresponding barrier at the gap frequency.

6.3 Conclusion

In this chapter we reviewed classical sequential logic behavior and discussed the importance
of bistabilities in these systems. Realizing such behavior in an optical lattice requires effective
transport across off-resonant junctions. Using the time-dependent master equation formalism, we
demonstrated how modulating the tunneling barrier at a frequency corresponding to the energy

difference allows for effective transport in a well system with an energy gap.



Chapter 7

Atomtronics with Photons in Optical Cavities

Now we discuss the possible realization of atomtronics components in an entirely different
physical system—photons in nonlinear cavities. This nonlinear optical system, illustrated in Fig-
ure 7.1, has a few significant advantages over the neutral atom counterpart. First, a ‘current’
signal comprised of photons tunneling through nonlinear cavity networks can be many orders of
magnitude faster than an atomic current tunneling through optical lattice barriers [69]. The faster
dynamics allow for a respectable signal-to-noise ratio to be achieved in a much shorter time interval.
Second, the site-by-site optical lattice systems proposed in the previous two chapters are difficult
to realize experimentally; at the moment, there are only a handful of labs in the world that are
able to precisely construct and manipulate the lattices needed to realize the proposed devices. In
contrast, coupled cavity arrays could potentially be easier to independently fabricate. Finally, from
a practical device standpoint, photons can travel through optical networks with less dissipation,

scattering, and thermal loss than is possible with their electronic counterparts. Consequently, these

Figure 7.1: Tlustration of a driven nonlinear coupled cavity array coupled to the environment at
both ends.
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devices could potentially find application in optical computing and signal processing.

As demonstrated in Section 2.2.4, recovering the dynamics of the atomtronic systems in an
optical framework is possible when a x(®) nonlinear material is introduced to the cavities. In a
second quantized form, the nonlinear cavity network represents an alternative realization of the
Bose-Hubbard model. With that in mind, and derived from our results for the atomtronic systems,
these systems will only recover the desired current dynamics if they are capable of physically
supporting the parameter regime where U > J, Al

We begin this chapter by presenting our model system driven by a continuous wave (CW)
laser, as well as a stochastic pulse laser. The system responses to these two driving mechanisms
are then explored through numerical experiments. From these experiments, we locate parameter
regimes where the system exhibits large asymmetric current responses. Afterwords, we review
possible experimental implementations of the atomtronics diode in coupled high Q etalon cavities,

toroidal microcavities, and photonic bandgap nanocavities.

7.1 Driving the few-photon optical diode

If the coupled cavity system is driven by a continuous wave (CW) laser, the driving field can
be treated classically. For driving frequency wy,, and under the rotating wave approximation, the
Hamiltonian for a system whose cavity ¢ is coherently driven is

alalaja; + Y Jpalar + Jiagal + hp (ale ™ et ) (7.)
j (4:%)

Transforming into an interaction picture that rotates with the driving field, a transformation defined

by the unitary operator

U(t) = et Xy wrdjat (7.2)
yields
5 N U,
Hs =Y hiw; —wp)ala, + <alala;a; + Y Jalar + Jaal + b (af+a,),  (73)
J (7.%)

which is a simpler equation to solve numerically.
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In addition to the continuous wave laser drive, a system under the influence of a series of

random laser pulses can be modeled by substituting
Qr — Qu(t QOZH (t —tj)ec0=t) (7.4)

where ¢ is the uniform pulse width, Qg is the pulse strength, 6(t — t;) is the Heaviside function
centered at ¢;, and the pulses are assumed have a Poissonian spectrum with pulse number den-
sity N/T = A, where T defines the time-averaging of the classical correlation function. For this

stochastic drive, the classical field-field correlation function is

T
EOBO) = 7 [ @B +oEe

N T
1
x 0 Z/O dto(t + 7 — t)0(t — 1y). (7.5)
Assuming that £ > A,

(E*(T)E(0)) o Ot — ty)e ST2=ti=t)

1 N T—ty
- Gy / dte 2%t

2 1 Y —2 T—t
= Qi _52 [ &( k)] (7.6)

k=1
In the limit that 7" — oo,

2
(B*(r)E(0)) 92—2 & (7.7)

This also happens to be the classical correlation function for coherent drives undergoing phase diffu-
sion [51] as well as other stationary Markov processes such as Gaussian amplitude fluctuations [70].

Thus, the stochastic pulse drive model encompasses the physics of a larger class of driving fields.

7.2 Theoretical prediction of the photon diode

From equation (7.3), the forward-biased coherently driven system Hamiltonian for the optical

diode is

- L L U o
Hs = h(w — wL)aJ{al + (hw1 + U — th)aEag + = <a1aia1a1 + ; (12&2)
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where wy is the frequency of cavity 1, wy = wy + U/ is the frequency of cavity 2, U is the effective
photon-photon interaction energy, taken to be the same for the two cavities, J is the tunneling
rate between cavities and €17, is the Rabi frequency of the laser driving cavity 1. The reverse bias

Hamiltonian is the same, except with the laser coupled to cavity 2, i.e.

Hs = Hh(wy —wp)alar + (hwy + U — hwp)abas + (a{a}alal n aga;@ag)

+7 (afaz +aab) +ney (af +az) (7.9)

We use the Fock state notation |n,m) to denote n photons in the left cavity and m photons in the
right, so that the analysis runs parallel to our previous discussions of the atomtronic diode.

In our model, we couple both ends of the cavity array to a broad continuum of zero-
temperature vacuum modes. Since there are no discontinuities in the reservoir structure, we can
employ the standard Born-Markov result. The equation of motion for the reduced density operator

of the system is then

dps T~ I'y 7.+ . A R Iy /4. . TN o
% =-z {Hs,ps} —71 (a];alpg + psaial - Zangal) —72 (agagps + psagag — 2a£psa2> (7.10)

where I'1 o are the decay rates out of cavities 1 and 2.

Below we present simulations of this Hamiltonian. We calculate the occupancy of site 2 for
the forward-bias and reverse-bias driven Hamiltonians as a function of the drive frequency and
amplitude. It is sufficient to calculate the occupancy of site 2 in order to characterize the system’s
current response since the current out of the system is directly proportional to this value. The ratio
of forward-bias to reverse-bias site occupancies is then equal to the system’s asymmetric current
response. For the constant drive we perform the steady-state analysis laid out in appendix A. The
asymmetry turns out to be fairly sensitive to both the drive frequency and strength. Therefore, in
order to find the maximum asymmetric device response, we generate a surface plot of the system’s
response as a function of the driving laser’s frequency and strength.

The data for the first numerical experiment in this series is displayed in Figure 7.2 and uses

parameters hl'; = hl'y = J = 1072U, which satisfy U > J, Al'. Figure 7.2(a) shows the system’s
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Figure 7.2: Here we find the maximum asymmetric current response for the few-photon optical
diode under a CW laser drive assuming Al'y = hl'y = J = 1072U. (a) A surface plot of the current
asymmetry as a function of wy and 2. The current response is nonlinear with respect to both
parameters, but the surface plot allows us to find a parameter set that generates an asymmetric
current response of over 7000 for these parameters. Using the optimal choice of w., we plot (b)
the asymmetric response as a function of wy, the average number occupancy of site 2 in the (c)
forward-bias direction and (d) reverse-bias direction.

asymmetric response as a function of the drive strength and frequency. This graph shows a nonlinear
response of the (Na) as a function of both wr, and Qr. Figures 7.2(b-d) show the asymmetric,
forward-bias, and reverse-bias responses as a function of drive frequency for 2, ~ 0.07U/h, the value
of the drive strength that yields the maximal asymmetry. An interesting feature in Figures 7.2(b-c)
is the location of the resonance response.

There is a dwarfed peak at w = wy + U/h. This peak is small due to the fact that the drive
is solely resonant with the |1,0) — |2,0) transition. If the system is initially empty however, the
|0,0) — |1,0) transition is necessarily off-resonant to the drive field. An analysis of the Fock state

population reveals that for Q0 = wy + U/A, there is virtually no population in the |2,0), and |1, 1)
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sites; the population is mainly found in the |0, 0) and |0, 1) states. This implies that the asymmetric
response for this driving frequency is actually due to a second-order, off-resonant transition where
the drive field finds itself resonant with the |0, 1) state.

There is a comparably much larger response that occurs at wy = wy + U/(2h). This is
exactly half the energy needed for two photons to excite the system. When the system is driven
at this two-photon transition, the Fock state analysis confirms that the system is being excited
into the two-photon manifold with nonnegligible occupancies of states |2,0) and |1,1). Thus the
asymmetric current characteristic in this case is due to a similar mechanism to that responsible for

the atomtronic diode to operate. The maximal asymmetric response observed in this system is

Urwn) 79 5 108, (7.11)

Irpv
This value improves as U is increased and J is decreased, since both actions suppress second order
tunneling events.
For the next numerical experiment presented in Figure 7.3, we use the parameters
Al = Ay = 5 x 1072U, and J = 1072U. As seen in these plots, the greater cavity decay

rate (or smaller cavity finesse) yields similar features, with an asymmetric value of

I
iﬁﬂ22:45x1@, (7.12)

(Irpv)
i.e. more than an order of magnitude less. The reduction in overall cavity finesse can be interpreted
to cause more photons to leak out of cavity 1 before they have the opportunity to tunnel into cavity
2, from where they can be lost and contribute to the photon current. Thus the current value that
we measure here is less in magnitude than the earlier case.

Finally, we investigate the system’s response to a pulse drive. The results are illustrated in
Figure 7.4 where we drive the system with a single pulse. As discussed in Section 7.1, this result
models a low density chain of pulses, but could equally well represent a drive of constant intensity
with phase diffusion, as well as a drive with amplitude fluctuations. Here the parameters we use

are hI'y = hl'y = J = 1072U, with the pulse width An = 2 x 1072U. Since the parameters are the
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Figure 7.3: Here we find the maximum asymmetric current response for the few-photon optical
diode under a CW laser drive assuming hl'y = hl's = 501072, and J = U1072. (a) A surface
plot of the current asymmetry as a function of wy, and 2. The current response is nonlinear with
respect to both parameters, but the surface plot allows us to find a parameter set that generates
an asymmetric current response is reduced from 7000 to ~ 450 due to the larger cavity decay rate.
Using the optimal choice of w., we plot (b) the asymmetric response as a function of wy,, the average
number occupancy of site 2 in the (c) forward-bias direction and (d) reverse-bias direction.

same as in the first numerical experiment, these results can be compared to those in the first set.
As can be seen in Figure 7.4, the main effect of the pulse drive is a broadening of the response ~ &
at the expense of the overall magnitude of the asymmetry. Here the maximal current asymmetry
is

I
Lﬂﬂﬁ:3x1@, (7.13)

(Irpv)

which is approximately half the value seen for the continuous laser drive earlier.
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Figure 7.4: Here we find the maximum asymmetric current response for the few-photon optical
diode under a pulsed laser drive assuming Al'; = hl'y = J = U1072. (a) A surface plot of the
current asymmetry as a function of wy and ). The current response is nonlinear with respect to
both parameters, but the surface plot allows us to find a parameter set that generates an asymmetric
current response of ~ 3000. Using the optimal choice of w,, we plot (b) the asymmetric response
as a function of wy, the average number occupancy of site 2 in the (c¢) forward-bias direction and
(d) reverse-bias direction.

7.3 Exploring experimental realizations of the photon diode

In this section we investigate specific possible realizations of our photon diode. We first
consider experiments that involve single to many EIT atoms coupled to high finesse etalon cavities.
Afterwords, we examine systems comprised of single EIT atoms coupled to toroidal microcavities.
Finally, we conclude this section with a discussion of single quantum dot-doped photonic band-gap

nanocavities. The advantages and shortcomings of each of these systems is discussed.
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7.3.1 Single atom EIT cavity QED as a few photon diode

We can determine whether or not it is possible to realize the few-photon optical diode in an
etalon cavity QED experiment involving a single EIT atom by checking if such systems support the
parameter regime J, hI' < U. Here we take optimistic cavity QED parameters from Kampschulte
et al. [71], where the cavity has a mode waist of wo = 23 um, a length of I = 150 um, a finesse of
F =1.2x10%, we also take (g,T',v)=27(120,40,2.6) MHz, where g is the atom-field coupling, I is
the decay rate of the cavity and « is the decay rate of the atom.

From equation (2.88), the EIT generated Kerr nonlinearity is

2 2
924 g13

Taking (g13/€)% = 0.1, which satisfies the validity conditions in equation (2.87) and assuming
A ~ 10° Hz, which is an approximate value for experiments using alkali atoms [55] , we see that

U 931401

Since this implies Al'/U ~ 40, which is far from Al' < U, it seems like the diode cannot be realized
in such a cavity QED system. Reducing the length of the cavity may help, since it leads to a greater
atom-cavity coupling term. Here we look at the ratio I'/U in greater detail to see if that is the

case. We first note that

r— Waz 2me 2me

F  AaF IF

(7.16)

where c is the speed of light, A\, is the wavelength of the axial mode and [ is the length of the

cavity. Noting that

U] 195 113490 -1 15490 -1
— 10 === =1 ~—=_— 10 7.17
h A 2meghV A 2meghlwiA ’ ( )

where p24 is the dipole moment of the |2) — [4) transition,V = Iw3 is the effective mode volume of
the cavity €g is the permittivity of free space, and wy is the frequency resonant with the |1) — |3)

atomic transition (in rad/sec). Therefore

%F ~ (407r2hce0)< 2A ) <W?g> (7.18)

H34wWo




106

From this expression, we conclude that the ratio is independent in the length of the cavity. Setting
the atomic parameters aside, this ratio can be reduced by decreasing the mode waist of the cavity,
and increasing the cavity finesse. However, for A ~ 10° Hz, 94 ~ 1072° Cm, and wy ~ 27 x 10 Hz,
and wg ~ 107 m, we would need F ~ 10'° in order to achieve a ratio of AI'/U ~ 1072, Such a

finesse lies well beyond what is experimentally obtainable in modern state-of-the-art experiments.

7.3.1.1 Many atom EIT cavity QED as a few photon diode

It was originally proposed by Imamoglu et al. that adding more identically prepared EIT
atoms to the cavity would linearly increase the magnitude of U. If this was true, than an arbitrarily
large Kerr nonlinearity could be achieved in the cavity [55]. This is, however, not the case if
one is concerned with working in the few-photon regime. As pointed out by others [53, 54, 56],
and explained later by Fleischhaur, Imamoglu, and Marangos [48], in the few-photon regime, the
system undergoes a collective enhancement. This enhancement modifies the validity condition from
l913]/192%| < 1 to v'N|g13|/|Q| < 1 where N is the number of atoms. This new validity condition
places an upper bound on the overall magnitude of the nonlinearity. The argument provided in

reference [48] basically goes as follows. The non-interacting effective Hamiltonian for the N-atom

system is
A = h| Y008 + (6 —in)oly) + (20 + A —iL2)al) + gus(alsly + ao))
j=1
tgou(@'6$) + a6)) + Q.(6%) + 611)) (7.19)

where &ﬁ% is the atomic operator for atom j, and we have assumed all of the atoms to be coupled

to the cavity in exactly the same way. This is the Tavis-Cummings Hamiltonian. Assuming that

there is only one photon in the cavity, the N-atom ground state
1My =1,1,...,1) (7.20)

couples only to the following symmetric states via the N-atom Hamiltonian:
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N
1
1V-12) = —NZ|1,...,2j,...,1> (7.21)
j=1
N-1 — 1 Y
1V-13) = —NZ|1,...,3j,...,1>. (7.22)
j=1

aM a3y = hvNgis (7.23)
N-lg|f7(N)|{N-1 _
ANl F N3y = hQ. (7.24)

Thus, following the procedure outlined in Section 2.3.1 were we look for steady-state solutions of

the N-atom system in the 1-photon manifold of the cavity:

Y = |n = DAY + ean = 0)[1V712) + esln = 0)]1V13), (7.25)
we conclude that
2 2
Ao ~ —hNI3Pat60
= vatataa, (7.26)

but under the restriction that

2
(@g”’) <1 (7.27)

Therefore, the overall magnitude of X(?’) cannot be enhanced if we work in this approximation,
while simultaneously restricting ourselves to few photon cavity QED. The few photon regime is of
particular interest for realizing our atomtronic components in this new system.

There is an additional, possibly helpful, effect that occurs for many-atom cavity QED systems.
As originally pointed out independently by Miiller et al. [72] and Lukin et al. [73], the many atom
EIT media leads to a reduction in the cavity linewidth. Since we require U > hI', J and, recalling
from Section 2.2.3 that J ~ AI', the reduction in the linewidth I' might help us achieve this
parameter hierarchy in this EIT cavity QED system.

Recall from equation (2.16) and equation (2.21) that

I, AP

I _ 7.28
L 1+ 47%2 sin? (%) (7.28)




108

implies that the linewidth can be determined from

% ~ . (7.29)
For an index of refraction n = 1, we found
Ty = % (7.30)
From equation (2.71) |0] < ||, || implies
W gy — N1 (93
XV (dw) = NW0 <Qc> dw (7.31)

where wy is the cavity resonance. Thus, the index of refraction
1 N1 2 D
n:(1+x(1))1/2:1+§x(1) =1+ —— <gﬁ> dw=14+—ow (7.32)

where, from our EIT validity condition,

N (g13\?
D=— == 1. .
' (o)’ s
For this index of refraction,
wp + dw 1
LI ¢ = o p o X T2 <1 + —D5w1/2>
F Wax Wazx wo
2 D
= _7T (wo + D5W1/2 + (5&)1/2 + —((5(,()1/2)2) (734)
Waz wo
27
= w—m5w1/2wam (1+D) (7.35)

where we have taken wp to be a harmonic of wy,. The first and fourth terms of equation (7.34) are
neglected because the first was equal to a phase shift of 27 and the fourth term is much smaller than
the rest due to the optical frequency in the denominator. Expressing this new linewidth I' = 24w s

in terms of the empty cavity line with 'y we get

Iy
I' = .
1+D

(7.36)

We conclude that there is a narrowing of the cavity linewidth. However, since we must be

in the few-photon regime for the atomtronic components to function, the linewidth narrowing is
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negligible since the magnitude of D is restricted by equation (7.33). Note that, since the Finesse
is solely related to the reflectivity of the cavity, the axial mode spacing gets reduced by a factor of
1/(1 + D) as well.

From the fact that the Kerr nonlinearity obtains only a limited enhancement from the in-
clusion of several atoms in the cavity, and the fact that the linewidth does not get significantly
reduced in the few photon regime, we conclude that etalon cavity QED systems are probably not

suitable for the experimental realization of the few photon optical diode.

7.3.2 Toroidal microcavities as a few photon diode

In the context of realizing the few photon diode, coupled toroidal microcavities have a major
advantage over their etalon counterpart: the cavities are coupled together via evanescent coupling
with a tapered fiber. As a result, the effective cavity-cavity coupling rate can be easily tuned by
changing the relative distance between the cavity and the fiber.

Recently Aoki et al. have observed strong coupling between single atoms and these microcav-
ities [40], thus EIT atoms could provide these cavities with a Kerr nonlinearity. Here we examine
the suitability of toroidal cavities for the realization of the few photon diode by using the theoretical
estimates provided by Spillane et al. [42]. The analysis they provide is for toroidal cavities that are
driven by a laser with wavelength A = 852 nm, which is the relevant transition for strong-coupling
cesium, and is a relevant transition for EIT. We assume a toroidal cavity with principal diameter of
20 pm, and minor diameter of 1 pm. According to Spillane, this cavity can have an effective mode
volume of V = 50 pum?, a quality factor Q@ = 10'°, and it is possible to acquire an atom-cavity
coupling rate of g ~ 420 MHz. Since the corresponding driving frequency is vy ~ 3.5 x 10'* Hz,
this cavity has a linewidth of I' ~ 3.5 x 10* Hz, which is quite narrow compared to the best high

finesse etalon cavity linewidth achievable. For a single atom interacting with the cavity, recall that

2 2
__+924 (913
U= hA <_Qc> . (7.37)

Assuming A = —1.5 x 10? s7! [75], and taking (g13/9Q)? = 0.1, and assuming goy = g13, we get a
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Figure 7.5: (a) An illustration of an experiment involving the coupling of a microtoroid to a single
atom. Reprinted with permission from reference [40]. (b) An illustration of a silica toroid coupled
to a tapered fiber waveguide as well as an image of an actual toroidal cavity. Reprinted with
permission from reference [74].

nonlinear interaction of U ~ 1.8 x 107. Therefore,

r
— < 0.002. 7.38
=< (7.39)

Using this ratio in our simulation of the asymmetric current response for the few photon diode, we
obtain current asymmetries greater than 3 x 10°.

The fact that the tapered fiber coupled cavities make J a tunable parameter, it is possible
for the system to be in the regime where J < U as well. This puts toroidal cavities coupled to
cesium atoms well within the required parameter regime to realize the few photon diode.

It should be noted that state-of-the-art experiments have fallen appreciably short of the
projected values used above. For pure silica toroids, Q ~ 108 is closer to the current experimental

upper bound than 10'°. Since the ratio I'/U is proportional to 1/, this seems to pose a problem
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for immediate realization of the diode. However, Hartmann and coworkers [76] have suggested an
alternative three-level, standard lambda scheme where the atoms are prepared in an antisymmetric
metastable state. These single atoms have roughly the same nonlinear response as Imamoglu’s four-
level scheme, but the multiple-atom situation is predicted to be quite different. Brandao, Hartmann
and Plenio [77] claim that, unlike the four-level scheme where collective enhancement prevented
the number of atoms from increasing the magnitude of the nonlinearity for the four-level atom,
their scheme experiences appreciable enhancement with the number of atoms. Their prediction is
that many-atom cavities can experience at least a two order of magnitude improvement over the
equivalent four-level scheme. Therefore, a loss in currently achievable () could be compensated by

a gain in x® from an alternative three-level scheme.

7.3.3 Photonic band-gap cavities as a few photon diode

Photonic crystals are constructed out of dielectric semiconductor slabs, where a periodic array
of holes are ‘drilled’ into the dielectric material allowing only a specific mode of light to propagate
through it. Cavities, even arrays of cavities, on the order of one micron or smaller can be formed
in these materials by surrounding unperforated slabs of dielectric in the crystal with lattice ‘defect’
holes. Due to their size, these cavities are called nanocavities.

This system is another potential candidate for realization of the few photon diode for the
following reasons: First, cavity arrays can be constructed and individually-tailored without much
difficulty. Post-fabrication cavity mode tuning is even possible [44] for these systems. Second, for
a fixed cavity mode and (), the photon tunneling rate J is tunable as it is related to the spatial
separation of adjacent cavities [80]. Third, EIT atoms have been successfully embedded in rare-
earth crystals, where they have maintained their EIT characteristics [45]. As an alternative to an
EIT-generated Kerr nonlinearity, quantum dots can be embedded in the nanocavity. They can
significantly increase the Kerr nonlinear response [81] of the cavity. Fourth, the effective mode
volumes of these cavities can be ~ 0.03 pm. This leads to a dramatic enhancement of the coupling

of the EIT atom or quantum dot to the cavity. Finally, quality factors have been observed to be
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Figure 7.6: (a) (Top) Actual image of a ~ 1 pm nanocavity housing a single quantum dot.
(a)(Bottom) Calculation of the electromagnetic mode inside the cavity and its overlap with the
quantum dot. Reprinted with permission from [78]. (b)(Top) The composition of a the quantum
dot. (b)(Bottom left) Actual image of a ~ 0.5 ym nanocavity. (b)(Bottom right) Calculation of
the electromagnetic mode inside the cavity and its overlap with the quantum dot. Reprinted with
permission from reference [79]

~ 1.4 x 10° for GaAs-based microcavities [82], and even larger for Si cavities, whose theoretical
upper limit was reported to be~ 7 x 107 [83]. These observed and projected Q values do not reach
the level achieved by toroidal cavities, but the enhanced atom/dot-cavity coupling can make up for

the loss in Q.

7.3.3.1 The giant Kerr EIT nanocavity

Here we compare Imamoglu’s giant Kerr nonlinearity scheme for the etalon cavity to the same
system in a nanocavity. Assuming a reasonable, but optimistic value of Q ~ 108, the wavelength

of light of the cavity resonance A = 850 nm, and a mode volume of the nanocavity that is V = A3,
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we obtain a cavity linewidth I" ~ 3.5 x 108 Hz and a nonlinear interaction U ~ 9 x 10® Hz leading
to a ratio of I'/U ~ 0.4. This ratio is much better than it was for the etalon cavity, but still at
least an order of magnitude away from putting the system in a parameter regime where it can act

as a few photon diode.

7.3.3.2 The quantum dot Kerr nanocavity

For the quantum dot-doped nanocavity, we carry out a semiclassical analysis using the pa-
rameters from Fushman et al. [81]. In their article, a quantum dot was strongly-coupled to a
silicon-based two-dimensional nanocavity. This system, with a resonant wavelength of A ~ 1076 m
and Q = 10* achieved a x©®) = 2.4 x 10719 (m?/Volt?).

The quantum dot decay rate was reported to be on the order 102 less in magnitude, which
makes it irrelevant for this analysis. The interaction energy (in units of Hz) generated by this Kerr
nonlinearity is

1 V
U — @) BAVior — 2 QD (3) g
Kerr 27Th / €E0X FE d QD 271'71 €E0X FE (739)

where Vop = 1073V is the assumed volume of the quantum dot, and V is the volume of the cavity.

If we assume that V = A3, using equation (2.25), we get

X(?’) 27 c?

U= €gA°

1073, (7.40)

where c is the speed of light.

The decay rate of this system (in Hz) is

C
r= 0 (7.41)

Therefore,

r e M1
—=——"——=107" ~ 0.02. 7.42
U 2rhe Q x® (7.42)

These results indicate that it appears that quantum dot nanocrystal cavities should also be able to

function as a few photon diode device.
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7.4 Conclusion

In this chapter, with the observation that coupled nonlinear cavity arrays can also be mod-
eled by the Bose-Hubbard model, we demonstrated how a few photon diode can be realized. We
performed theoretical analyses showing that, under a variety of qualitatively-different driving fields,
there exist parameter regimes where a two coupled cavity system exhibits a large asymmetry in
its photon current response. Following this, we examined three different systems in which the few
photon diode might be realized: high-finesse coupled etalon cavities, toroidal microcavities and
photon bandgap nanocavity systems. After determining that realization of the few photon diode in
an etalon cavity experiment was unlikely, we demonstrated that there is a strong possibility that it
can be realized in both toroidal cavities with EIT-generated Kerr interactions, as well as a quantum

dot-doped nanocavity.



Chapter 8

Conclusion

In this thesis, an open quantum system theory to study transport properties of atoms in
optical lattices, and photons in nonlinear cavities has been constructed.

In the field of open quantum systems, it is typically uncommon to come across system-
reservoir interactions where the spectral properties of the reservoir vary so strongly that they play
an important role in the problem. Since we chose to model fermionized boson reservoirs, which early
on yielded unphysical-diverging energy shifts, it was necessary for us to derive a non-Markovian
master equation treatment from first principles in order to formulate a satisfactory theory.

After confirming that our theory correctly modeled the behavior of these exotic system-
reservoir interactions for certain situations in which comparison with exact results was possible,
we applied the approach to generate a complete analogy of boson reservoir-driven optical lattices
with semiconductor electronic systems. The theories describing weakly-interacting and strongly-
interacting boson reservoir sources were described, and the device behavior of a diode, FET, BJT,
and AND gate were demonstrated theoretically.

In the context of understanding and developing an atom-optical analog of a fundamental
sequential logic gate known as a SR flip-flop, a time-dependent system analysis was performed to
confirm that effective transport across off-resonant lattice junctions could be achieved by modulat-
ing the tunneling barrier at the corresponding junction gap frequency.

Finally, the principles developed with ultracold atoms in optical lattices were applied to

nonlinear cavity QED environments. In these systems we discovered a parameter regime that is
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capable of realizing a few photon optical diode. An analysis of contemporary cavity QED systems

revealed that such a parameter regime lay within a region that is accessible experimentally.

8.1 Future work and outlook

Our work towards developing sequential atomtronic behavior has established the foundation,
concepts, and ideas of sequential logic. This is thus just the starting point from which a next
generation research program could be launched. The next step would likely involve the theoretical
modeling of the bistable BJT circuit in Section 6.1. The difficulty that must be overcome is the
existance of two off-resonant couplings, whose energetic gaps are not equal to each other. As
we have seen several times in this thesis, a single frequency can always be rotated out of the
system Hamiltonian making it effectively a time-independent problem. In general, for two unequal
frequencies, new theoretical techniques, such as an extension of Floquet theory, must be utilized in
the analysis.

The work presented here could be extended to study fundamental transport properties across
custom lattice structures, as well as to control the dynamics of such transport. Experimental tech-
niques are advancing rapidly in this field and it is important that the fundamental theoretical
framework advances at an equal pace in order that the dynamics and observables can be mod-
eled and understood. The rich potential for novel quantum signal processing with atoms, with
their comparatively complex internal level structure (when compared to electronics), and strongly
interacting photons, which can rapidly transition through components generating comparatively

minimal heat, motivates future work in these areas.
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Appendix A

Master Equation Solution Methods

In this appendix we present our method for solving for the matrix elements of the steady-state
system reduced density operator. For simplicity, we develop the technique from a master equation

in the standard Lindblad form. Consider the following master equation:

dps (A I
% = —E[HSJJS] ) (aTaps + psa’a— 2aﬂsaT> . (A.1)

Projecting this equation the system eigenbasis, the (a|pg|b) matrix element becomes

d, . , . | AP R . TN . R .
= (alps|b) = —iwas(alps|b) — 5 (Al Aum (mlps[b) + (alpsln) ALy Ay = 2Aan (nlpslm) Al )
(A.2)
where [a), |b), |n), and |m) are all eigenstates of Hg, Ay = (nlajm), and wey = we — wp are

eigenenergies of Hg.

In matrix form, we get the following system of equations:

| =

P:—z‘Q*P—§(ATAP+PATA—2APAT) (A.3)

L

14
where (a|P|b) = (a|ps|b), (a|Qb) = wap, (a|A|b) = (a]a|b) and £ P is understood to be element-
by-element multiplication of Q and P, i.e. (a|Q x P|b) = wyp(a|pg|b).

We are concerned with steady-state behavior of equation (A.3). Thus we need to solve
D P L (ATAP L PATA _ 9APAT
Oz—zQ*P—§<AAP+PAA—2APA). (A4)

Let’s assume that the dimensionality of the Hilbert space is n. Then, all of these matrices are

n X n. Instead of ‘brute force’ solving this system of equations for f’, we move into a Liouville



126

representation where the n x n matrix P is stretched to an n? x 1 vector denoted as P. In this
framework, we derive a super operator M whose dimension is n2 x n? such that equation (A.4) can
be written as

0 = MP (A.5)
Then, we can employ standard linear algebra tricks to solve this equation. Namely, the eigenvector
that corresponds to the zero eigenvalue is the steady-state solution. Once this is found, we can

repack P f’, the n x n density matrix, and normalize it, yielding

1 .
@P, (A.6)

This method is much more numerically efficient than solving for the coupled system directly

which is the density matrix solution.

due to the fact that the matrices that we’re dealing with are typically sparse. The trick is to
generate M properly, which we derive below.
We first define our unpacking algorithm. Given the density operator with elements Pbc, we

map it onto the super operator space by

=O»
O»

8 ="Pl-1)+q = Pr (A7)

That is, the column vector P consists of taking the rows of matrix 15, transposing them, and then
stacking them on top of each other in order. In this appendix, we use Roman letters for Hilbert
space elements and Greek letters for Liouville space elements throughout this derivation.
With the definition of P in place, we can construct 1\71, which we do term-by-term. Consider
the first term of equation (A.4).
—iQap * f’ab = —iﬁglgﬁ
= Q40,505

A

M, P (A.8)

where 6,4 is the Kronecker delta, or identity matrix for the n? x n? Liouville space. Therefore,

M = —iQ000g (A.9)
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Since the Kronecker tensor product is needed for the remaining terms, we define it here as

W=UoV (A.10)

such that

Wa,@ = W[n(a—l)—i—c][n(b—l)—l—d] = Uabvcd (All)
In this convention, the tensor product multiplies every element of U by the matrix V.

Now consider second term of equation (A.4), which is of the form XP where X is the combined

matrix of all the operators on the left. Then,

XapPre = XasPs (A.12)

where = n(b— 1) 4 ¢ implies that & = n(a — 1) + ¢. Therefore

Xaﬁ = X[n(a—l)-}—c][n(b—l)-i—c} = Xab(scd = X ® ]1 (A13)
Thus
A T . +a ~
M, = — EA A) el (A.14)
Next, consider the form
PX =Py Xpe = XosPs. (A.15)

This time 8 =n(a — 1) + b and o = n(a — 1) 4+ ¢. Consequently,

>< »

Xaﬁ = An(a—1)+c|[n(a—1)+b] = 5achb = 5adec =1® (XT), (A.16)

where (X7 is the transpose of X. Therefore

M; =—1® ((gATA>T> . (A.17)

XPY = XopPpeVea = ZagPs. (A.18)

The implication of § =n(b—1)+cand a =n(a—1)+d is

NI»

Zog = Lnta-1)+dnt—1)+d = XaVae = Xap Vi =X ® (YT> (A.19)
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Thus,

A . T
M, =TA & <<AT) > . (A.20)
Putting everything together, we get the following superoperator matrix equation:
0 =MP (A.21)

where M = 1\7[1 + 1\7[2 + 1\7[3 + 1\7[4.

Once the super operator M is constructed, its zero eigenvalue corresponds to the eigenvector
that is the steady-state of P. P can then be repacked P f’, and then normalized as described
above to yield the steady-state solution to pg projected onto the system eigenbasis. Once this is
done relevant observables can be calculated by tracing over the system degrees of freedom. For

example, the expectation value of system observable Og is then

(6) = Tr,[6ps] (A.22)



