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The first part of this thesis describes the behavior of ultracold atoms confined
in a rotating optical lattice. We consider gases of strongly-interacting bosons and non-
interacting fermions in ring and square lattice geometries. We derive modified Hubbard
models to describe the gas and use the quasi-angular momentum (QAM) representation
to label the eigenstates. Exact level crossings between states of different QAM are
predicted. We identify signatures of these transitions in the momentum distribution,
indicating that these states should be distinguishable in time-of-flight experiments.

The second part of this thesis describes a scheme for nondestructively probing
the dynamics of atoms in optical lattices by coupling to the modes of an optical res-
onator. The cavity fields set up both the optical lattice and the probe field so that no
external interrogation fields are necessary. The probe is weak so that the atoms can be
continuously monitored without affecting the atomic motion. This scheme is applied to
a measurement of Bloch oscillations; SNR’s as high as 10 are predicted.

In the third part of this thesis, we study the dynamics of atoms in a tilted lattice
near the Mott-insulator regime. The dynamics involve the creation and annihilation
of dipoles, states generated from the unit-filled states by introducing defects where an
atom has hopped exactly one site to the left. We describe how these states can be
experimentally distinguished by coupling the atoms to the modes of an optical cavity.

Finally, we describe a quantum non-demolition measurement of the cavity photon
number using Raman interferometry of atoms coupled to the cavity modes. Using
Bayesian inference, we show that there is a measurement protocol for which the cavity

photon number can be determined with just a few measurements.
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Chapter 1

Introduction

1.1 Background

Experimental and theoretical studies of quantum gases of ultracold atoms have
been successful in replicating the behavior of a wide class of condensed matter systems.
In particular, Bose-Einstein condensation (BEC) [4, 16, 32] and the degenerate Fermi
gas [33] have both been realized, and there have been extensive studies of superfluidity,
vortex formation [135], and the BCS-BEC crossover [48, 90]. More recently, a gas of
ultracold polar K-Rb molecules has been created near quantum degeneracy [92]. There
are also proposals for simulating quantum Hall physics in rotating BEC’s [5, 38, 100,
130]. However, experimentally reaching the parameter regimes necessary to observe this
behavior is difficult [117].

The recognition that systems comprised of ultracold atoms trapped in optical
lattices could be used to cleanly realize many-particle systems from condensed matter
systems [64] has motivated a concentrated effort to study these systems. These systems
are highly tunable: lattice spacing and depth can be varied by tuning the frequency
and intensity of the lasers, and interactions between atoms can be tuned via a Feshbach
resonance; in addition, these systems are very clean, i.e. they lack defects that typically
show up in condensed matter systems [15]. By varying the lattice depth, the existence
of the Mott-insulator to superfluid transition in a system of interacting bosons trapped

in a lattice has been verified [47]. Fundamental concepts from condensed-matter physics



such as Fermi surfaces and interaction-induced inter-band transitions have been investi-
gated [68]. Experiments observing novel phases of ultracold matter in atomic mixtures
of Bose and Fermi gases in optical lattices have also been performed [2, 60, 97, 96].

On the theoretical side, proposals for a range class of condensed matter and high-
energy models abound. By imprinting an effective magnetic field on two-dimensional
systems by either rotating the lattice [9] or driving atomic transitions with a set of
lasers [65], phenomena such as the Hofstadter butterfly and quantum Hall physics can
be observed. Other recent studies have made direct connections between fractional
quantum Hall effect (FQHE) physics and strongly-interacting bosons in optical lat-
tices [10, 52, 99, 125]. Similarly, there have been proposals for realizing systems exhibit-
ing non-Abelian symmetries [98, 114], Kondo-type physics [41], superradiant exciton
states [134], and supersolid states [81].

Concurrently, experimental activity in quantum optics and cavity quantum elec-
trodynamics (QED) has provided access to interesting regimes of the light-matter in-
teraction [89]. The strong-coupling regime—where interaction effects dominate over
dissipative effects—has been achieved, and both vacuum-Rabi oscillations and mechan-
ical light forces can be monitored in cavity QED setups where the mean photon-number
is at all times less than one [57]. By coupling atoms to a cavity mode, efficient con-
version of collective atomic excitations into a single photon points the way towards
high-efficiency single-photon sources [123]. Kerr non-linearities and dispersive optical
bistability due to the displacements of atoms in the cavity have been observed [51].
Photon blockade, where a single photon within a cavity blocks further photons from
entering the cavity, leading to photon anti-bunching, has been observed [13].

All along, there has been a productive marriage of the two fields of ultracold
atoms in optical lattices and cavity QED. Using the long-range interactions between
atoms induced by the field-atom coupling in an optical cavity, the Dicke quantum phase

transition has been demonstrated [6]. In addition, cooling of a single trapped ion in



an optical cavity has been achieved by way of cavity sideband cooling [72]. There are
numerous theoretical studies of novel models where the atomic and light-field degrees
of freedom both play integral parts, such as self-organization of atomic states due to
the back-action of light on atoms in optical resonators [70] and phase transitions to
superradiant-like phases driven by competition between atom-atom and atom-field in-
teractions [122].

In the great majority of the atomic experiments listed above, destructive mea-
surement schemes such as time-of-flight absorption imaging and Bragg spectroscopy are
employed to probe atomic states and dynamics. This allows for high resolution images
and a strong signal using only a single measurement. In addition, be preparing sev-
eral experimental copies with identical initial conditions and varying the duration of
the experiment, these schemes provide access to dynamical information. Thus, these
measurements are sensitive to a large number of atomic observables in experimental
setups. On the theoretical side, linear response theory has been applied to current
flow in the presence of a “potential gradient” in order to observe FQHE physics [10],
noise correlation analysis has been applied to bosons in a rotating ring lattice [106], and
Bragg spectroscopy has been mentioned as a probe for vortex states [129]. The draw-
back in these schemes is that the atomic sample is destroyed in the process of making
a measurement.

The advantage of cavity QED setups is that they come equipped with a natural
measurement device, i.e. the light-field out-coupled through the cavity mirrors. In one
proposed detection scheme, a weak probe beam is scattered off of atoms trapped in an
optical lattice into a cavity mode, and signatures of many-body states such as Mott
insulators and superfluids appear in the out-coupled fields [86]. In another, atoms in
a lattice interact with two counter-propagating ring-cavity modes, and atomic number
statistics can be inferred from the behavior of the cavity fields [27]. Bloch oscillations

of atoms in a lattice can also be monitored via the transmission of light through a



cavity [128].

Related techniques have been applied to nondestructive optical measurements of
Rabi oscillations in gases of Cs atoms [131], of the Cs clock transition pseudo-spin [26],
and of nonlinear dynamics in cold gases [124]. In addition, state preparation such
as atomic spin squeezing via measurements on out-coupled cavity fields has been pro-
posed [85, 87, 93] and measured [73, 115]. It has also been demonstrated that the motion
of individual atoms in an optical cavity can be tracked by the transmission of a probe
field [58].

Quantum non-demolition measurements of the photon number in microwave cav-
ities by way of Ramsey interferometry of Rydberg atoms sent through the cavity have
been performed in Paris. Through these experiments, fundamental concepts such as
quantum jumps [46] and non-demolition photon counting have been explored [50]. In
addition, this setup was used to perform quantum process tomography to reconstruct
the master equation describing dissipative processes for photons trapped in microwave
cavities [17].

One final example of an area in which ultracold atomic gases and cavity QED
have made great strides is in the area of precision measurement. For instance, the
newest generation of optical lattice clocks and ion clocks are becoming competitive with
the time and frequency standards of the standard fountain atomic clocks [78, 95, 109].
In addition, there is hope for new technologies that promise to increase the stability of
these clocks by two orders of magnitude [84]. Finally, by referencing against a highly
stable optical cavity, precision measurements have been performed to test variation of

fundamental constants such as the fine structure constant [14, 40].

1.2 Overview

Throughout these examples, light-matter interactions have been exploited to ex-

plore and measure the quantum behavior of both atomic and electromagnetic systems.



In this thesis, we continue this tradition by investigating the behavior of gases of ultra-
cold atoms in optical lattices and proposing methods for detecting atomic states and
dynamics in these systems.

In chapter 2, we review the basic physics of optical lattices and optical resonators.
We derive the second-order atomic Stark shift that gives rise to an optical lattice poten-
tial. We review the basic physics of band theory and the Bose-Hubbard model. Finally,
we discuss the properties of optical cavities and describe the mathematical formalism
used to treat cavity-field dynamics.

In chapter 3, motivated by the search for quantum Hall physics in atomic systems,
we investigate the ground-state behavior of ultracold Bose and Fermi gases in rotating
optical lattices. Using the quasi-angular momentum representation, we use exact diag-
onalization and imaginary-time propagation techniques to explore the atomic behavior.
Exact energy-level crossings in the spectrum indicate the possible existence of quantum
phase transitions between states of different quasi-angular momentum. The momentum
distributions differ significantly for states of different symmetry, indicating that there
may be signatures of these transitions in time-of-flight experiments.

In chapter 4, we demonstrate the utility of the many-body formalism developed
in chapter 3 by computing approximations to the Bose-Hubbard phase diagram for
superlattices.

In chapter 5, we propose a scheme for nondestructively probing the dynamics of a
gas of ultracold atoms confined in an optical lattice and subjected to an external poten-
tial by coupling the atoms to the counter-propagating modes of an optical ring-cavity.
The light field out-coupled through the mirrors is used as the measurement device. This
scheme accomplishes three main goals. The cavity field is used to simultaneously set
up both the lattice field and the probe field, so that no extra interrogation fields are
necessary. The probe is weak so that the atoms can be continuously monitored without

affecting their motion. The signal-to-noise (SNR) ratio is large enough to be readily



experimentally detected. Integration of the signal in time and across the atomic cloud
yields measurements of dynamical atomic observables such as the center-of-mass oscil-
lation frequency with a large SNR in a single experimental run. This comes at the price
of losing information about single atoms and real-time dynamics, but the atomic sample
is not destroyed during the measurement. We apply this scheme to a measurement of
the Bloch oscillation frequency of atoms trapped in an optical lattice and subjected to a
constant, external force such as gravity. We simulate the atomic dynamics and compute
the SNR of a heterodyne signal at the cavity output. The maximum predicted SNR is
10%.

In chapter 6, we investigate the dynamics of atoms in tilted optical lattices near
the Mott-insulator regime. When the Bose-Hubbard interaction strength U is equal to
the energy difference between adjacent lattice wells, the atoms can hop in a restricted
way about the lattice. The system can be described by way of a “dipole” Hamiltonian,
where the allowed atomic states consist of adjacent two-particle/zero-particle sites. In
order to detect the dynamics in this system, we employ the scheme from chapter 5,
relaxing the condition that the cavity field acts as the lattice potential. This detection
scheme is insensitive to dipole states near the unit-filled (i.e. Mott-insulator) state, but
there is a large signal for the state with the maximum possible number of dipoles.

In chapter 7, we propose a quantum non-demolition measurement of the cavity
photon number via Ramsey interferometry of atoms allowed to interact with the cavity
field in the Bragg regime. We employ quantum Bayesian inference to project the cavity
field onto a number state after a certain number of repeated measurements. This method
can be used for both quantum state preparation and quantum state tomography of the
cavity field.

Finally, we conclude with a summary and outlook for future work in chapter 8.



Chapter 2

Optical Lattices and Optical Resonators

Much of the work in this thesis relies on two related light-matter systems. First
and foremost, we consider optical lattices, which are external, sinusoidal lattice po-
tentials for atoms made up of one or more laser beams. This system is paradigmatic
of systems with a discrete translational symmetry, and it gives rise to physical phe-
nomena from condensed matter physics such as band theory, many-body models such
as the Bose-Hubbard Hamiltonian, and quantum phase transitions such as the super-
fluid /insulator transition. The other system is that of atoms interacting with the quan-
tized, resonant modes of an optical cavity. This system is highly flexible: it can be used
to generate external optical lattices for the atoms, to measure the dynamics of atoms
trapped in cavities, and it can be used to enter the strongly-interacting regime where
single photons can affect the behavior of atoms.

In this chapter, we explain the basic physics of optical lattices and resonators
including the general mathematical framework by which we describe these systems and
their interactions with ultracold atoms. The discussion of optical lattices relies on the
material in references [12, 67, 80, 107]. The discussion of optical resonators, including
general characteristics and the Gaussian resonator modes, relies on the material in
references [121, 133]. The mathematical description of cavity field dynamics relies on

material contained in references [77, 88].



2.1 Optical Lattices

Two-level atoms experience a position-dependent Stark shift when subjected to
an off-resonant laser field. This shift gives rise to an external potential. In appendix
B, we perform a rigorous calculation where high-lying excited states are adiabatically
slaved to two low-lying states. Here, we make a plausibility argument through the use
of second-order perturbation theory.

Given two internal states |e) and |g) of an atom, the interaction Hamiltonian

between the atom and a single quantized mode of the electromagnetic field is given by

S 9) i9)
Hy = 7&+du(§<) + 7&—%*(&), (2.1)

where
&t =le)(gl = (67T, (2.2)

and a is the annihilation operator for the field mode with mode function u(x). We have
made both the dipole and rotating wave approximations in writing this Hamiltonian.
In the optical domain, these are very good approximations. Typical wavelengths for
optical fields are in the hundreds of nanometers, two orders of magnitude larger than

the size the atoms. In addition, the rotating-wave approximation requires that
Q] < w + wegl, (2.3)

where w is the frequency of the field mode, and w4 is the atomic transition frequency.
This is easily satisfied in the optical domain where w/27 ~ 101°Hz.

When the detuning § = w —wey between the atomic transition frequency and field
frequency satisfies

19| > |9, (2.4)

we can compute the second-order correction to the ground state energy as

alalu(x))?. (2.5)

o) _ Lellg > _ rop
g ho 49



This expression takes the form of an external potential, the strength of which depends
on the field intensity.

If the electromagnetic field is in a coherent state with a large average value,
«, then the intensity fluctuations Aa'a/a’a are on the order of 1/|al, which can be
made extremely small. In this case, we can neglect the effects that field fluctuations
and atom-field correlations have on the atoms. We absorb the field intensity into an

effective coupling constant, and the atoms see a potential,

V(%) = figo|u(x)|*. (2.6)
If the field mode is a standing-wave, then

lu(%)[? o cos? (k - %), (2.7)

and we can see that the atoms experience a sinusoidal lattice potential of lattice constant,
27 /|k|.

This simple model leads to a wealth of physical phenomena. At the single-particle
level, the discrete translational symmetry of the system gives rise to band theory and
Bloch functions. When the lattice depth is large enough, the system enters the tight-
binding regime which is characterized completely by an atomic tunneling rate between
adjacent lattice wells. At the many-body level, a gas of ultracold atoms trapped in an
optical lattice gives rise to clean realizations of models from condensed matter physics

such as the Bose-Hubbard model [64].

2.1.1 Band theory

The concept of band physics can be approached from two directions. The particle
can be treated as nearly free, in which case the introduction of a weak periodic potential
breaks the continuous translational symmetry of the free problem. States with the same

symmetry properties mix with each other under the perturbation, giving rise to gaps



10

in the free-particle dispersion relation. That is, the perturbation gives rise to bands of
allowed energies separated by gaps on the order of the perturbing potential. On the
other hand, the particle can be treated as being tightly bound to the sites on a periodic
lattice, where the energy associated with the particle being localized to specific sites is
identical across the lattice. Allowing the particle to hop between adjacent sites at a rate
J adds a width to the originally flat energy spectrum, giving rise to a band of allowed
energies of width, 2J. These two ways of viewing the physics of an atom moving in
the presence of an external periodic potential are complementary, as one gives rise to a
theory about band-gaps, and the other gives rise to a theory about bandwidths.

Here, we introduce band physics using the concept of nearly-free particles. Later,
when discussing the Bose-Hubbard model, we use the language of the tight-binding
model. Moving between these languages requires the concepts of Bloch and Wan-
nier functions, which we move on to now. In most of what follows, we consider one-
dimensional systems. The generalization to two and three dimensional systems is rela-
tively straightforward.

A small periodic potential V (z) of period d couples two free-particle wave func-
tions 1 (z) = €®%/\/V and y(z) = €*2%/\/V only if k; and ky differ by 27/d, as

shown by the calculation,

o0 e—ikg.’[ 6ik1x o0 e—ikg(x—d) 6ik1(m—d)
dx V(x = / de——V(x —d)——=—

BNV vl w ey
—ikox eiklx

6—z(k1 —ko)d dr

14
o VV

(z) (2.8)

oA
Due to the phase multiplying the integral, this matrix element must be zero unless k; and
ks differ by a multiple of 27 /d. In particular, the two wave functions 1 (z) = e/ /\/V
and 1)y(z) = e~™*/4/\/V at the Brillouin zone boundaries (¢ = £ /d) are coupled to

each other. The potential acts as a perturbation that breaks the degeneracy between



0

E (unitsof ER)
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Figure 2.1: Dispersion relation for free particles (blue, solid) and particles moving in a
one-dimensional sinusoidal lattice (red, dashed) plotted in (a) extended zone scheme and
(b) reduced zone scheme. Free space dispersion relations are plotted versus momentum,
and lattice dispersion relations are plotted versus quasi-momentum. Energy is in units
of the recoil energy, Er = h%n?/2md?, where d is the lattice spacing. The lattice depth
is Vo = 5FER.

these two states, creating new eigenfunctions,

w:l:(x) — \/;7 (eiﬂ'cv/d + e—iﬂ'l‘/d> ’ (29)

with corresponding energies,

h? w2 N
By = 5 - + Wl VI). (2.10)
This process opens up a gap,
A= (- |V]-) = @ Vi), (2.11)

at the Brillouin zone boundaries. In a reduced zone scheme, this energy spectrum
becomes the familiar one-dimensional Bloch band diagram (see figure 2.1).

The introduction of a periodic potential breaks the continuous translational sym-
metry of the system, and therefore the wave functions are no longer momentum eigen-
states. Instead, the eigenfunctions of the Hamiltonian are eigenfunctions of a discrete

translation operator, Ty, that translates the entire system by one lattice spacing,

Y(x = d) = Tygp(a) = e "M (a), (2.12)
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and can be labeled by ¢, the quasi-momentum. A quasi-momentum eigenstate of a
periodic Hamiltonian can be written as the product of a plane wave and a function

periodic in the lattice:

¢§”) (x) = eiqxué”) (x), (2.13)
ug”) (x—d) = ug”)(:c), (2.14)

where n is the band index, and ¢ takes on the values,

——<g< - (2.15)

SHEE
SR

This is the essence of Bloch’s theorem, and these eigenfunctions are called Bloch func-
tions.

When these functions are expanded in the atomic momentum basis, the only
momenta contributing to the sum are those that differ from k& by a reciprocal lattice

vector, G; = 2mj/d. The expansion is then given by

o Jk . o0 etlat2mi/d)z
(M (g) = [ “—ekryp) (k) = Wz 2.16
W@ = [ e P (2.16)
where the expansion coefficients cé") are given by
0 —i(g+2mj/d)x
(n) _ € (n)
¢ —/_oodas N Vg (z). (2.17)

Figure 2.2(a) is an example of a Bloch function in a sinusoidal lattice, and figure 2.2(b)

is its Fourier transform.

2.1.1.1 Lowering the symmetry

Since this will be an important concept in the chapter describing gases of ultracold
atoms trapped in rotating optical lattices, we note that the arguments made above can
be used again when an extra periodic potential is added to a system already having a

discrete translational symmetry. If we introduce an extra potential U(z) satisfying

U(x —nd) =U(x), (2.18)
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Figure 2.2: The Bloch function for quasi-momentum equal to zero in the first band for
an infinite sinusoidal lattice of lattice depth Vj = —10Eg. (a) The real space wave
function is concentrated in the lattice sites. (b) The wave function in momentum space
exhibits peaks at reciprocal lattice vectors. The envelope of these peaks is given by a

Gaussian for large lattice depths, consistent with a lattice of simple harmonic oscillator
wells.
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where n > 2 is an integer, and d is the lattice spacing, then Bloch states (x|q) = 14(z)
and (z|¢’) = ¥y (x) will mix with each other if ¢ and ¢’ differ by 27m/nd. We can
show this using a calculation entirely analogous to equation 2.8. Eigenstates of the new
Hamiltonian will therefore be linear combinations of these Bloch states. The potential
increases the lattice periodicity and, accordingly, decreases the size of the first Brillouin
zone to 2w /nd.

In figure 2.3, the lowest band (red, dashed) of a one-dimensional lattice with
an arbitrary periodic potential is plotted in a reduced zone scheme. Introducing an
infinitesimal potential whose periodicity is three times the lattice spacing d, the first
Brillouin zone is reduced to the region —7/3d < ¢ < 7/3d. Equation (2.8) shows
that the states lying on a vertical line in figure 2.3 mix with each other under the
addition of the new potential—i.e., (¢|U|q) is non-zero for these states. In particular,
the degenerate states at ¢ = 0 mix, breaking the degeneracy and opening up a gap at
g = 0 (blue, solid). The single band splits into three bands due to the reduction of the
symmetry by U(z).

When the addition of a potential reduces the symmetry of a system as just de-
scribed, the original eigenstates of the system mix according to their symmetry. As
a consequence, gaps open up where there are degeneracies between states of the same

symmetry, creating a band structure.

2.1.1.2 Wannier states

Bloch functions can be thought of as the replacements for momentum eigenfunc-
tions when there is no continuous translational symmetry. Indeed, in the infinite lattice
case, the Bloch function representation diagonalizes the atomic momentum operator re-
stricted to a single band. It is a natural question to ask whether there is an alternative
representation where the functions instead diagonalize the position operator restricted

to a single band. This type of representation is a natural one when we are investigating
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Figure 2.3: Lowest band dispersion relation (red, dashed) for a one-dimensional tight-
binding model plotted in a reduced zone scheme that anticipates the lowering of the
symmetry via an additional potential with periodicity 3d. After the introduction of this
potential, states with the same quasi-momentum ¢ in the reduced zone mix with each
other, opening up gaps anywhere that there is a degeneracy. This results in a modified
dispersion relation (blue, solid).
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the physics of atoms hopping between sites of a lattice. The Bloch representation can
obscure this physics since the Bloch functions are delocalized across the entire lattice.
Such a representation exists, and the resulting functions are called Wannier func-

tions. They take the form,

n 1 iqx; . (n
wi (z) = \/qu:eq i (), (2.19)

where x; is the position of the center of lattice well j. It is easy to show that these

Wannier functions are just translations of each other, that is,

wj(”) (z) = w™ (z — x;), (2.20)

and that they are orthogonal. In addition, w](-n)(:c) is localized to the lattice site j. It

should be noted here that this localization condition depends on a choice of relative
phases between the different Bloch states. For the most part, this is an issue when per-
forming numerical calculations, and we discuss this problem more carefully in appendix
A.

In figures 2.4(a) and 2.4(b), we have plotted Wannier functions localized at x; =
3d for lattices with depth —Er and —15ER, respectively; ER is the recoil energy Er =
h%k?/2m. As the lattice depth is increased, the Wannier functions get more localized to
the lattice sites. The Wannier functions approach Gaussians as the lattice depth goes

to infinity.

2.1.2 Hubbard models

The Wannier function representation is the natural one in systems where the
lattice depth is relatively large. In this case, the atoms are well-described as being
localized to individual lattice sites with tunneling allowed only between adjacent sites.
This is known as tight-binding, and is it in this regime that models such as the Bose-

Hubbard model can be derived. In order to investigate this, we consider the single-
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Figure 2.4: Examples of Wannier functions for sinusoidal lattices. Superimposed on
these plots is the lattice potential in arbitrary units. (a) Wannier function for a lattice
of depth Vy = —FEg, localized to x = z; = 3d. (b) Wannier function for a lattice of
depth Vp = —15FR, localized to x = 3d.
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particle Hamiltonian,
n? d?

T

+ Vo cos? (kpz) (2.21)

which corresponds to the second-quantized, bosonic Hamiltonian,

~ - n? d? .

If the atoms interact via a short-range, s-wave interaction, we include a term

- % / da O ()BT ()8 (2) 0 (2), (2.23)
where
= 47;\7;% (2.24)

with as the s-wave scattering length.

We expand the field operators in the Wannier states as

Zw (x — ) lA)( ) (2.25)

in which case the Hamiltonian can be written as

SR DI ULUEETD SIS SR il UL LN CE D

ik n'n ,gkllmnp

where

JJ(Z) = —/d:v w™* (z — a:j)H(:L‘)w(”) (x — mp,), (2.27)

Ui(;zlnm) = hg / dz w™* (& — z;)w™W* (z — xj)w(p) (z — zp)w" (z — xy). (2.28)

Clearly, J](Z) = Jg@kﬂ,l'

In figure 2.5, we have plotted J = J2(11) and J?Ell)/Jéll) = Jy/J as a function
of lattice depth. At about Vj = 5FRg, Jl(,l1/']2(11) = 0.05, and we can neglect all but
nearest-neighbor hopping. This defines the tight-binding regime. Without numerical

justification, we also assume that the dominant interaction term comes only from the

on-site, single-band interaction U = Uﬁﬁl). This approximation come about because
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Figure 2.5: Tight-binding tunneling energies for nearest neighbor and next-to-nearest
neighbor hopping, plotted as a function of lattice depth. (a) Nearest-neighbor hopping
parameter J has a maximum of about 0.2Er. This quickly decays as a function of lattice
depth. (b) Next-to-nearest neighbor hopping rate as a function of Vy. At Vy = 5FpR,
the ratio |J2/J| is about 0.05. This is the cut-off for neglecting all but nearest neighbor
hopping, which defines the tight-binding regime.

the Wannier functions are highly peaked about the centers of the lattice wells for large
lattice depths. In this case, the Wannier functions between different sites do not overlap
to a great extent, indicating that the other interaction parameters are small.

We have therefore arrived at the single-band Bose-Hubbard model,

7N Gt AT wb T
H=> eblb;— Y _ Jbibg + : > biblhsb, (2.29)
j (k) j

where

€= /dm w™* (z — xj)H(x)w(”) (x —xj). (2.30)

This model has been very well-studied in both the condensed-matter and atomic physics
communities. There is a quantum phase transition that occurs in the (u/U,J/U)-
plane—where p is the chemical potential—between superfluid and insulator phases,
known as the Mott-insulator to superfluid transition [39]. We briefly outline the deriva-
tion of this transition in a mean-field approximation.

As described in references [111, 127], we introduce an order parameter ¢ = (b;)

which characterizes the superfluid phase of the system. Interpreting this quantity as an
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order parameter is a posteriori justified by the calculations performed below and a priori
justified by the expectation of an insulator-superfluid transition: in an insulator state

(b;) = 0, and in a superfluid state (b;) # 0. Assuming that the quantum fluctuations
bi — (bi) = b — (2.31)
are small, we write the Hamiltonian in terms of the order parameter as
Hﬁ?ﬂJ«@+@WPﬂN>+%§:%GQ*U, (2.32)
J

where n; = l;}l;j, z is the number of nearest-neighbor lattice sites for site j, and the full
Hamiltonian is a sum over the H ;. We now have a set of non-interacting Hamiltonians
that describe each lattice site independently, treating the atoms on all other lattice sites
in a mean-field approximation.

Near the superfluid-insulator transition, the order parameter is small, so we treat
HWY = —2J (0" + b) + zJ? (2.33)

as a perturbation of the on-site Hamiltonian
n(n —1), (2.34)

where p is the chemical potential. We work in the grand canonical ensemble.

The first-order and second-order corrections to the unperturbed energies

0)

€ = —pn + Un(n — 1)/2 yield an approximate ground-state energy given by

- 1% _ 9 79 n n+1 9
€g ~ /m+2n(n 1)+<2J+2J <—M+U(n—1)+,u—Un)>¢ (2.35)

In order to determine the true ground state and the phase boundaries, we minimize ¢,
with respect to 1. If Ay > 0, then ¢ = 0 minimizes ¢4; if Ay < 0, then some ) # 0

minimizes €,. Thus, setting Ay equal to zero determines the boundary between insulator
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Figure 2.6: The Mott-insulator to superfluid phase diagram as computed in one dimen-

sion using mean-field theory. Inside the rounded lobes are insulator ground states of
integer-filling. Outside these so-called Mott lobes, the system is a superfluid.

and superfluid phases. Solving for p, this yields

o= %(U(m —1)—zJ)+ %\/(ZJ)Q —22JU(1+2n) + U2 (2.37)

We plot these phase boundaries in figure 2.6 for a one-dimensional lattice, i.e.
z = 2. The phase diagram consists of a sequence of lobes. The parameter As is positive
within these lobes, so that ¥ = 0, and the ground state is an insulator with a fixed
number of particles on each site. Outside of these lobes, As < 0, so the ground state is
a superfluid.

The Bose-Hubbard model is a jumping-off point for the simulation of a variety
of condensed-matter systems in gases of ultracold atoms trapped in optical lattices. In
this thesis, we investigate two in particular. In chapter 3, atoms trapped in a two-
dimensional rotating lattice are investigated with an eye to emulating quantum Hall
physics in optical lattices. In chapter 6, a linear shift is added to the lattice, and the

dynamics of atoms near the Mott-insulator regime are investigated.

2.2 Optical Cavities

Our interest in marrying the fields of atomic gases in optical lattices and cavity

quantum electrodynamics (QED) is two-fold. First, the resonant modes in optical cav-
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ities are isolated from each other, allowing access to the regime where atoms interact
with single electromagnetic field modes. This not only simplifies the mathematical de-
scription of the light-matter interaction, but it also allows investigation of fundamental
models from quantum optics such as the Jaynes-Cummings model. In addition, there is
an enhancement of the atom-field interaction strength due to the presence of the cavity,
allowing access to the strong-coupling regime of cavity QED, where single photons have
an effect on the atomic dynamics. Second, these systems come equipped with an inher-
ent measurement device via detection of the light-field out-coupled through the cavity
mirrors. This can be exploited for schemes for non-destructive measurement of atomic
dynamics in optical lattices. This is discussed in detail in chapters 3 and 6. Here, we
discuss the basic characteristics of optical cavities, the resonant field modes that they
support, and the mathematical treatment of cavity field dynamics in terms of a master
equation.

We consider the simple case of a linear resonator geometry consisting of two
spherical mirrors with equal radii of curvature (see figure 2.7). A laser pumps a reso-
nant cavity mode through the cavity mirrors. The geometry of the resonant mode is
determined by the geometry of the cavity. These mode functions can be made from lin-
ear combinations of free-space Hermite-Gaussian or Laguerre-Gaussian functions, which
are solutions to the paraxial wave equation. These modes are defined by a beam waist
wp, a resonant frequency w, and the length L of the cavity.

The presence of the mirrors enforce approximately box-like boundary conditions,
in which case the spectral response of the cavity consists of a set of discrete peaks
separated in frequency by the free spectral range wgg,, as illustrated in figure 2.8. Since
the mirrors are not perfectly reflecting, the modes couple weakly to electromagnetic
field modes outside the cavity. This means that there is a finite decay time 1/ for
photons in the cavity, and the resonant peaks acquire a linewidth . To the extent that

the linewidths of the cavity and of the in-coupled laser are much smaller than the free
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Figure 2.7: Schematic of a linear optical cavity. A laser couples with strength 7 to
the cavity modes through a mirror of reflectivity R. A standing-wave pattern is set up
within the cavity. Photons leak out the cavity through the mirrors at a rate k.

spectral range, these modes can be populated independently.
In place of the parameters, w, wsy, and k, cavity properties are often expressed

in terms of the quality factor Q and the finesse F. These are defined as

Q=" (2.38)

F=2E (2.39)

In order to get an idea as to what the state-of-the-art is for cavities, we quote the quality
factor and finesse for an optical cavity used as the reference to stabilize an optical lattice
clock [78] and for a microwave cavity used in quantum-non-demolition measurements
[46]. For both cavities, @ ~ 10 — 10 and F ~ 10°. Of course, these two cavities
operate in wildly different regimes: the optical cavity operates at 4.2 x 10'*Hz, and the
microwave cavity operates at 5.1 x 10'°Hz. The lifetime of a photon in the microwave
cavity is about 0.1s, whereas in the optical cavity, the lifetime is about 10™%s.

We make one final note: if the reflectivity R of the mirror is large enough, then

the finesse takes the approximate form,

F =~ . (2.40)

This means that the ratio of free spectral range to cavity linewidth is determined solely

by the properties of the mirror and not by any other aspects of the cavity design such
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Figure 2.8: Schematic of the spectrum of a linear optical cavity. The discrete spectral
peaks are separated by the free spectral range wg, and acquire a width « due to the
finite coupling to modes outside the cavity.

as the length. In other words, the isolation of the resonant modes from each other is
determined solely by the reflectivity of the mirror.

In the following, we examine the structure of the resonant modes more carefully.

2.2.1 Resonant modes

Electromagnetic fields in free space follow the Helmholtz equation,
(V2+ k%) E(r) =0, (2.41)

where E(r,t) = E(r)e”™! and w = ck. Due to the mirror geometry discussed above,
we will be concerned with beams that primarily propagate along the axis Z of the cavity,

in which case we define

E(z,y,2) = f(z,y,2)e ™. (2.42)
The Helmholtz equation becomes

ox?  Oy? 022 9z (243)

Having removed the “fast” spatial dependence along Z, we make the paraxial approxi-

mation,
o0 f

of
o] 2

|- (2.44)

9

0x?

*f
022

B




25

This approximation only holds as long as the plane waves that have appreciable overlap
with f have wave vectors that lie within an angle 6y ~ 7/6 of the z-axis [121].

To solve the paraxial wave equation, we separate variables as

fom(x, 9, 2) = fu(z, 2) fin(y, 2), (2.45)

where both f,(z,2) and f,,(y, z) satisfy the equation,
2L _9ik=L —o. (2.46)

A set of solutions to this equation are given by

where
w(z) = wo (1 + (;>2> 1/2, (2.48)
R(z) = = (1 + (ZO)2> : (2.49)

¥(2) = arctan (z> : (2.50)

20

20 = kwd/2, (2.51)
and H, is a Hermite polynomial. We reconstruct the full solution as

Fam @y, 2 k) = fu(@, 2) fly, 2)e %2

9\ 1/2 1 et (nt+m+1)3(z) g—ikz
B <L7r> V 2ntmplm! w(z)

G\ (Vo (et
A (w(z))Hm (w(z)) (G ) e

called Hermite-Gaussian modes. They satisfy the orthogonality relation,

Omr? Ornrn Okl :/ dz/ dx/ dy £ (@ y, 2K fam(x, y, 23 k). (2.53)

From equation 2.52, we can see that the function w(z) determines the width of

a Gaussian function that falls off away from the z-axis. This is a minimum at z = 0
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Figure 2.9: Longitudinal cross-section and envelope of a Hermite-Gaussian mode as
a function of z with wy = 57\, L ~ 5 x 10*\, and 2 = y = 0. (a) The mode is
approximately a cosine function near z = 0. (b) The envelope of the mode function
decreases away from z = 0.

and takes on the value wg. For this reason, wy is called the beam-waist. The width of
the Gaussian increases as |z| is increased from zero, indicating that the mode spreads
out away from z = 0. This is a diffraction effect that arises because the electric field is
being confined to some finite region in space.

We construct standing wave modes from equation 2.52 as

wt (2,9, 2 k) = Unm (2, Y, z){Z:} (kz + km —(n+m+ 1)1/1(2)) . (2.54)

T 1 e GhRte) 5 5
Unm(ﬂfy%z) = \/ ¢ H, \/>33' H,, ﬂ R (255)

L 27tm=2p1m! w(z) w(z) w(z)

where u,,, determines the envelope and transverse behavior of the mode function. In
figure 2.9, we plot the longitudinal behavior of the standing-wave mode ]ugoo(x, y, 2 k)|?
for x = y = 0. For this particular choice of parameters, explained below, the envelope
|u00(0, 0, 2)|? is roughly constant over hundreds of wavelengths, meaning that the mode
function is well-described by a cosine function in this region. The envelope eventually
appreciably decreases far enough away from z = 0. In figure 2.10, we plot the transverse
behavior of |ufy,(z,y, z; k)|*. The width w(z) of the Gaussian decay of the mode func-

tion away from the z-axis increases as |z| is increased. Finally, in figure 2.11, we plot
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Figure 2.10: Transverse behavior of the (00) Hermite-Gaussian mode with wy = 57\
and L ~ 5 x 10*\. (a) The mode at z = 0 falls off as a Gaussian away from the z-axis
with width given by the beam waist wg. (b) The effective width w(z) of the Gaussian
increases from wy as |z| is increased.
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transverse cross-sections of three Hermite-Gaussian modes. These modes have markedly
different transverse structures but essentially the same longitudinal behavior. We now

turn to the exact formulas for the resonant frequencies.

2.2.1.1 Resonant frequencies and mode parameters

The total phase shift that the Hermite-Guassian modes undergo as they traverse

the cavity is given by

P22 — 21) = k(22 — 21) — (n+m + 1)(¥(22) — ¥ (21))

=kL — (n+m+ 1)(arctan(za2/29) — arctan(z1/z0)). (2.56)

The parameters z3 and z; are the positions of the right-hand and left-hand mirrors,
respectively. We take them to be z; = —L/2 and 29 = L/2. The resonance condition
for a standing-wave cavity mode states that the total round-trip phase shift must be an

integral multiple of 27, leading to

1
Wanm = Wise (q +(n+m+ 1); <arctan <Z> — arctan <2>>> (2.57)

where wg, = m¢/L, and ¢ is an integer. Defining

L
=1-—= 2.58
g 7 (2.58)
where R is the radius of curvature for the mirrors, we can show that

cos 1 (g?) = arctan(zz/29) — arctan(z1/z), (2.59)

42 (wo /)t — (L/X)?
= m=(wo/A)" = (L/A)” (2.60)

472 (wo /N4 + (L/X)?

This implies that the resonant frequencies are given by
Wanm = Wise(q + (n+m + 1)1 L cos ™1 (g?)). (2.61)

These are also the resonant frequencies for the Laguerre-Gaussian beams.
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2.2.2 Cavity field dynamics and atom-field coupling

We now turn to the quantum description of cavity field dynamics in a cavity. The
Hamiltonian for a set of resonant cavity modes being pumped by an in-coupled laser of

frequency wp is given by

A= h(w—wp)af iy + > h (n;;, Ak + nkyde,A) : (2.62)
k,\ k.

where k = w/c is the wave-number of the resonator mode corresponding to ax x, and
A indexes its polarization. The parameter nyx » measures the coupling strength of the
in-coupled laser to the resonant mode (k, A). It is a function of the mirror reflectivity
and the pumping laser intensity. The decay of photons through the mirrors is governed

by a Liouvillian,

N hlﬁk PR . R . ~ . N

Lp=— Z 27 ((IL)\CLk,)\P + PaL)\akA — 2ak7>\paL)\> , (2.63)
kA

where p is the reduced density matrix of the cavity field, and sy  is the rate at which

photons in mode (k, A\) decay. The density matrix follows the equation of motion,

dp N ~
md—’t) = [H, ] +ilp. (2.64)

It is apparent from this equation of motion that each mode acts independently. For this
reason, we treat only a single mode a in what follows. This will not be the case when
atoms are allowed to interact with the field.

The field amplitude within the cavity is proportional to (G) = «. This quantity’s

equation of motion is given by

do K
i = (w — wp — z§> a+n. (2.65)
This equation is solved by
a(t) _ a(o)e—i(w—wp)te—nt/Q + (1 - e—i(w—wp)te—mt/Q) -1 (266)

w—wp —ir/2’
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which describes some transient phase evolution e~ ““~“P)t of o and a steady state value,

-1

t— = —
a( ) w—wp — iK/2

(2.67)

We turn to the interaction of these modes with a gas of atoms. As we have
mentioned, we will consider the special cases of a single-mode linear cavity and a two-
mode, degenerate ring cavity. In addition, we will assume that the cavity field is far
enough detuned from the atomic transition that high-lying excited states of the atoms
can be adiabatically slaved to the lower lying states, as described in appendix B. In

this case, we can write the interaction as
Hy = hg / dz Ui(z) (d,tdk +ala g +ala_ge R 4 aikakeﬂ’“) b(z)  (2.68)
for the ring cavity and
Hy = hg de/dz T (2) cos? (kz)U(z) (2.69)

for the linear cavity.



Chapter 3

Bose and Fermi Gases in Rotating Optical Lattices

The results in this chapter were published in the Physical Review A as
Phys. Rev. A 74, 063606 (2006) [11] and in the Journal of Physics B:
Atomic, Molecular, and Optical Physics as J. Phys. B: At. Mol. Phys. 40,
3725 (2007) [101].

One of the current thrusts of research in cold quantum gases trapped in optical lat-
tices is demonstrating and investigating strongly-correlated physics. In particular, there
have been a number of theoretical efforts aimed at observing quantum Hall physics in
systems comprised of ultracold atomic gases in optical lattices [10, 65]. A promising line
of research takes advantage of a mapping between the Hamiltonian of electrons confined
in two dimensions in the presence of a constant transverse magnetic field and that of
a rotating atomic gas. This has led to various theoretical studies predicting fractional
quantum Hall effect (FQHE) behavior in rotating BEC’s [5, 38, 100, 130]. However,
experimentally reaching the parameter regimes necessary to observe this behavior is
difficult [117]. Optical lattices offer a solution to this problem by tightly confining
atoms in the lattice wells, thereby enhancing correlations.

Motivated by this, preliminary exact diagonalization studies of bosonic atoms in
rotating lattices were carried out using a Bose-Hubbard model modified by a rotation
term [9]. This work identified quantum phase transitions between states of different
vorticity as the rotation rate was increased. It was then extended to explicit studies of

quantum Hall physics in rotating lattices [10].
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Further work is required for a physical understanding of the transitions. In this
chapter, we present analytical and numerical results for strongly-interacting bosons and
non-interacting fermions in rotating optical lattices. These results are based on the no-
tion of quasi-angular momentum, which is a quantum number for systems with a discrete
rotational symmetry. Quasi-angular momentum is analogous to quasi-momentum for
periodic translationally invariant systems and has been previously used in the context
of rotating ring lattices [19, 20, 126] and carbon nanotubes [105] to label eigenstates.
A formalism for this quantum number for second-quantized systems is presented here
and applied to gases of bosons and fermions in rotating optical lattices. We identify
transitions between states of different symmetry for the ground state of a rotating sys-
tem. A possible avenue for experimentally detecting these results via the momentum
distribution of the ground state is presented.

The chapter is structured as follows. In section 3.1, we draw the analogy between
systems with a discrete translational symmetry and systems with a discrete rotational
symmetry, thereby generating a Bloch theory for the latter and introducing the notion
of quasi-angular momentum. The theory of one particle on a rotating ring lattice is used
to illustrate these ideas in section 3.2. This is extended to a many-body description in
section 3.3, where a many-particle, tight-binding model is diagonalized. Specific inves-
tigations of quantum gases of strongly-interacting bosons and non-interacting fermions
in ring and square lattice geometries are carried out in section 3.4. In section 3.5, sig-
natures of the quasi-angular momentum in the momentum distribution of a state are

identified. Finally, section 3.6 summarizes the main results of this chapter.

3.1 Bloch Theory for Systems With Discrete Rotational Symmetry

The concepts discussed in section 2.1 hold for systems with symmetries other than
discrete translational symmetry. We can see this by investigating the fact that a moving

N-site linear lattice with periodic boundary conditions is analogous to a rotating N-site
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ring lattice. We can make this analogy explicit by considering the Hamiltonian of a

moving, one-dimensional, sinusoidal N-site lattice in the co-moving frame, given by

h? 9?
2M 9a?

+ Vp cos®(qz) — vé 0

H(z) = i 0z’

(3.1)

where v is the velocity of the lattice. In this expression, we have used the fact that in

a moving frame,

H=Hy—p v, (3.2)

where Hy is the time-independent Hamiltonian in the non-moving frame, and v is the
velocity of the moving frame with respect to the lab frame [69].
The lattice wave-number ¢ can be rewritten as ¢ = 7/d, where d is the lattice

spacing. If periodic boundary conditions,

Y(x + Nd) = ¢(x), (3.3)

are included, then the Hamiltonian describes the system illustrated in figure 3.1(a) for
the explicit case of an 8-site lattice. On the other hand, the Hamiltonian of a rotating,

sinusoidal N-site ring lattice (figure 3.1(b)) is given in the rotating frame by

1 02

H(¢) = + Vj cos? <N(§> _Q:Le)a(zf

where 2 is the rotation frequency, and R is the radius of the ring. The inclusion of the
term —(QL, has the effect of moving to a frame co-rotating with the lattice [69]. The
two Hamiltonians, equations (3.1) and (3.4), are mathematically identical if we perform
a transformation z = ¢Nd/27 and identify Nd/2m with R and v/R with €.

Since the Hamiltonians are exactly identical, all of the properties of one-dimensional
systems with a discrete translational invariance carry over for ring systems with a dis-
crete rotational invariance. The analogy can be carried further, starting with the two-

dimensional free-space solution in polar coordinates,

Vi (,p) = €77 R;(p), (3.5)
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where R;(p) is a radial function, irrelevant for our discussion, and j is an integer. In
the presence of a potential that breaks the rotational symmetry, the eigenstates are
linear combinations of these free-space solutions. If this potential has a discrete N-fold

rotational symmetry, its eigenstates can be expanded in the free space solutions as

0 ci(Nj+m)e

Un(dp) = Y aﬁ-m)ﬁ

j==o0

R;(p). (3.6)

It is evident from this expansion that
et (Nj+m)(¢—2m/N)

VN7

and that therefore 1., (¢, p) is an eigenvector with eigenvalue e

2 . m
bl =50 = D o)

j=—00

Rji(p) = e 2™/ Ny (h,p).  (3.7)

—i2rm/N of the discrete

rotation operator Ry, y that rotates the system by the angle 27/N; Ry, /n takes the
place of the discrete translation operator, Ty. The analogy is complete when we note
that the eigenstates are linear combinations of angular momentum eigenstates, in which
case we call the number Aim the quasi-angular momentum of the state, 1,,(¢, p). For

simplicity, we drop the factor of A and call the value m the quasi-angular momentum.

3.2 Single Particle on a Rotating Ring Lattice

As an application of the discussions in the previous section, we examine the prob-
lem of a single particle trapped on a rotating ring lattice. This problem is analytically
solvable in terms of Mathieu functions, and we can examine the effects of rotation on
both the spectrum and the eigenstates.

The Hamiltonian for a single particle trapped on a rotating ring lattice is given

by equation (3.4). The N lattice sites are situated at

2mn;
where j = 1,..., N. To simplify the problem, we make a transformation ¢ — 2¢/N

(¢ € [0, N7]) and scale energies by the “recoil energy”,

B2 ([ N\? R2 /7m\2
ER_2m<2R> = om () (3:9)
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Figure 3.1: Equivalence between a ring lattice and a one-dimensional lattice with pe-
riodic boundary conditions. The translation operator T that translates through one
lattice site maps onto the rotation operator RQW /8 that rotates the lattice through one
lattice site.
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In this case, the Schrodinger equation is given by

2
BU(0) = Bn -~y + ig gy + g o2+ 3 ) 0o (310)

where w = hQ)/ER, vo = Vo/ER, and ¢¥(¢ — Nm) = ¢ (o).
In order to take into account the effect of rotation, we “imprint” an angular

momentum on the wave function that coincides with the rotation rate, i.e.
W(@) = ™M (9). (3.11)

In this case, the Schrodinger equation becomes

0? v N?
Ep(9) = Er ( g2 T g o8+ 5~ “’216> (). (3.12)
Defining
E Y w?N?
t= %, (3.14)
this equation may be re-written as
62
0= 3752@(@ + (@ — 2t cos(29))p(9)- (3.15)

This is exactly Mathieu’s equation. See appendix A for a discussion of the solutions of

this equation.
3.2.1 Effects of rotation
We know that the eigenfunctions, w,(y? )(d)), of equation (3.15) should satisfy
V(¢ —m) = e BNy (9). (3.16)

In this case,

W (¢) = PN (¢). (3.17)
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Thus,

e BTN (9) = Y0 (¢ — m) = e TN (9). (3.18)

The quantity ¢ is then a function of the quasi-angular momentum number m and the

rotation rate w, given by

2m  wN
q — ¢m(w) = mods (N—4+1> -1, (3.19)
in which case
() = NI (O (0) + i Sign(a)S ) () (3.:20)

where C and S are Mathieu cosine and sine functions.
We can make two interesting observations about this solution. First, apart from
the integer values of ¢, (w), we may write the energy of one of the quasi-angular mo-

mentum states as

2772
v _whN ) (3.21)

(") () = 0 _
En(w) = Er <ak”7f1m(w) Ty 16

Let’s consider the ground state of the system. At w = 0, this is clearly the state w(()l)(qb)
since

= ay, (3.22)

which is the smallest Mathieu characteristic value. However, when, say, w = %, we

can see from equation (3.19) that

2
lgo(w)| = ‘modz <_N + 1) - 1‘ >0, (3.23)

g1 (w)| = [moda(1) — 1| = 0. (3.24)

The m = 1 quasi-angular momentum state is now the ground state. It is clear from
equation (3.19) that this behavior generalizes, and as w increases, the ground state
cycles through the different quasi-angular momentum states. Since these states do not

mix with each other, this is signaled by exact energy level crossings in the spectrum as
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Figure 3.2: Exact energy-level crossings due to rotation for a four-site sinusoidal lattice
with periodic boundary conditions. At zero velocity, the zero quasi-momentum state is
the ground state. At some finite positive velocity, the k = 7/2d state is energetically
favorable and becomes the ground state. The ground state eventually cycles through
all quasi-momenta.

a function of rotation. This is illustrated in figure 3.2, where the m = —2, —1, 0, and
1 states in the first band for a four-site lattice are plotted as a function of the rotation
speed.

This behavior is general, and we can understand it by invoking first-order per-
turbation theory. In a stationary one-dimensional ring lattice, the zero quasi-angular
momentum Bloch function is always the ground state. When the lattice is rotating,
the energetically favored state is one that rotates along with the lattice. In order to

investigate this phenomenon, we consider the Hamiltonian,
H=Hy—QL., (3.25)

where Hy is the time-independent Hamiltonian in the non-moving frame. The ground
state of H is the ground state in the lab frame but written in rotating frame coordinates.
We consider an eigenstate of I:IO, (). In first-order perturbation theory, the

energy Ej of an eigenstate ¥y (z) of Hy is shifted by the rotation term to
B = (k| Ho — QL.|k) = B — Q(k| L. |k). (3.26)

At zero rotation rate, the ground state is a zero quasi-angular momentum state, ¥ (x).

However, the energy of a state that has a positive average angular momentum, <k|ﬁz |k) >
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Figure 3.3: The m = 0 Bloch function at w = 0 (black, solid) and w = 1 (blue, dashed).
The Bloch function is squeezed tighter within the wells for larger rotation rates.

0, falls below that of 1 (z) for large enough €. This change is signaled by an exact en-
ergy level crossing in the energy spectrum between two quasi-angular momentum states
(see figure 3.2). As the rotation rate is increased, the effect of the rotation term is to
reorder the energies of the quasi-momentum states.

The second observation we can make is about the Bloch function solutions them-
selves. In figure 3.3 are plotted the densities for the m = 0 state in the first band for
two different rotation speeds. The Bloch function with the larger rotation speed, w =1,
is more localized to the lattice sites. In fact, we can observe that the ground state is
always the state that is least-localized to the lattice sites. This effect may be understood
in the following way. A particle that is moving slower than the lattice will be pulled
along, effectively “piling up” the wave function against the side of the lattice well. This
simultaneously decreases the width of the wave packet within the well and increases the
kinetic energy. A particle at the same speed as the lattice will not feel this effect, and
its wave function will not be “squeezed” by the lattice wells. This is the physical basis
of both the wave function for m = 0 being more localized for higher rotation rates and

for the exact energy level crossings in the spectrum as a function of rotation.
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3.3 Many-Body Description of Quasi-Angular Momentum

The symmetry considerations of the previous sections necessarily hold for many-
particle systems where the underlying single-particle Hamiltonian has a discrete rota-
tional symmetry. The eigenstates of the many-particle Hamiltonian can then be chosen
to be quasi-angular momentum eigenstates. Alternatively, it is sometimes possible to
re-cast the symmetry properties of the eigenstates in terms of the creation and anni-
hilation operators in a second quantized formalism. In this section, we examine the
special case of a Hubbard Hamiltonian for non-interacting fermions, which for instance
describes fermions in a one-dimensional optical lattice in the tight-binding regime.

The Hamiltonian takes the simple form,

N N
=Y cala; Y (Jal 0, + Jalaj) (3.27)
j=1 j=1

where ay41 = a1 in order to satisfy periodic boundary conditions, and
a.af] = (3.28)

so that the particles are fermions. This Hamiltonian can be diagonalized using operator

methods. To this end, we define new fermionic operators by means of

N .
Ze—ZQka‘/Ndk’ (330)
k=1

e~ 2mmk/Ng (3.31)

N N-1
Hy=> eila;=e€Y_ dldm, (3.32)
Jj=1 m=0
and the hopping term becomes
= 2rm
Hy = -2t di,dpcos (N - qb) : (3.33)
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where t and ¢ are defined by the relation J = te’®. The eigenstates of this Hamiltonian
are then

no,...,nn_1) = (d5)" - (df,_,)"¥-1]0), (3.34)

where |0) is the vacuum, n,, can take on the values 0 or 1, and the corresponding

eigenvalues are
N-1
2

Ergonn 1 = 3 N (e — 2t cos( Nm — ¢)> , (3.35)

m=0

As we can see from its solutions, this Hamiltonian is exactly the many-body generaliza-
tion of the tight-binding model for atoms hopping around a one-dimensional lattice.
From the expansion of djn in the dz’s we can see that din adds one particle to
the system, populating each site with equal probability but differing phase. We can
conclude that particles created by d, carry quasi-angular momentum. To make this

statement exact, we define a discrete rotation operator R by

Raf R =af, (3.36a)

R|0) = |0). (3.36b)

This operator commutes with the Hamiltonian, and acting it on dm yields

N N

o n 1 . a4 1 . .
RdjnR_l - = Z ezmek/NR&LR—l - = Z e—’l,27rm/N€Z27l'm(k+1)/N&L+l
k=1 k=1
_ 67i27rm/ch;rn' (337)
Therefore,

No1

R(d))™ -~ (d}y)"|0) = exp (—m > Nm) (d)™ - (dfy)™~j0).  (3.38)
m=0

This state carries quasi-angular momentum,

N
m = mody <Z mnm> . (3.39)

m=1

A pictorial representation of this discussion is shown in figure 3.4 for the specific case

of one particle in an eight-site ring lattice.



43

Ro sl

Figure 3.4: Illustration of the rotation operator in the many-body formalism. (a) The
operator a?]i adds one particle to the system, populating every site with equal probability
but a phase that differs by 27/8 between lattice sites. The state that is illustrated is
l) = a?J{ |0); arrows indicate phase. (b) When this state is rotated by one lattice site, the
resulting state is f%gﬂ /slt). Subtracting the phases at a site before and after rotation,
we get ¢ = —27/8. The picture then illustrates the fact that |¢)) is an eigenstate of
}/\2271- /8 With eigenvalue ei12m/8,
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Armed with an understanding of the eigenstates of this system, it is straightfor-
ward to compute physical quantities such as the energy. The ground state of the system
is particularly easy to find, as we simply populate the lowest energy levels to create a
“Fermi sea”.

If there is an additional potential that reduces the symmetry of the problem,
quasi-angular momentum can still be exploited to simplify the problem. The dm op-
erators act as a natural basis in which to describe problems that have some rotational
symmetry. For instance, we can consider an additional potential that is some arbitrary
function of the creation and annihilation operators on an N-site lattice,

N
V=" Vidld, (3.40)

J,k=1

with Vj, = V,;}. We suppose for simplicity that this potential is only 4-fold symmetric,
i.e. it is symmetric under rotation by N/4 sites, effected by the operator RN/A. This
limits the possible terms djdk that can appear, which we can see by computing
N N -
RN/4VR—N/4 _ Z ‘/ijN/4J;R—N/4RN/4dkR—N/4 _ Z V}kez7r2(j—k)/4d“;dk. (341)

jk=1 jk=1

In order for the potential to be invariant under this four-fold rotation, we must have
that ¢™20=k)/4 = 1, in which case mod4(k — j) = 0. Any terms involving d}rdk where

this equation is not satisfied are zero. We define

k = 4l +my, (3.42a)
J = 4la + ma, (3.42Db)
li=1,...,N/4, (3.42¢)
m; =0,1,2,3, (3.42d)

which allows us to write the potential as

3 N/4
V= Z Z %Ef?g)djll1+md4l2+mv (343)
m=01y,la=1

VZETQ) = Vi, +maly +m- (3.44)



45

This re-writing automatically sorts the operators appearing in 1% according to their four-
fold symmetry, which is the one relevant to the new problem. The full Hamiltonian H+V
is then block-diagonal in the four-fold quasi-angular momentum, m, making numerical
solutions to this problem more tractable. This scheme can be used to facilitate the

solution for a system of atoms in a rotating two-dimensional lattice.

3.4 Bose and Fermi Gases in Rotating Optical Lattices

Interacting bosons in one dimension enter the Tonks-Girardeau regime when in-
teractions get very strong [45, 75]. The gas takes on many of the characteristics of a gas
of non-interacting fermions; for instance, the number density in position space is the
same in both cases. It differs in certain aspects, however; for instance, the momentum
distribution is more highly peaked about a central value for strongly-interacting bosons
than it is for fermions [61]. It then becomes particularly interesting to compare the cases
of strongly-interacting bosons and non-interacting fermions in rotating lattices. In this
section, gases of non-interacting fermions and hard-core bosons in rotating optical lat-
tices are investigated. The many-particle formalism for quasi-angular momentum states
discussed previously is used to monitor the symmetry of the ground state as a function
of rotation. The second-quantized Hamiltonians described below are generalizations of
those found in reference [37].

The Hamiltonian for interacting bosons or fermions in a rotating, two-dimensional,

square, optical lattice is
A 0 = o, .

+ > / d%/ AP’ W ()T, () Van e (%, X) 0, (0B, (X)), (3.45)
AN !

where

VL(x) = Vp cos®(kpz) + Vi cos? (kry), (3.46)
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Vv e (%, X') is a two-particle interaction that is possibly spin-dependent, A, u, and o
are spin indices, and ¥, (x), \ifl(x) are field operators satisfying the (anti-)commutation

relations,
{\i:g(x), o, (x’>] , = Ooordlx =), (3.47)
[\ifo(x), \ifgl(x’)] = 0. (3.48)
The two-particle interaction Hamiltonian, Vi .. (x,x’), is chosen to be an s-wave
contact-interaction.
A Hubbard Hamiltonian can be derived in a lowest-band, tight-binding approxi-

mation by expanding the field operators in the lowest-band Wannier functions, w(x—x;)

[64]. A basis better suited in the presence of rotation is given by the modified Wannier

W;(x) = exp (—Z]h\/[ /X A(x')- dx/> w(x — x;), (3.49)

where A (x') = Q x x/. This modification captures the effect of rotation at low rotation

functions,

speeds [11]. However, as we have seen, at higher rotation speeds, the density of the
Wannier functions changes along with the phase, and in this case the approximation
needs to be further modified.
The result for spinless bosons is [10]
. 1 . ,
Hg=-)_ (J + 2MQ2A1> (e—%aj&j + et a}m)
(1,9
+Z e—fM(Zz(r + As) aa+gzcﬁ faja (3.50)
2 J 2 ;A5G- :

J

A similar derivation for spin-1/2 fermions yields

. 1 ; )
HF - — Z <J + 2M92A1> <eil¢ijd1—,0djvo— + el¢ijd}70di70—>
<Z7j>7g

+Z< M§22 (r? +A2)> il a0+ = Zaﬁ al gy (3.51)
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For both cases, i, j are site indices with (i, j) indicating a sum over only nearest neigh-

bors, and 7; is the radial position of the i’th site. The phase ¢;; is given by the expression,

M (X MQ
$ij = A(X') - dx' = T(miyj — TjYi)- (3.52)

X;j
The parameters €, J, and U are the on-site zero-point energy, the hopping parame-

ter, and the on-site interaction energy, respectively, as computed in chapter 2. The

parameters A; and Ag arise due to the phase factor in equation (3.49) and are given by
A = /d$ w*(r — ;) (7 — z;)*w(z — z5), (3.53)
Ag =2 / dz w*(z — 2;)(x — x;)*w(x — x;), (3.54)

where w(x — x;) are one-dimensional Wannier functions. All of these parameters can
be numerically evaluated for a lattice of specific shape, period, and depth [10]. If a
harmonic trap of trapping frequency Q7 is included, we replace every instance of Q2

with Q2 — Q2.

3.4.1 Strongly-interacting bosons

In this section, we describe hard-core bosons in a rotating ring lattice. The
quasi-angular momentum of an eigenstate for a one-dimensional system is then defined
and monitored as a function of rotation speed. The analytic results derived here are
consistent with a previous numerical treatment of a two-dimensional system [11].

In the limit of very strong interactions, U — oo, a gas of bosons enters the hard-
core boson regime. In an optical lattice, this regime can be characterized by using a
number basis where the occupation number of each site is either [ or [ + 1, with [ an

integer. We define new operators Bj that satisfy the relations,

[Bj, bj =L (3.55a)
[Bj,éj —0, (3.55b)
(big, 0] =0, (3.55¢)
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and
ala; = blb; +1, (3.56a)
&tdjil =+ 1)6;[Z;ji1. (3.56b)
The particles described by these operators have boson-like properties except for
the fact that no more than one particle can occupy a single site, which is enforced by

equation (3.55a). In terms of these new operators, the Hamiltonian for hard-core bosons

on a ring lattice is given by

N
H=U- Nl(l—l +Ul2b5 + 3 e(w)bld
j=1

J=1
N
J(U+1) Y e ™N/Apth; )+ He., (3.57)
7j=1
where
N2w2
€(w) =€— 16 (3.58)

The first two terms respectively represent the energy of a particle on site j interacting
with the [ particles already there and the interaction energy of the [ particles on site
7 summed over all sites. For practical purposes, U = 100J, where J is the tunneling
energy, is large enough to enter this regime [11].

The mixed commutation/anti-commutation relations of equation (3.55) make this
Hamiltonian hard to interpret, since we have neither bosons nor fermions. However, for
one-dimensional problems of this sort, we can perform a second transformation of the
annihilation operators that transforms this Hamiltonian into a purely fermionic one.
This is called the Jordan-Wigner (JW) transformation.

The essence of this transformation is to include a factor of £1 in the definition
of b , where the sign depends on the number of particles to the “left” of the site j. It
is standard to first map this Hamiltonian onto an N-spin-3 Hamiltonian [66, 116], but

we prefer to work strictly with the creation and annihilation operators.
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The JW transformation is given by defining new annihilation operators,

N~ . i—1
P jelﬂ'zz:1

: b, (3.59)

These operators are fermionic, as we show in appendix A. The Hamiltonian can then

be written as

N
N 1 4 4
H= UiNl(l - 1)+ Ul g cT.cj + E e(w)c;cj

J
j=1 =1
N-1

—J(l+1) Y e N et 4+ Hee.

j=1

— J(+ 1) TN 6 (—1)N ! 4 Hee. (3.60)

This Hamiltonian is manifestly not strictly quadratic in the ¢ operators since N appears
in an exponential. However, as we will soon see, the fact that N is conserved allows us
to diagonalize the Hamiltonian in even- and odd-number particle subspaces separately.

Before we move on, we note that for two-dimensional lattices, the remaining phase

factors are non-trivial, and therefore the JW transformation is not useful in this case.

3.4.1.1 Diagonalization

The Hamiltonian just derived has a form identical to that of equation (3.27)
except for the factor of (—l)N +1. This factor is a constant within a constant particle-
number subspace. For this reason, we replace this factor with (—1)"*! where n is the
number of particles, and diagonalize H as if it were subspace-independent, resulting in
two separate sets of fermionic operators. At the end of the derivation, we describe how

the normal picture of fermionic excitations is modified by this procedure.

We modify the definition of the operators form section 3.3, defining two sets of
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fermionic operators as

N

N 1 , ,
4o = =3 eimzmi/Ng, (3.61)
VN =
jeo - 1 = —im(2m—1)j/N 3.62
o = ﬁZe Cj. ( . )
j=1

The Hamiltonian in terms of the d, operators is given by

N-1

H=Uinig-1)+ Y Bndotdo), (3.630)
2
m=0
N2 2 - N
E,=Ul+e— i 2(1 + 1)t cos <7T]]\07 - 7r4w> , (3.63b)

2m —1 if n =even
Jm = : (3.63c)
2m if n=odd

where n is the number of particles, and o = e for n even and o = o for n odd.

The eigenstates of the system are given by

d(e)T noo J(e‘r -1 0) if N-l,, . — even
Ing, ..., nN_1) = ( 0 ) ( N_1> 0 2m=0 " , o (3.64)

(@) (d95) ™ o) it SNZhng = odd

and the corresponding eigenenergies are

1
Enp,.ny = UiNl(l -1)
N-1
N2w? Tfm TN
- Z Mo, (Ul +e— —2(I 4 1)t cos < — w)) . (3.65)
= 16 N 4

We note that states that mix the two operator definitions are not eigenstates, e.g.
() = d"di”"jo) (3.66)

is not an eigenstate of H.

In order to complete the diagonalization procedure, we need to interpret d@)t
as an operator that creates a particle in the quasi-angular momentum state m. As in
the previous section, we can do this by first defining a rotation operator. Due to the
inél

many phases €% in this problem, it is not a priori obvious that the rotation operator
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as defined in section 3.3 is a convenient choice for the definition of the quasi-angular
momentum. For this reason, we consider the Hamiltonian in terms of the JW fermions,

equation (3.60), rather than the original. Defining

RA};ANR_l = é;rurl; (3.67a)
Rl R = (—1)"Hel, (3.67b)
R|0) = |0), (3.67¢)

we have that

N-1
VA 1 . A 1 . A
Rif, R = —= " em™mk/NRel Rt —— NN el R

N &~ VN

El

N—-1
: 1 ‘

_ o—imfm/N Z eimfm (k+1)/N ot

k+1
VN =
, : 1 .

+e—zwfm/Neszm/N eimfm (_yn+1at 3.68
VN S (369

Noting that efm = (—1)"*!, this becomes

N
e . 1 . . 1 .
RdT Rl = e—mfm/N ezwfmk/NéT + e—mfm/N ezwfm/NéT
" VN ; F VN !
_ iV gl (3.69)

Thus,
o o Nl
R (dé) - (dy_y)"™0) = exp (—z’N > nmfm> (dhyro - (dl,_,)"¥-110). (3.70)
m=0
The quasi-angular momentum of this state is defined to be

mody (Z%;l MMy, — ﬁ) if n=even
0 2 (3.71)

m =

mody (Z%;(l) mnm> if n=odd
3.4.1.2 Results

We are now in a position to use this formalism to investigate the ground state of

the system. The ground state is determined by populating the lowest energy levels in
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Figure 3.5: Ground state of three strongly-interacting bosons in a rotating 8-site ring
lattice. Solid curves are guides for the eye. (a) At Q = 0, the three lowest single-
particle energies carry quasi-angular momentum m = —1, 0, and 1. The three-particle
ground state therefore has quasi-angular momentum m = modg(—14+0+1) = 0. (c) At
Q = 0.14ER/h, the three lowest single-particle energies carry quasi-angular momentum
m = 0, 1, and 2. The three-particle ground state therefore has quasi-angular momentum
m = modg(0+ 1+ 2) = 3.

the way standard for fermions. Equation (3.63b) is the single-particle energy spectrum
FE,,. The qualitative behavior of the system does not depend on the filling [ and we
therefore set [ = 0; in addition, the zero-point energy ¢ has no physical effect, so we set
it to zero.

As w is increased, the minimum value of the cosine moves to the right, as il-
lustrated in figure 3.5. The ground state is then determined by populating the lowest
energy Al dom eigenstates. In figures 3.5(b) and 3.5(c), this process is illustrated for the
case of three particles in an eight-site ring.

For an odd number of particles, n = 2p+1, if the minimum of the cosine function
in F,, is near m = myg, we populate the states mg, mo=+1,..., mgtp. The quasi-angular

momentum of the state is then
m = mody Z (mo+1) | =modn((2p+ 1)mo + 0) = mody (mon). (3.72)

For an even number of particles, n = 2p, when the minimum of the cosine function is

between mg and mg 4+ 1, we populate the states mg—p+1, mg—p+2, ..., mg + p.
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The quasi-angular momentum of the state is then
P n n
m = mody Z (mo+1) — 5] = mody <2pmo +p— 5) = mody(mon). (3.73)
l=—p+1
Thus, as rotation is increased from w = 0, the quasi-angular momentum cycles through

the values,

m=mody(jn): j=0,1,2... (3.74)

We make one final note for the case of bosons. If there is an infinitesimal potential,
V, that breaks the symmetry of the original Hamiltonian, ﬁo, down to a four-fold rota-
tional symmetry, then the N-fold quasi-angular momentum is no longer a good quantum
number. We treat the problem perturbatively. Tiny band gaps in the single-particle
energy spectrum, equation (3.63b), open up at the new Brillouin zone boundaries. The
eigenstates of Hy are independent of Q. Therefore, to first order in V, the energy level
shifts are independent of €2, and the eigenstates remain unchanged. The effect of ro-
tation is then exactly the same as in the non-perturbed case, and the quasi-angular
momenta have the same behavior as a function of rotation. However, since the old

quasi-angular momentum is no longer a good quantum number, we have to take
m — modyg(m). (3.75)

These results are consistent with the numerical treatments in references [9, 11].

3.4.2 Non-interacting fermions

Moving beyond the bosonic systems previously studied, we consider non-interacting
fermions in rotating optical lattices. Because of the JW mapping, this system should
have properties similar to those of the bosonic case. In addition, by considering fermions,
we move closer to the system originally displaying quantum Hall physics, that of a two-
dimensional gas of electrons moving in the presence of a constant transverse magnetic

field.
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3.4.2.1 Ring lattice

Here, we describe non-interacting fermions in ring lattices and compare to the
boson case. The quasi-angular momentum of the ground state changes as rotation is
increased. The allowed values of this quantity for fermions differ from those of the boson
case.

For single-species, non-interacting fermions, we drop the spin index, and the

Hamiltonian for a ring lattice is given by

N N2,2 N ‘
A=y (e - 16) cley — 3 e NGt e+ He. (3.76)
j=1 j=1

With the identifications,

N2 2
€—€— 12} , (3.77a)
J — te™N/4 (3.77b)

this Hamiltonian is identical to the one discussed in section 3.3, and it can be written

in the form

A Nﬁl A, ~
H=Y E.,d dp,, (3.78a)
m=0
N2w? 2 N
Ep=c— 12’ — 2t cos (7;\;" - “’4) : (3.78b)
1 N
A = —= ) 2mmE/Ng, 3.78¢
= ; K (3.78¢)

The calculation of the quasi-angular momentum of an odd particle-number eigen-
state is identical to that of equation (3.72). However, for an even particle-number
eigenstate, the n/2 in equation (3.73) does not appear, and we have

p

1

m = mody Z (mo +1) | = mody(2pmo + p) = mody <<mo + 2) n) . (3.79)
l=—p+1

Thus, the quasi-angular momentum assumes the values,

mody (nj if n=odd
m = (nj) , (3.80)

mody(n(j+1/2)) if n =even
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as w is increased.

As expected, the single-particle cases for both bosons and fermions are identical.
It turns out that all cases of odd numbers of particles also coincide. However, there is
an interesting distinction between the two cases when the number of particles in the
system is even (compare equations (3.73) and (3.79)). For instance, a system of two
fermions in a four-site lattice cycles between quasi-angular momenta 1 and 3 whereas
a system of two bosons cycles between values 0 and 2. This is one way in which non-
interacting fermions and strongly-interacting bosons in one dimension differ despite the

JW transformation that maps between the two cases.

3.4.2.2 Two-dimensional square lattice

Differences between fermions and bosons remain when considering two-dimensional
systems. Here we describe non-interacting fermions in a two-dimensional 2P x 2P square
lattice, which consists of P square ring lattices, as illustrated in figure 7?7 for P = 2.

The Hamiltonian is given by

A=-Y (J + ;MQ2A1) (e—i% e+ e‘i’]cjc)
(1,3
+ Z <e - %M(F (r? + A2)> cle;. (3.81)
J
We numerically diagonalize this Hamiltonian for one particle in a 16-site lattice. We then
determine the quasi-angular momentum of the ground state as a function of rotation rate
for different particle numbers by filling up the lowest-energy states in the way standard
for fermions. Since the states are sorted according to their quasi-angular momentum, we
can directly compute the quasi-angular momentum of the eigenstate. We illustrate this
process for the case of n particles in a sixteen site lattice. In figure 3.6(a) is plotted the
single-particle energy spectrum for the Hamiltonian in the absence of hopping between
the rings (jy(,f’l) =0) and Q = 0. When the hopping is “turned on” (figure 3.6(b)), level

crossings become avoided crossings due to the mixing of states with the same four-fold
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quasi-angular momentum. In figure 3.6(c), the case for zero hopping between rings is
plotted for = 0.05ER /A, whereas in figure 3.6(d), the hopping has turned on, and the
avoided crossing behavior is again observed.

In figure 3.7 are plotted the quasi-angular momenta of the ground state as a
function of rotation speed for non-interacting fermions in a sixteen-site lattice. Similar
to the ring lattice case, the results for odd numbers of particles are identical to those
for hard-core bosons, but differ for even numbers of particles. There are however other
interesting properties that do not appear in the ring lattice case. The most obvious
such property in 3.7 is the lack of particle-hole symmetry. The rate at which transitions
between quasi-angular momenta occur as a function of rotation speed is much higher for
small particle numbers. This is easy to understand once we see that holes have a negative
effective mass, meaning that they move in the opposite direction as particles and also
seek regions of higher potential. Due to the effective inverse-parabolic potential in the
third term of equation (3.81)—a result of the centrifugal barrier—particles are pushed
to the outer ring of the lattice whereas holes are pushed to the inner ring. Transitions
between quasi-angular momenta occur faster as a function of rotation speed for the
outer lattice rings as compared to the inner lattice rings, since the tangential speed
of particles is greater at larger radii. Thus, for small particle-numbers (1, 2, 3) where
the particles are mostly confined to the outer ring, the transitions occur faster than for
large particle numbers (9, 10, 11) where the outer ring is filled, and the dynamics occurs
mainly on the inner ring due to Pauli exclusion.

This argument is further verified in figure 3.8, where a strong trapping potential
of trap frequency Qp = 2ER/h reverses the situation. Since 2 < Qg in this series of
plots, the particles are first attracted to the center of the lattice, so that the dynamics
for small numbers of particles occur on the inner ring, and thus the transitions between
quasi-angular momentum states occur further apart in rotation rate. Finally, in figure

3.9 where we include a trapping potential with Q7 =  so that the lattice is flat at
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Figure 3.6: Single-particle energy spectrum in a 4 x 4 square lattice for (a) zero rotation
and zero hopping between inner and outer rings, (b) zero rotation and non-zero hopping,
(c) Q = 0.05ERr/h and zero hopping, and (d) 2 = 0.05Er/h and non-zero hopping
between inner and outer rings. The dashed and solid line are aids to the eye that
indicate the band. In (a) and (c), the red dashed line is the spectrum for the inner
4-site lattice.
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all rotation speeds, the system exhibits particle-hole symmetry up to the fact that
particles and holes travel in opposite azimuthal directions. This can be seen by for
instance comparing figures 3.9(a) and 3.9(e) where the plots are identical up to the fact
that they cycle through quasi-angular momenta in opposite directions as a function of
rotation speed.

The case of Q0 = Q is particularly important for quantum Hall physics, as this is
the condition necessary to reach the degenerate lowest Landau level. In this regime, phe-
nomena such as the Hofstadter butterfly energy spectrum and the quantized resistance

characteristics of quantum Hall systems arise [10].

3.5 Experimental Signatures of Quasi-Angular Momentum

While the quasi-angular momentum m is a good quantum number and a useful
tool in investigating the symmetry properties of the ground state, it is not a quantity
that can be directly measured in experiments. Instead, experiments are routinely per-
formed in which time-of-flight, far-field, density images of the gas contain information
about the momentum distribution before expansion. As a first step towards detecting
quasi-angular momentum states, we look for a signature of quasi-angular momentum in
the momentum distribution of a state.

The momentum distribution of the many-body state, [}, is given by

n(k) = (U1 (k)¥(k)|v), (3.82)

where W (k) is the Fourier transform of the field operator ¥(x). Recalling that we expand

the field operators as

U(x) =Y a;Wi(x) =) aje " Pw(x - x;), (3.83)
j

J
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we have
n(k) = ([T (k)@ (k)[¢)
ik-x —ik-x’
=@ [ d*x =N afwi(x) [ a2 & i Wi (X'
/ vV Zl: L / IV Zl: e

= > (Wl ar )Wy (k) Wi (k). (3.84)

i

Defining

M
k= k+ Q% x 2 (3.85)

the modified Wannier function can be re-written as

Wi(k) = e”&Xy(k)), (3.86)
e ki (x—x;)
w(ky) = / o e —ulx ). (3.87)

Thus, the momentum distribution takes the form,

= ()™ ) (ylafay|v). (3.89)

L

This distribution is written in the momentum coordinates, k, corresponding to the rotat-
ing frame coordinates, x. Since the number density rotates in the lab frame coordinates,
x1,, the momentum distribution also rotates in the lab frame momentum coordinates,
ki,. However, far-field pictures of the gas will be snapshots of the momentum distribu-
tion at the moment the trap and lattice are turned off, provided the switch-off time is
fast enough. Thus, the momentum distributions presented here are accurate represen-
tations of what will be measured in time-of-flight measurements, although they may be
rotated relative to each other.

Since quasi-angular momentum is a reflection of the symmetry of the system, con-
sidering single-particle states should be sufficient to capture the basics of how this quan-
tum number affects the momentum distribution. We therefore concentrate on single-
particle states only. In this case, n(k) is merely the square of the Fourier transform of

the wave function.
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In order to develop an understanding of the momentum distribution, we first ne-
glect the Wannier functions, which neglects the envelope of the momentum distribution.
In this case, n(k) is the Fourier transform of a sum of weighted delta functions. On a
four site-lattice, the wave function is of the form

e2mmilAs(x — x;), (3.89)

4
=1

v(o0) o

J

where x; are the four corners of a square centered at x = 0. In figure 3.10 are plotted
the momentum distributions for m = 0, 1, 2, and 3. The m = 0 state is peaked
at k = 2wn/d, with n an integer and d the lattice spacing, whereas the other states
vanish at these points. The spacing between peaks for both m = 0 and m = 2 is
Ak = 27/d, whereas for m = 1, 3 this spacing is Ak = 27/4/2d. Since the lattice spacing
is known, there are clear measurable distinctions between different generic quasi-angular
momentum states. Note that m = 1 and m = 3 are identical as they represent similar
states with counter-propagating current patterns.

Including the Wannier functions contributes to the momentum distribution an
overall envelope of approximate width \/W /4, where Vj is the depth of the lattice.
The modification k — k;, equation (3.85), moves the peak of this envelope away from
k = 0 as rotation is increased, though the center of the envelope is always located at
k = 0. This is consistent with higher momenta being accessed for higher rotation rates.

At this point, it is important to note that locating k = 0 in the distribution is
necessary for distinguishing the m = 0 and m = 2 states. This can be done easily due
to the overall envelope in momentum space that is centered at k = 0.

There are two additional considerations that come into play for larger lattices,
both system-size effects. An overall envelope in position space determines the width
of the peaks in momentum space. This envelope determines the size of the system,
and if the width is roughly L, then the width of the peaks in momentum space scales

as 1/L. If the lattice spacing is increased by a factor of n, then the peak-spacing in
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Figure 3.10: Fourier transform of single-particle quasi-angular momentum states on four
sites, neglecting an overall envelope caused by the width of the Wannier functions. The
quasi-angular momentum is (a) m = 0, (b) m = 1,3, (¢c) m = 2, and (d) m = 3, and
the momentum distributions are plotted over a range 4w /d < ky,k, < 47m/d; the first
Brillouin zone is given by 7/d < kg, k, < 7/d.



65

momentum space is decreased be a factor of 1/n. The general peak structure is not
modified by these considerations. We can conclude that the distinctions between quasi-
angular momentum states are sustained for more physical systems, which we turn to
now.

The ground state momentum distribution for a one-hundred-site lattice in the
presence of a harmonic trap of frequency Qp = 0.15Eg/k is computed via imaginary
time propagation. The trap ensures that the number density falls off to zero outside
the central 36 sites, eliminating the edge effects of the hard-wall boundary at the edges
of the lattice.

The results are summarized in figure 3.11, where we have plotted the momentum
distributions for the m = 0, 1, 2, and 3 states at rotation speeds of 0, 0.1Eg/h, and
0.145ERh, increasing to the right. We can again make the observation that the m = 0
state is the only one that is non-zero at exactly the reciprocal lattice vectors, i.e. k =
2%"1;5,; + %Tmf(y. The peak-spacing is smaller for the m = 1 state than for the m = 2
state, distinguishing them from each other. However, the exact peak-spacing is unclear
due to complex interference effects between sites at different radii.

These differences are washed out at higher rotation speeds. The m =1, m = 2,
and m = 3 states have very similar structures for large rotation. The peaks overlap so
that it is difficult to resolve them; the momentum distributions all appear to be rings
centered at reciprocal lattice vectors. They are distinguishable via the radius of the
ring, as the radius is smallest for m = 1 and largest for m = 3, but as this is in order
of increasing energy, the larger radius may just be an artifact of the larger width in
the number density envelope at higher energies. Indeed, figures 3.11(a), 3.11(b), and
3.11(c) are consistent with this conclusion, as the momentum peaks are narrowing due
to the number density spreading out in real space. These results are consistent with

those calculated via direct diagonalization of the Hubbard models previously discussed.
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Figure 3.11: Momentum distributions computed via imaginary time propagation for
one particle in a 100-site lattice in the presence of a trap of frequency Qp = 0.15ER/h.
Plotted are m = 0 ((a), (b), and (c)), m =1 ((d), (e), and (f)), m = 2 ((g), (h), and
(1)), and m = 3 ((j), (k), and (1)) states for rotation speeds of Q@ =0 ((a), (d), (g), and

(), @ =0.1Egr/h ((b), (e), (h), and (k)), and Q@ = 0.145ERr/h ((c), (f), (i), and (1)). At

zero rotation, the distinctions between different quasi-angular momenta are sustained.
As rotation is increased, it becomes harder to distinguish the m = 1 and m = 2 states.
Due to the centrifugal term, higher rotation increases the width of the envelope of the
number density, decreasing the width of the peaks in momentum space.
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3.6 Conclusion

By analogy with quasi-momentum in translationally invariant periodic systems,
the notion of quasi-angular momentum has been introduced to label the eigenstates of
a Hamiltonian that has a discrete rotational symmetry. We have shown that quasi-
angular momentum is useful in analyzing the ground-state properties of quantum gases
of bosons or fermions in rotating optical lattices. In particular, monitoring the quasi-
angular momentum of the ground state as a function of rotation allows us to identify
transitions between different circulation values.

We have also presented a possible avenue by which the quasi-angular momentum
of a state can be experimentally determined. We identify characteristics in the mo-
mentum distribution distinguishing between different quasi-angular momentum states
at low rotation speeds, such as the existence of a peak at reciprocal lattice vectors for
an m = 0 state only, the peak-spacing, and the overall structure of the momentum
distribution.

There are still open questions as to how the momentum distributions will change
when the lattice size or number of particles is increased. The effects of statistics will
be of fundamental importance for many-particle systems; there is a question of how
well the peaks can be resolved for larger lattices, since peak-spacing decreases with in-
creasing lattice size; and interference effects between adjacent sites and between rings
complicates our treatment of the exact spacing between peaks in the momentum dis-
tribution. However, there will always be signatures of the quasi-angular momentum
in the momentum distribution, as it is connected with the phase information of the
ground state, which in turn influences the momenta of the system. In addition, a zero
quasi-angular momentum state can be distinguished from a non-zero one, which allows
the experimenter to verify that vorticity has entered the system.

The approximations used to describe strongly-interacting bosons can be used to
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analyze many different ground-state features of the system. In particular, we can use
these results to generate Mott-insulator to superfluid phase diagrams for both flat and

superlattices, indicating changes in dynamical behavior.



Chapter 4

Mott-Insulator to Superfluid Phase Diagrams

One of the first successes in the AMO physics subfield of simulation of many-body
models using ultracold, neutral atoms trapped in optical lattices was the verification
of the superfluid (SF) to Mott-insulator (MI) transition in the Bose-Hubbard model
[39, 47]. The experiment set off an explosion of research investigating the phase diagram
of various models related to the Bose-Hubbard Hamiltonian, including the introduction
of superlattices and the effects of the presence of both fermionic and bosonic particles.
Unanswered questions from condensed matter systems, including the nature of quantum
criticality and the behavior of certain dynamical structure factors of one-dimensional
systems, might be resolved in ultracold, atomic systems. A complete understanding of
the phase transitions that occur in the simplest of many-body systems, such as those
modeled by the Bose-Hubbard Hamiltonian, is therefore essential.

As a final application of the formalism developed and discussed in the previous
chapter, we compute the phase diagrams for strongly-interacting bosons in a two-state
(i.e. fermionized) approximation in the presence of a superlattice. This captures the
exact nature of the diagram for small J/U. The behavior of the Mott-insulator lobes as
a function of the energy difference between adjacent wells was useful in an early version
of atomtronics [118]. We compare the phase diagram in this approximation to that

generated via the mean field calculation in section 2.1.2.
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4.1 MI-SF Phase Diagram for Strongly-Interacting Bosons

In this section, by diagonalizing a one-dimensional, fermionized Bose-Hubbard
Hamiltonian, we generate the phase for strongly-interacting bosons trapped in an optical
lattice. The phase boundaries in the (u/U, J/U)-plane are the contours of zero energy
in the single-particle spectrum.

We previously derived the fermionized Hamiltonian for strongly-interacting bosons
in a rotating ring lattice, equation 3.60. Taking w = 0 and eliminating the periodic

boundary conditions, we have the Hamiltonian for bosons on a one-dimensional lattice,

I1-1) al al

() — N _ APy APy
HY =UN 5 pNl+ (Ul M)chc]—l—Ze(w)c-cj

Jj=1 J=1

—J(I+1) " clejn + He. (4.1)
=1

<
Il

where U is the on-site, two-particle interaction strength, J is the tunneling energy, and [
is the filling fraction, i.e. the number of particles per lattice site. In this approximation,
the fermionic operator é; adds one particle to site j, raising the number of particles
from [ to [ + 1. We have introduced the chemical potential, u, so that we can work in

the grand-canonical ensemble. We perform the canonical transformation,

2 N mmk \ -
b= ) —— S sin () G 4.2
ok N+1mz::18m<N+1> (42)

which diagonalizes the Hamiltonian, yielding

N
HO = Z (Ul—u—2(l+1)Jcos <Z\:T1>> djndm —uNl+UN

m=1

I(1-1)

(4.3)

Fixing [, we can see that the ground state is given by populating those eigenstates
of the d},d,,, operators for which the energy Ul—pu—2(1+1)J cos(mm/(N+1)) is negative.
Therefore, every time there is an m for which this energy is zero, the particle number
changes by one. This argument implies that the boundaries between phases of different

particle number are truly given by

W J ™m
—={-2(l+1)= . 4.4
U L+ )UCOS(N+1> (44)
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The phase diagram with these phase boundaries is plotted in figure 4.1(a) for
the case of an eight-site lattice. The overlaps of the phase boundaries completes the
story. Each time there is an intersection between boundaries, a different particle-number
becomes the global ground state of the system. As the number of sites goes to infinity,
the number of phase boundaries goes to infinity, and the area outside the empty triangles
in the figure becomes a continuum of particle-number states. This implies that outside
the empty triangular regions, the ground state is a state of uncertain site-number, or
a superfluid. Within the empty triangles, the ground state is a number state. We can
then interpret these empty spaces as Mott lobes in the Mott-insulator to superfluid
phase diagram, with the triangular regions the Mott insulator states and outside these
regions superfluid.

This approximate phase diagram has been derived in a slightly modified form in

[24] using a semiclassical approach.

4.1.1 Comparison between two-state and mean-field approximations

In figure 4.2, we plot the MI-to-SF phase diagram as computed in the two-state
approximation and as computed via the mean-field calculation from section 2.1.2. The
two methods agree in the strong-interaction regime, i.e. for small J/U, but significantly
differ from each other for larger values of the tunneling parameter. The most visible
difference is the behavior of the phase boundaries near the tip of the Mott lobe. In the
two-state approximation, this tip is pointed, whereas in the mean-field approximation,
the tip is rounded.

The true character of the phase diagram may lie somewhere in between. In
reference [39], it is noted that the phase transition that occurs at the tip of the Mott
lobe is of a markedly different character than the one that occurs away from this tip.
This is because the transition at the tip occurs at a fixed density—or rather, at a fixed

integer filling fraction—whereas the transition that occurs at the phase boundaries away
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Figure 4.1: Bose-Hubbard phase diagram for strongly-interacting bosons in a one-

dimensional lattice. In the large-N limit, for large enough J/U, the strongly-interacting
approximation breaks down, and the tips of the Mott lobes become rounded. (a) Phase
boundaries for an eight-site lattice. Each white region is a region where the ground-
state is a state of exact particle-number. (b) As the number of sites increases, the region

outside the triangular spaces becomes a continuum of different particle-number ground
states. This region is then considered to be superfluid.

-

u (units of U)

000 005 010 015 020
J (units of U)

Figure 4.2: Comparison between the MI to SF phase diagrams computed using a two-
state approximation and a mean-field approximation.
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from the lobe tip involves adding or subtracting a particle from the system.

4.2 Superlattices

A direct generalization of the procedure above is to introduce an extra periodic
potential with periodicity larger than the original lattice. The simplest way to imple-
ment this is to add an energy to every M’th site, leaving the rest of the lattice flat. The
ring and one-dimensional lattices should be identical in the large-N limit, so for ease of
future calculation, we re-include periodic boundary conditions in this section.

This extra periodic potential takes the form,
N/M

V=" el cu;. (4.5)
j=1

In terms of the operators that diagonalize the Hamiltonian for the flat lattice, this is

N/M ;| N N—-1

. . o1 . o
_ Z € Z e—z27rnM]/Nd1]‘1 Z ez27rmMj/Ndm
j=1 VN n=0 VN m=0
c N
= M Z d dn 5modN/M(m—n),O' (4.6)
m,n=1
Taking
N
m=3/n +ma, (4.7)
N
n MQ2 + ma, (4 8)
N
i =0 — -1 4.9
myj ) 7M 3 ( )
g =0,...,M —1, (4.10)

We can re-write the full transformed Hamiltonian as

HO = — NI + UNl(l D)

N/M—-1 M—1

2r (N 5
+ Z Z < —pu—2(l+1)J cos (N <Mq+m>)> dA‘(TN/M)q_Fmd(N/M)q—l-m

N/M—-1 M-
Z Z (N/M)q1+m (N/M)Q2+m (4.11)
m=0 1,42=
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This Hamiltonian can be diagonalized separately at every m. In order to do this,

we define the column vector,

dm = <sz7(zN/M+m7d2N/M+m) e 7(Z(M72)N/M+m7C?(M71)N/M+m) : (4.12)

The Hamiltonian can then be rewritten as

-1 N/M-1
HY = —pN1+ UN=— =+ 3~ d™Rtmat, (4.13)

m=0

where h"™) is an M x M matrix with elements,

Im 21 21 €
hfl,q ) — 8d' q (Ul —p—2(l41)J cos <Mq + Nm>> + o7 (4.14)

)

Diagonalizing h(:™) yields eigenvectors, 1)(-™")  with corresponding eigenvalues )\g o
The canonical transformation,

M l .
= Z wj( ,m,n)*d(N/m)qum, (4_15)
=1

results in the manifestly diagonal Hamiltonian,
1( NIt
HY = NI+ UN— Z Z Albm) fllmt f(lm), (4.16)
m=0 n=1

(L,m)

The eigenvalues, A;,” 7, can be used to determine the phase boundaries in a modified

MI-SF phase diagram.
As an example, we consider the case of M = 3. We first take the large-N limit

where the matrix elements of h(-™ take the form,

(tm) 27 €
hyy " =0q4q (Ul —p—2(l+1)J cos <3q>> + 3 (4.17)

The eigenvalues of this matrix are

1 1
AP = % W — p— S+ 1T & 5@ 20+ DI+ 90+ 127, (4.18)

AD =7 — gt (14 1) (4.19)
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Figure 4.3: MI-SF phase diagram for an infinite one-dimensional lattice. The dashed
black curve is the phase diagram for the flat lattice. The red curve is the phase diagram
for a lattice with every third site shifted down in energy by e = —5J. The blue curve is
the phase diagram for a lattice with every third site shifted up in energy by € = 5J.

We consider the special case where the on-site energy shift is proportional to the hopping

rate, ¢ = aJ, in which case these reduce to

)\(il):lU—u—F%(a—(H—l)i\/a+2(l+1)a+9(l+1)2>. (4.20)

An argument similar to that in the previous section yields the boundaries between
the MI and SF phases. As we can see in figure 4.3, the Mott lobes are sheared upwards
when every third lattice site is shifted up in energy relative to the rest of the lattice,
whereas the Mott lobes are sheared downwards when every third lattice site is shifted

down.

4.3 Conclusion

We have generated the Mott-insulator to superfluid phase diagram for strongly-
interacting bosons trapped in a one-dimensional lattice. This computation is exact for
small enough J/U, since in this regime, the bosons are well-described via the Jordan-
Wigner transformation that maps strongly-interacting bosons onto non-interacting fermions.
One significant difference between this computation and the phase diagram as computed

via mean-field theory is the character of the tip of the Mott lobe, where the diagram in
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the two-state approximation has pointed tips.

The hard-core boson approximation breaks down for large enough J/U, which
means that it does not correctly capture the behavior of the phase boundaries near the
tip of the Mott lobe. On the other hand, the mean-field computation assumes that
fluctuations in the order parameter (c;) are small near the phase transition, which is
also a bad approximation. The truth probably lies somewhere in between these two

extremes.



Chapter 5

Non-Destructive Cavity QED Probe of Atomic Dynamics

in an Optical Lattice

The bulk of this chapter was published in the Physical Review A as Phys. Rev. A
80, 043803 (2009) [102].

In this chapter, we propose a method for optically probing atomic gases in optical
lattices subject to an external potential. The method is in situ and non-destructively
measures properties of the atomic motion via weak-coupling to the existing lattice fields.
The technique satisfies three main goals. The probe is weak so that the atoms can be
continuously monitored without affecting their dynamics; the existing lattice fields are
employed as the probe, so that no additional, external interrogation fields are necessary;
and the signal-to-noise ratio (SNR) is large enough for experimental detection. In a ring-
cavity, two counter-propagating running-wave modes interact with a gas of ultracold
atoms and simultaneously set up both a conservative, external lattice potential for the
atoms and a weak, quantum optical probe of the atomic center-of-mass dynamics. The
probe field leaks out of the cavity and is detected with a balanced heterodyne scheme
at the cavity output.

This method is in a sense dual to strong measurement schemes such as time-
of-flight absorption imaging and Bragg spectroscopy. In these schemes, laser light is
either absorbed by or scattered off of the atomic cloud. This allows for high resolution
images and a strong signal using only a single measurement, but the atomic sample is

destroyed in the process. In contrast, in our measurement scheme, the probe field is very
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weak so that a continuous measurement is made without affecting the atomic dynamics.
Integration of the signal in time and across the atomic cloud yields measurements of
dynamical properties of the atoms with a measurable SNR in a single experimental run
at the price of losing information about individual atoms and real-time dynamics.

The procedure is similar in spirit to recent proposals for optical detection of
many-body atomic states [27, 86, 128] and occupies a place in AMO physics shared
by proposals for state preparation in cavity QED systems [85, 87, 93]. In addition,
experiments have already been carried out for nondestructive probing of various systems
26, 58, 124, 131].

We here provide a test of the technique for the conceptually simple motion of non-
interacting atoms in an optical lattice driven by a constant force, which leads to Bloch
oscillations [8]. This choice is motivated by the fact that Bloch oscillations can be viewed
as a probe for investigating quantum gases in optical lattices. These oscillations may
be used in the measurement of fundamental constants [28], to provide levels of precision
up to 6g/g ~ 1077 in the measurement of the acceleration of gravity [3, 23, 36, 62, 108],
and to measure Casimir forces on small length scales [132]. When interactions are
significant, damping of Bloch oscillations provides information on correlation-induced
relaxation processes [18, 34, 42, 82, 94]. Finally, this investigation is a starting point for
other measurement schemes, such as periodically driven lattices acting as a spectroscopic

probe of atomic motion [62].

5.1 Model and Detection Scheme

We briefly outline the physical basis of the model and approximations used. This
includes a discussion of obstacles in the way of satisfying the goals outlined above,
avoiding these problems, and the conditions required for the method to work.

To set up a conservative lattice potential, many photons must be present in the

cavity field so that fluctuations can be neglected, and this necessitates strong pumping
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from the in-coupled lasers. On the other hand, the probe field amplitude must be small
enough so that it does not affect the atomic dynamics, requiring weak pumping. In
addition, the probe and lattice fields are coupled to each other through the scattering of
photons off of the atoms. This acts as an extra source for probe dynamics. The probe
field is then not a direct measure of atomic dynamics and can act back on the atoms,
altering the properties we are attempting to measure.

We can circumvent these problems by first choosing the relative phase on the
in-coupled lasers so that only one of two standing-wave modes in the cavity is pumped.
Strong pumping and the properties of a bad cavity—where the fields are at all times
in steady state—ensure that the pumped mode acts as a lattice potential. The other
standing-wave mode is not pumped. Any field leaking out of the cavity from this mode
arises solely because of events occurring in the cavity, and it can therefore act as a probe
for system dynamics.

Ensuring that the non-pumped mode acts as a probe of atomic dynamics requires
that two conditions be met. The probe must have as its source only the motion of the
atoms. This means that any probe dynamics due to the effective coupling to the lattice
field must be small compared to that induced by the motion of the atoms. The back-
action of this mode on the atoms must also be negligible. Any atomic motion induced
by coupling to the probe field must be small compared to the motion induced by both
lattice and external potentials.

Two conditions are also required for the pumped field to act as a conservative
lattice potential. The back-action of the atoms on the lattice field must be negligible,
meaning that deviations from the mean field amplitude caused by coupling to the atoms
is small compared to the mean field amplitude itself. In addition, any atomic motion
induced by fluctuations away from the mean lattice field must be small compared to
that induced by the external potential, since this is the interesting dynamics.

The scheme is realized in the setup illustrated in figure 5.1. We consider N,
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Figure 5.1: Schematic of the coupled atom-cavity system. In-coupled lasers set up two
counter-propagating fields within the cavity. The atoms interact with the cavity fields
via the optical dipole potential. Photons from the cavity beams exit the cavity through
the mirrors at a rate k.

ground-state atoms interacting with two counter-propagating running-wave cavity modes
in a ring resonator setup. The two modes of the cavity have frequency wc and wave vec-
tors kcz. The two cavity modes are coherently pumped at a detuning A, = wy, —wc
where wy, is the frequency of the pumping lasers. Photon decay through the cavity mir-
rors is treated within the Born-Markov approximation. We treat the atom-cavity-field
interaction in rotating wave and dipole approximations. The cavity-modes are far-
detuned from atomic transitions. This same setup has been used in a cooling scheme

for atoms [49].

5.1.1 Model

The effective Hamiltonian for the coupled atom-cavity system is given by

n? d? - . . it
H= /dz e ( Dy + ‘/ext(z)> U(z) + Z (hnak + hnaz - hApa};ak)
k=+kc

+ /dz T (2) hgo (& —ikez 1 aT chz) (dkceikcz + &,kce*ikcz> U(z). (5.1)

Here, U is the atomic field operator, and aj, is the annihilation operator for the cavity

mode, k. The parameter, m, is the the mass of the atom, gg is the two-photon atom-
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cavity coupling, and 7 is the strength of the cavity field pumping, taken to be real. Due
to the far detuning of the cavity fields from the atomic transition, excited states of the
atom have been adiabatically eliminated, and the atoms couple to the field intensity.
The three terms in equation (5.1) are respectively the atomic kinetic energy and external
potential, the bare cavity mode Hamiltonian, and the atom-cavity interaction. Cavity
losses through the cavity mirrors are treated via a master equation with Liouvillian,

A hk Ata A anta PP
Lp=—— Z (alakp + palak - 2ak00T> ) (5.2)
k=+kc

where p is the reduced density matrix for the atom-cavity system, and & is the cavity
linewidth.
We perform a canonical transformation of the cavity mode operators to symmetric

and anti-symmetric modes,

~ Gk £ Gk
by = —S——C. 5.3
+ 7 (5.3)
The bare cavity Hamiltonian in terms of these operators is given by
Hc = V2hn (13+ + bi) — hA, (BLBJF + ZST_B_) . (5.4)

The symmetric mode, 13+, is pumped by the in-coupled lasers whereas the anti-symmetric
mode, b_, is not. The B+ mode has a mode function proportional to cos (kcz) and sets
up the lattice potential, as follows.

The equation of motion for the symmetric field amplitude is

id(s: - (—%S = Ap) (by) + V20 + 200001 C) + igo(b-S5), (5.5)

where

O / dz cos? (koz) W (2)0(2), (5.6)

$ = / dz sin (2koz) BT (2)0(2). (5.7)
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We perform another transformation to a fluctuation operator, (Lr = 3+ — B, leaving
the anti-symmetric mode unchanged, d_ = b_. The mean steady-state amplitude, 3, is

given by

g V2n
B=1bn= Ap —2g0(Cho + ik /2’ (58)

~

where (C)g is (C) evaluated at t = 0.

The equations of motion for both CZ+ and d_ are given by

id<§t_> = (= i5) (d-) +290(d-) — igo(d+ $2) — igoB(Se),  (5.9)
and
id<dt+> = (—2p = i5) (ds) +290(d+ C) + igo(d-52) + 2008 ({C) = (o), (5.10)
where

S = /dz sin?(koz) Ul (2)U(2). (5.11)

Finally, the equation of motion for the atomic field operator is given by

d¥ 2 g2
. (z):< R d

i = (g g + V) + Vo)) 4G
+ ihgo (B*cz, - Bcii) sin(2kcz)¥(2) + 2hgo <Bcﬁ~_ + ﬁ*cﬂr) cos? (kcz) ¥(z2)
+ 2hgo dd_ sin®(kcz)¥(2) + 2hgo czicﬁ cos? (kaz) U(z)

+ihgo (d”;d_ - CZT_J+) sin(2kez) ¥ (2), (5.12)

where Vi,i(2) = Vg cos? (kcz) is a conservative lattice potential of depth, Vy = 2hgo|f3|?.

This depth is proportional to the number of photons |3|? in the symmetric mode.
Since the coupling strength hgg will be relatively small due to the large detuning between
cavity fields and atomic resonances, the number of photons in the symmetric mode will
have to be relatively large. Using the parameters below, we arrive at a coupling strength
of about 107*ER, and assuming that we want lattice depths of at least a couple Eg,

|31 must be on the order of 10*-10°. In addition, in order to be able to neglect field
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fluctuations relative to the mean field, we must have that |3| < |3/?. This is clearly
satisfied for |3]? ~ 10%-10°.

At the beginning of this section, we outlined the conditions that need to be met
in order for the cavity fields to act as both an external, lattice potential and a weak
probe for the atoms. We can now put a more precise spin on these conditions.

First, in equations (5.9) and (5.10), the third term represents an effective coupling
to the other mode mediated by the atoms, i.e. coherent scattering of photons off of the
atoms between the modes. In order for d_ to act as an atomic probe, it needs to be
decoupled from ch, so we need to be able to neglect this term. Examination of these
equations indicates that the symmetric fluctuation field amplitude <ci+) must be much
smaller than the steady-state symmetric mode amplitude 5. Equivalently, the number
of photons in the fluctuation field must be much smaller than the number of photons in
the mean field. Using the scaling arguments described below, this condition translates

into satisfying the relation

|90|Na

<|pl =
K

N,
g‘)i’“ <1. (5.13)

Secondly, we can interpret the terms in lines two, three, and four of equation
(5.12) as extra effective lattice potentials that arise due to the presence of photons in
the anti-symmetric mode and in the symmetric fluctuation field. For instance, the first
term in line three is a sine-squared lattice whose depth is Zgodi d_. In this case, it is
necessary that the number of photons in the anti-symmetric mode is much smaller than
the number of photons in the symmetric mean field. Equation (5.13) again guarantees

this condition.

5.1.2 Eliminating higher-order correlations

We make the preceding discussion more rigorous by computing the equations of

motion for higher-order moments in order to generate scaling relations for correlations
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such as <CZ,SA’ ). By comparing these scales, we can eliminate many of the offending terms
in equations (5.9), (5.10), and (5.12).

Upon examining equations (5.9) and (5.10), it is apparent that in order for d_ to
act as a probe field, we must be able to neglect the higher-order atom-field correlations
such as <ci+ S2> In addition, we must be able to neglect all but the first term in equation
(5.12) in order that the lattice field act as an external, conservative potential.

To ensure that these conditions are satisfied, we examine the equations of mo-
tion for operators such as <CZ+C:’> Specifically, we compute the equation of motion for
(dLUT), given by

A) G 1t A]) + ((de, A1) i%@i\iﬁ@- (5-14)

The first term is small and can be neglected. For this reason, we drop it in the following
discussion and return to it at the end. For d_ and a?+ separately, the equations of

motion become

=) _ <_mp . h;) TG ihgo (S )
+ 2hgo(d_SUTW) — ihgo(d, SoUTW), (5.15)
and
) <_mp . h;) (01D + 2hgo(d, CFT D)
+ 2hgo3 ((é@*@ . (C’>0<\iﬁ\i/>> +ihgo(d_Se Uy, (5.16)

For the purpose of making a scaling argument, we drop all terms involving the
product of a field operator with four atomic operators. Scaling relations for these
quantities can be derived by adiabatically slaving them to the lower-order correlation

functions. This is done by setting the time derivatives to zero, resulting in

(W) = iM% (i) — (O (i), (5.17)
(d iy = — 2998 5 gy, (5.18)
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implying that

(d450) =~ 202 ((0%) — (C(a)) (5.19)
(d_S) = —gﬁzk@). (5.20)

Plugging these back into the equations of motion for @1), we have

d(d_)
dt

)

= (=8, = %) (d) = 2208((C%) — (Cho(S2) — ($:5)) — ig (), (5:21)

and

- i907<§2§2> +2g0B((C) — (C)o). (5.22)

The terms with four atomic operators scale as

1920840 (85) | ~ 20 g3

|90Na‘
K

|L90B((C2) — (€} (Co))| ~ 1908(C = Co)

o N, .
190038, ~ 920l 503 (5.23)

As long as |goNa|/rx < 1, these higher-order correlations can be neglected.

The scaling relations for dy are then

() =2y, (524
(de) = 2246y ~ (o). (5.25)

We can use these relations to determine the approximate size of the non-conservative

terms in equation 5.12. Recalling that Vo = 2hgo|3|%, we have

. 462 - N\ ?
2hgod! d_ ~ VO%KSg)F ~Vy (9()% > , (5.26)
1692 - . Na\?
ohgudldy Vo () — (Choft o Vo (202 ) (5.27)

gON“>2 (5.28)

ihgo(dld_ — dt dy) = Vo200 (80 ((C) - (Co) ~ Vi (
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Each of these coupling constants is down from Vj by at least a factor of (goNa/k)?; we
can neglect them. The last terms involve products of 8 with the fluctuation operators
d, which come in scaling as Vp(goNa/k) rather than Vo(goNa/k)2. It turns out that

these are zero to first order, however:

goﬁ

((C) = (C)o) =0, (5.29)

(Sa) = (5.30)

gdy + b~ —ip 02 ()~ (C)o) + i
29083 2goB*
K K

Brd- — Bdl ~ g 722(8,) — 8

Thus, we can also neglect these terms.

~

Finally, we return to the terms, (d+[¥T¥, H]). The equations of motions for the

atomic number density is

o T 2 . 2\ 20t (5) .
(01, H] = d\zt\l’ 2hm (xp ( )8822 ) 9 ;’Zz( )\I/(z)> (5.31)

To first approximation, this is essentially <Ji> times the expectation value of the atomic
kinetic energy. The kinetic energy is approximately the square of the group velocity of
the atomic wave-packet. In the tight-binding limit (Vj > 5ER), the energy of the

single-particle wave-packet is given by
he = —h2J cos(dq), (5.32)

where d is the lattice spacing, ¢ is the (continuous) quasi-momentum, and J is the
hopping energy. The group velocity is

vg = g; = 2Jdsin(dq). (5.33)

The maximum kinetic energy is then

1 h
To = smuy = 5m(2Jd) = n’FER <Ei> . (5.34)

The kinetic energy is about ten times the tunneling rate squared in units of the recoil

energy. We can approximate the tunneling rate as

hJ = EpeV0/4Er (5.35)
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which indicates that the kinetic energy is on the order of ten recoils at most.
We can make the approximation,

e ia A .
(dL[9T, H)) ~ n?ER <E> (LU < 72 ER(doUiw). (5.36)
R

This term is a dispersive shift, and since
mEp < hr, (5.37)

we may neglect it. Finally, ensuring that we can neglect all of these terms compared to
the external potential requires explicit knowledge of the form of Vet and will therefore
be left for the next section.

Thus, in the correlation hierarchy, each consecutive order scales as |go| NV, /K times
the previous order. For instance, (d. W) scales as |go| Ny / times (UTW). Therefore
requiring |go|N,/k < 1 allows us to neglect all terms involving correlations between
three or more operators. We reiterate finally that this condition is equivalent with the
physical requirement that the numbers of photons in cii are small compared with the

number of photons in the symmetric mean field, since

[(de)|

~ ’g(’i'N“ <8]. (5.38)

With these approximations in hand, we solve equations (5.9) and (5.10) by adia-

batically slaving the fields to the atomic motion, yielding.

(d-) = m, (5.39)
(dy) = 290@(2? Z;/<2C Jo (5.40)

The equation of motion for the atomic field operator is

b 2 72 .
ihdqc;i ) _ <—Findz + Viat(2) + %Xt(z)> U(2), (5.41)

(d-(1) = Lgo.ﬂ@g). (5.42)
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Figure 5.2: Schematic of the balanced heterodyne detection scheme. The out-coupled
cavity beams, @+, are combined to form symmetric (l;+) and anti-symmetric (13,)
modes. The antisymmetric mode beats against a strong local oscillator (LO), ar,o and
photodetectors count the number of photons in the quadratures of b_. The difference
of these counts is the signal.

Since the atoms are independent of each other and couple symmetrically to the light

field, we can in equation (5.42) make the replacement,

(82) = Na(t(t)| sin(2kc2)[¥(1)), (5.43)

where |1)(t)) is a single-particle state satisfying equation (5.41) with ¥(z) — |1(t)).

5.1.3 Detection scheme and signal-to-noise ratio

Through equation (5.42), (d_) provides a measure of the atomic dynamics inside
the cavity. In reference [85], two schemes for detection of atomic motion using the out-
coupled cavity fields were presented. We here review the superior case, where balanced
heterodyne detection of d_ is performed. Briefly, the signal is combined with a strong
local oscillator (LO) at a 50/50 beam-splitter, and the two output signals are measured
with photo-detectors and subtracted from each other. This differencing cancels the large
mean-field signal created by the LO. The noise is dominated by the LO noise and is
conveniently cancelled when computing their signal-to-noise ratio. The general setup is

illustrated in figure 5.2.
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In what follows, we compute the exact expressions for the signal and the signal-
to-noise ratio for this heterodyne detection scheme. We use a basic quantum Langevin
approach [44] combined with beam-splitter theory [76] to exactly calculate the signal
power spectrum and signal variance, and the signal-to-noise ratio is computed as the
ratio.

According to input-output theory [44] this field is proportional to
dows = Vi d_ + dip. (5.44)

Input-output theory relates the fields inside and outside a cavity using a quantum
Langevin approach, writing the output (i.e. signal) field in terms of the input field and
the field out-coupled from the cavity. Equation (5.44) has a simple interpretation as
the superposition of two electromagnetic fields, /k d_ and din, and can be viewed as
a boundary condition at the cavity output. In this case, the input field state is the
vacuum, which results in (dow) = /& (d_).

The output field is combined at a 50/50 beam-splitter with a strong local oscilla-

tor. The output fields at the beam-splitter are given by

ZA)Q 1 —1 1 CZ t

= . (5.45)
—1 aro
The intensities of these two fields are measured with photodetectors. These signals are

subtracted from each other, mixed with an oscillating signal cos(wt) and integrated in

time. The final signal is proportional to
A T ~ ~ ~ ~
N(w,T) = / at (B(0)ba(t) B} (1)1 (1) cos(et). (5.46)
0
Defining

aLo = (aLo) = |aole ot ro, (5.47)

aLo = aro + 9, (5.48)
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we can write
6262 - (A’J{gl = i(aiodout - O‘LOJZut) + i(@TCZout - Jgut{}) ~ i(afod - aLodT), (5.49)

where we have taken d = VE d_ for convenience, and we have assumed that the local

oscillator has a very large amplitude. Finally,

A

T
N(w,T) = / dt i (|aLo|ewLot6_’¢LOd(t) - |aLO|6_ZwL0teZ¢LOdT(t)) cos(wt)
0

iT|apole Lo iT|apoleiro .
_ \Lo2’d(wm W)+ ‘L;’d(ww —w)+He o (5.50)

where we have defined

T ~
d(w) = % /0 dt e“Ld(t). (5.51)

(AN?(w,T)) = <(N(w,T) - <N(w,T)))2>. (5.52)

Ad(a) = d(a) — (d(a)), (5.53)

and make the assumption that the signal is at all times a coherent state, in which case
Aci(a) is in the vacuum, and therefore only anti-normal-ordered correlation functions

involving these operators are non-zero. In addition, we assume that

~ A~

(Ad(t)Ad(t)) = 6(t —t'), (5.54)

which is approximately valid when the interrogation time 7' is much larger than 1/k.

We are left with

4

W(ANQ(W, 1)) = <ACZ(¢ULO + OJ)ACZT((,ULO +w))+ <ACZ(WLO 4 W)AJT(WLO —w))

+ (w— —w). (5.55)
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Noting that

T T
(Ad(@)Ad (o)) = & / dt ot L / dt’ e~ (Ad() AT ()
T 0 T 0
_ L /
T 0
1 i(a—a)t
= (5 ] e , (5.56)

roa1

dt emtT/ dt' e st —t)
0

1 T

we can see that only the diagonal terms contribute here—with a factor of 1/7—so that

_lewol’T

(AN?%(w,T)) 5

(5.57)

We are finally in a position to compute the signal-to-noise ratio. We define the

signal quadrature operator,
. b ibio i i
G- (o, dr0) = E(e o0d_(a) — e?rodl (). (5.58)

in which case our signal is given by

<N(w’ T)> — T|04LO|\/E

n T|04Lo‘\/g
V2

(§—(wro +w, ¢r.0)) 5 (¢—(wro —w, ¢r0)). (5.59)

The signal-to-noise is given by the ratio of the signal power to signal variance, which is

(N (w, T))[?

SNR = =
(AN?(w,T))

= kT|(§_(wrLo — w, ¢r.0)) + (w — —w)|?. (5.60)

If we are looking for a particular dynamical frequency wg of the atomic motion, we set
w & wro — wp. For the system investigated below, we find that when the field has a
large amplitude at wy, it does not have a large amplitude at 2wy,o — wg. Thus, we may

drop the first term, leaving
SNR = #T{d (w, d10)) " (5.61)

By varying the phase ¢1,0 on the local oscillator, we can maximize this signal-to-noise

ratio.
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5.2 Results

In this section, we consider the motion of atoms confined in the optical lattice in
the presence of gravity,

Vext(2) = mgz, (5.62)

and use the scheme outlined in the previous section to probe the motion of the atoms.
Gravity measurements are important for instance for optical lattice clocks [79]. For this
reason, we treat the specific system of a gas of 87Sr atoms, although the method certainly
applies to many species of atoms. The parameters for the coupled atom-cavity system
are chosen to reflect current experimental conditions. They are Ac = 27 /kc = 813 nm,
hr = 100ER, Ay = w, —w = 0, hgo = 107*ER, and N, = 10%, implying derived
parameters of Er ~ 2w 4 kHz h and mgd ~ 0.25Eg; Er = th%/Zm is the recoil energy
of the lattice, and d = 7 /kc is the lattice spacing.

We have to ensure that the back-action of both d_ and cz+ on the atoms is
still negligible. Specifically, the coupling strengths in equation (5.12) must be small
compared to the characteristic coupling strength of Vext, icwup = mgd. These conditions
are met if |Vp|(goNa/k)? < hwp. This inequality is satisfied for the parameters above.
While these conditions are necessary, the exact criteria for being able to neglect the
back-action of the fields on the atoms requires more careful numerical study. We do not
perform these investigations here.

Within this setup, we envision an experiment in which the atoms are initially
loaded into a harmonic trap. A vertical one-dimensional optical lattice is slowly ramped
on so that the atoms are in the ground state of the combined potential of trap and lattice
for a non-interacting gas. The trap is switched off over a time that is long compared to
the time-scale of vibrational dynamics in order to prevent inter-band transitions during
the switch-off. The gas is then allowed to evolve under gravity. In the presence of such a

constant force, the atoms undergo Bloch oscillations. This dynamics is briefly reviewed
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in the following discussion.

5.2.1 System dynamics: Bloch oscillations

The central result of the theory describing Bloch oscillations is the acceleration
theorem, based on a semi-classical equation of motion [8], which states that the average
quasi-momentum of a wave-packet restricted to the first band increases linearly in time
until it reaches the Brillouin zone (BZ) boundary, at which point it is Bragg-reflected.
Explicitly, this is

h{q)(t) = h(q)(0) + mgt, (5.63)

where the quasi-momentum, g, is restricted to the range, —kc < ¢ < k. Since the group
velocity of the atomic wave-packet is given by the derivative of the dispersion relation
[8], the periodic nature of the quasi-momentum implies that the atomic momentum
oscillates at a frequency, wp = mgd/h. These Bloch oscillations will persist as long as
there is negligible Landau-Zener tunneling to higher bands. Each time the wave-packet
reaches the BZ boundary, a fraction of population is transferred to the second band,

given by [91]

2 A?
Prz = exp <_8mngR> ; (5.64)

where A is the band-gap at the boundary. When A? < 4mgdER, the population transfer
is appreciable, and vibrational dynamics within lattice sites significantly complicate the
behavior of the atoms. For this reason, we restrict our attention to lattice depths greater
than 3ER, where Prz is at most 10~° for our choice of parameters.

In order to understand how Bloch oscillations are reflected in the time-dependence
of the probe field, we carefully consider equation (5.42). The operator, sin(2kc2), is
periodic in space with period d and has odd parity, implying that it connects two Bloch

states, \wén)) and ]1/1(57/)% only if the quasi-momenta are equal, ¢ = ¢/, and the bands
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satisfy n — n/ = odd. Expanding the atomic wave function in the Bloch states as

P) =Y cMpim), (5.65)
n,q

we can approximate the matrix element in equation (5.42) as

(V| sin(2kc2) ) ~ Z pq 2 4 h.c., (5.66)

(1,2) _ (1)* (2)

where pg ¢’ = cq’ ¢’ is the coherence between bands one and two. This assumes an
initial state confined to the first band in the case of negligible coupling to bands three
and higher. Using equation (5.41), we can derive an approximate equation of motion

for the coherence; it is

(12)
dﬂgtq = A ()12 4 4y p1) (5.67)

(1)

where pg’ is the population of the g-quasi-momentum state in the first band, and
hA(LQ)(q) = E[§2) - E(gl) is the energy difference between the g-quasi-momentum Bloch
states in the first two bands. Since A2 (q) > wp, the coherence follows the first-band
population adiabatically. In this approximation, pgﬁf) = —pgl)wB JAT2)(g).

Combining this expression for a wave-packet that is narrow in quasi-momentum

with equation (5.63), equation (5.42) becomes approximately

ig0SNg wB
A, +ik/2 A1) (mgt)

(d_(t)) ~ (5.68)

This expression implies that the probe field amplitude is largest when the atomic wave-
packet is centered at the BZ boundary since A1:2)(mgt) is smallest at this point.
Equations (5.41) and (5.42) are numerically integrated for an initial state that is
a Gaussian of spatial width, o, projected into the first band. This approximates the
ground state of the combined potential of lattice and harmonic trap for a non-interacting
gas. An example of the system dynamics is illustrated in figure 5.3, where Vj = —3FERg,

and o0 = 2d. A vertical slice through figure 5.3(a) is the wave function density in the
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first band plotted versus quasi-momentum at an instant in time. The center of this
wave-packet moves linearly in time and is reflected at the BZ boundary (¢ = k¢), as
in equation (5.63). Bloch oscillations are illustrated in figure 5.3(b), where the atomic
momentum oscillates in time. Finally, the response of the probe field to this dynamics
is illustrated in figure 5.3(c). As predicted above, the probe field intensity peaks when

the atomic wave-packet reaches the BZ boundary.

5.2.2 Signal and SNR

As described in section 5.1, the probe field is combined at the cavity output with
a strong local oscillator, and the resulting signal is proportional to a quadrature of the
probe field, equation (5.58). An example of such a signal is plotted in figure 5.4. There
is a clear peak at the Bloch oscillation frequency in the signal power spectrum, but there
are also several harmonics present. In calculating the SNR, equation (5.61), we place a
notch-filter about wp and count only the total number of photons out-coupled from the
quadrature at this frequency.

There are a few properties of the system that can affect the SNR. First, the width
of the initial wave-packet has an effect. It is easiest to see why this is so by taking as
the initial state a Wannier function, which is a coherent superposition of Bloch states
in a single band, populated equally. According to equation (5.63), the wave-packet is
continuously reaching the BZ boundary, and the oscillation in the signal is washed out.
Second, when the lattice is too deep, the first two bands are essentially flat, in which
case Agw) does not change with quasi-momentum, eliminating the oscillations in the
signal according to equation (5.68).

The temperature of the atomic gas can also significantly influence the SNR. For a
finite temperature, the pure state in equation (5.43) is replaced with a density matrix.

The incoherent sum over different states of the atoms will alter the expectation value,

possibly reducing it. In addition, the temperature and chemical potential of the gas de-
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Figure 5.3: Example of system dynamics for V) = —3Fr and initial state a Gaussian of
width o = 2d projected into the first band. (a) Atomic density in the first band plotted
versus quasi-momentum. White corresponds to zero population, black to maximal pop-
ulation. Population in the second band is at most 0.001N,. (b) Expectation value of
atomic momentum illustrating Bloch oscillations. (c¢) Number of photons in the probe
field.
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Figure 5.4: Examples of the (a) signal power and (b) signal power spectrum, computed
with parameters, Vo = —3Eg, hgyo = 1074ER, N, = 10%, and ik = 100ER. The signal
displays a clear oscillation at the Bloch frequency, wp = 0.25ER/h.
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Figure 5.5: Signal-to-noise ratio as a function of the initial wave-packet width for an
interrogation time of 1s and for lattice depths of Vy = —3,—4,—5,—-10,—15FEg. For
o < 2d, the SNR is reduced due to parts of the wave-packet constantly moving past the
Brillouin zone boundary, where the signal peaks. The SNR saturates near o = 2d.

termine the relative populations of the various Bloch states, and appreciable population
in higher bands can destroy Bloch oscillations. As long as the temperature is smaller
than the bandgap, kT < hA,(Clc’z), this effect will be small.

Finally, the replacement, equation (5.43), can not be made when the atoms are
not independent, e.g. if they interact with each other. In this case it is possible that
the scaling of the SNR with the number of atoms will be reduced from N2. A proper
treatment of thermal and interaction effects is necessary for exact results. Here, we
neglect both interactions and finite temperature for the case of 87Sr atoms, in which
case equation (5.43) is valid.

Equation (5.12) is numerically integrated for a time ¢t = 400h/Er. The resulting
wave function is used to compute the probe field amplitude, equation (5.42), which is
Fourier-transformed and squared, yielding the power spectrum. The SNR is computed
and scaled up linearly to an interrogation time of 1s, which assumes that coherence time
of the Bloch oscillations is longer than 1s.

The results are plotted in figures 5.5 and 5.6. The SNR rises from zero for small

wave-packet widths and saturates near ¢ = 2d. The decrease in SNR for o < 2d is a

result of the fact that the wave-packet is wide in quasi-momentum, which means that
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Figure 5.6: Signal-to-noise ratio as a function of lattice depth for ¢ = 2d and an
interrogation time of 1s. For |Vy| < 3FER, significant Landau-Zener tunneling to the
second band destroys Bloch oscillations. For |Vy| > 3ER, the SNR decreases due to the
increasing flatness of the lowest band.



100

a significant portion of the wave-packet is at the BZ boundary for all times. We get a
maximum when the lattice depth is relatively small, |V| =~ 3Eg, and the SNR decreases

with increasing lattice depth.

5.3 Conclusion

We have described a general cavity QED system in which properties of atomic
dynamics can be probed in situ and non-destructively. One cavity field is strong enough
to act as a conservative lattice potential for the atoms, and the other cavity field is weak
so that it acts as a non-destructive probe of atomic motion. This technique is applied to
the detection of Bloch oscillations. Balanced heterodyne detection of the probe field at
the cavity output combined with integration in time and across the atomic cloud allows
for SNRs as high as 10%.

Examining equations (5.42) and (5.61), we can see that the SNR can be increased
by either decreasing the cavity linewidth, x, at fixed lattice depth and atom-cavity
coupling or increasing the coupling constant, gg, at fixed Vj and . The linewidth can
be decreased as long as the system remains in the bad cavity limit. However, a linewidth
of kK = 100ER is already very small from an experimental standpoint, so decreasing it
beyond this level is a technological challenge. On the other hand, gy can be varied
merely by varying the detuning between the cavity fields and atomic transitions. In
addition, the SNR scales with the square of the number of atoms, so increasing N,
beyond the 10* level assumed in this paper is also desirable. This can all be done to
the extent that the conditions outlined in section 5.1 and section 5.2 are still met.

This scheme can be extended for use in detection of various atomic properties,
and the measurement of Bloch oscillations itself can be viewed as a general DC probe for
atomic dynamics and states. For instance, Bloch oscillations may be used for measure-
ment of fundamental constants [28] and for Casimir forces [132]. Varying the detuning

between two lattice beams gives rise to an effective acceleration of the lattice [91], and
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band physics may be probed by varying the Bloch oscillation frequency in such a setup.
Breakdown of Bloch oscillations are a signature of many-body effects in an atomic gas
[42], and this is signaled by a reduction in SNR compared to the non-interacting case.
Two generalizations of this measurement technique are readily realizable. We may
implement a time-periodic force whose tunable driving frequency can be a spectroscopic
probe of atomic dynamics. The simplest examples of this include shaking the lattice
[62] and modulating the amplitude of the lattice [1]. Another important extension of
the method involves measuring higher-order correlation functions of the out-coupled
probe field. Since one cavity field operator couples to two atomic field operators (see for
instance equation (5.9)), higher-order properties of the atoms such as density-density
correlations can easily be measured with standard quantum optical techniques. The use
of higher-order correlation functions of the probe field is a starting point for generalizing

this technique to probe many-body physics in optical lattices.



Chapter 6

Cavity QED Measurements of Many-Body Dynamics
Near the Mott-Insulator Regime

In the previous chapter, we presented a method for probing the dynamics of non-
interacting atoms trapped in an optical lattice by monitoring the light field out-coupled
from an optical cavity. For this particular measurement, we predicted signal-to-noise
(SNR) ratios as high as 10*. There were a number of drawbacks in this technique.
First, the condition that the cavity fields act simultaneously as both the probe field and
the lattice field limited the measurement to one where the atomic dynamics induce at
least coherences between bands. Since the signal went to zero as the lattice depth was
increased, this method was restricted to small lattice depths. In addition, we were not
able to vary the probe wavelength relative to the lattice wavelength. Finally, the method
worked only for atomic wave-packets with widths of at least a few lattice constants

In this chapter, we relax the condition that the cavity fields act as both lattice
and probe fields, allowing us to optimize the signal as a function of system parameters
such as probe wavelength even in systems where the lattice depth is large. The detection
scheme is applied to the atomic dynamics of atoms near the Mott-insulator regime that
are subjected to a constant external force. This system is modeled by a single-band
Bose-Hubbard model with a linear energy shift. Atoms are allowed to hop around the
lattice when the energy offset between adjacent wells is nearly equal to the two-particle

interaction strength. This physics is closely related to that exploited in atomtronic
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Figure 6.1: Schematic of the atomic system. In the Mott-insulator regime with unit-
filling, there is exactly one particle per site. When the lattice is tilted so that the
difference in energy hwp between adjacent wells is equal to the two-particle interaction
strength U, particles are free to hop one site to the left. Assuming the rest of the
lattice wells each contain one atom, the state pictured is the one-dipole state, |1;1)

bl b1 [w).-

systems to emulate electronic devices such as diodes [103].

We first develop the theory of atomic dynamics in this system, using the methods
described in reference [112] as a starting point. Following this, we couple this system
to the two counter-propagating modes of a ring cavity and examine the behavior of the

lattice fields in this special atomic regime.

6.1 Atomic Dynamics

The Hamiltonian for atoms moving in a one-dimensional optical lattice in the

presence of a constant force is given by

. . K2 d? . . .
H= /dz Ul (z2) <_2]\4dz2 + Vo cos?(kLz) + Maz + th\I/T(z)\IJ(z)> U(z), (6.1)

where F© = Ma is the force acting on the particles of mass M. As in Chapter 3,
we expand the atomic field operators in Wannier states. In the tight-binding regime
(Vo > 10ER), the Hamiltonian reduces to the standard Bose-Hubbard model with an

extra linear shift,

Hpy = (e+MgZ+ Mgdj)blh; — J > blby + ) > blblb;by, (6.2)
j (k) i
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where
Z = /dz w*(z)zw(z). (6.3)

We have dropped the band index n since in this regime, all of the dynamics occurs
within the first band, n = 1. This system is illustrated in figure 6.1.

This Hamiltonian is the starting point for the physics investigated in this chapter.
We restrict our attention to parameter regimes near the Mott-insulator phase, U > J,

with the linear shift approximately equal to the on-site interaction energy,
U= hwp = Mgd. (6.4)

In this regime, if the system is initialized in the Mott insulator state, the atomic dynam-
ics considerably simplifies. This simplification can be effected by deriving an effective
low-energy Hamiltonian in a reduced Hilbert space consisting of states near-resonant
with the integer-filled number state. Since particle numbers are conserved, we can drop
the on-site energy terms involving € and M ¢gZ. In addition, we mainly consider a filling
fraction of 1. The general behavior observed should be sustained for larger integer filling

fractions. Finally, we consider finite-sized lattices with N sites.

6.1.1 Dipole Hamiltonian

As an approximation to the Mott-insulator state, we consider the unit-filled state,

N
[nr) = (H@) 0). (6.5)
k=1

This state has energy

Eyvp = <¢MI|I:IA|'¢MI> = %N(N + 1)77,(.03. (6.6)
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It is directly connected via the hopping part of the Hamiltonian to the states,

1 apn
1) = —=blb , 6.7
1151) VoK 1+1|¢m1) (6.7)
1 . -
Ly T
L1 = \ﬁblﬂleMI)’ (6.8)
l=1,...N—1, (6.9)
which respectively have energies
A 1
By = (LU HAL1) = SN(N + 1)hwp + U — hwp, (6.10)
and
. 1
Eygs = (GUTHAIL L) = SN(N + Dhop + U + hwg, (6.11)

The state |1;1) has one particle per site except at sites [ and [ + 1 where there are two
and zero particles, respectively. The state |1;1") is similar except that the number of
particles on sites [ and /41 are zero and two, respectively. The MI state is also connected
to states where the two-particle and zero-particle sites are not adjacent. However, since
the coupling is second order in the hopping J, and the states are separated in energy,
we can neglect them as long as we consider small enough timescales for the dynamics.

We work in the parameter regime where

U ~ hwp, (6.12)

The states |1;1") then couple to |¢y\r) with coupling constant,

J2
~N J, 6.14
gMI,+ U+ h(UB < J, ( )

so we can neglect these states.
This argument easily generalizes when we consider, for instance, the states that

|1;1) are connected to. These consist of states where two particles have been moved one
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site to the left,

j=1,...,1-2

R DY
12;1,5) = ib;rbl—&—lb;ijerMﬁ : (6.15)

[=3,...,N—1
The domains chosen for the site indices j and [ ensure that if there is a “hole” at sites
j and [, then on each of the sites [ + 1 and j + 1, there are two particles. These states

have energy,

A 1
Evy = (LUHAIL 1) = SN(N + D +2(U = hwp), (6.16)

and again, since U = fuwp, these states are near-resonant with the |1;[) states and are
connected with coupling proportional to J.

In general, the near-resonant subspace is spanned by the states,

M
1 o

\M; k... k) = \/Z—Mil;[lbzibkiﬂfv (6.17a)

b= 2% —1,. .. ki —2, (6.17D)

hpp=2M —1,... N —1. (6.17¢)

The parameter, M, counts the number of dipoles—that is, the number of zero-particle/two-
particle adjacent-site pairs—in the state |M;kyr, ..., k1), and the two-particle sites are
given by the site indices {kps,...,k1}. The maximum number of dipoles in an N-site
lattice is | N/2|, where |-] is the floor function. The total number of dipole states in

the M-dipole subspace is given by

 (N-M) (N-M
”M_M!(N_QM)!_( o ) (6.18)

We enumerate the states as

M km —m
hagk =1+ (7). (6.19)
m=1

A state |M + 1;kprq1, ..., k1) is connected via the hopping terms to the states

|M;lyr, ... 1) where we have simply removed one of the k;’s. Since this connection
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implies a particle hopping onto an already occupied site, we get an extra factor of v/2
due to the bosonic nature of the particles. The Hamiltonian restricted to these subspaces

can be written as

LN/2] LN/QJ—1

Hp = 2N(N+1)hw3+ SooaM ST MM p e, (6.20a)
M=0 M=0
AM = N MU - hwg)|M;kar, ... ki) (Mikag, ..k, (6.20b)
kngyeek
H<M_)M+1 —JV2 Z IM + 1 kpviga, -, k)
kni41se5k1
M+1
X Z<M;kM+17---ak;nJrl»knfla'--akl‘a (6.20c)
n=1

where it is understood that for M = 0, there is no sum over k;’s, and the single state is

exactly |{mr).

6.1.2 Symmetric Hamiltonian

We can get an idea of how to further simplify this Hamiltonian by first considering

the coupling between the Mott-insulator state and the one-dipole subspace, given by
2970 = — 52 Z 115 11) (i - (6.21)

We define a new basis for the one-dipole subspace by

N-2
1 E : —i2Tm -
m=0

Renaming [¢nr) as |0) (we can think of this state as the dipole “vacuum”), ﬁgoal)

becomes

HOY = —1v210)(0. (6.23)

Consequently, as far as the dipole vacuum is concerned, the only relevant state in the
one-dipole subspace is |1p). The states |1,,0) do not couple to |0) so they can be

neglected.
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The problem is more complicated for the general coupling problem. Taking the

above as a guide, we define a new basis, |M,,), for the M-dipole subspace by

1
|M,,) = D e BN kg kD, (6.24)
e kar,.. k1
1 ny—1
\M; kag, ... k1) = Z eIk /M| MY (6.25)
m=0

In terms of these new states, ﬁ‘(,M%MH) becomes

E[‘(]M—>M+1) — /2 Z \M 4 1 knriq, ..., k1)

k1,501
M+1 ny—1
P LT ST I kl/nM<Mm‘
m=0
ny—1
= —JV2 Z (M + 1) LM + 154600 (6.26)
ny

where we have defined the states,

M+1 Q2T Uy o 1 Koy e ky /MM

‘M+1;wm>: Z Z (M+ )m |M+1;kM+1,...,k‘1>.

kar41,e-,k n=1

(6.27)
This new set of states is not identical with the set defined in equation (6.24). We
can see this by noting that each state in equation (6.24) gets multiplied by one phase
only, whereas each state in the expansion, equation (6.27), is multiplied by a sum of
phases. These new states do not comprise an orthogonal set, and in general they are
not normalized. We note however that |M + 1;v9) = [(M + 1)g).
If the system is initialized in the state |0), then for short times, this state will
evolve into |1p), which will in turn evolve into |2y), as we can see from taking the special

~r(1—2)

case H above. Since |(M + 1)o) is not in general orthogonal to [M 4+ 1;1)p,20), it
is coupled to |M,,z0) through these states. For instance, |2¢) is coupled to the states
|1,,20) through other states within the two-dipole subspace. If the overlap between

these states is small, however, then we can neglect them as long as we evolve only for

short enough times.
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We can compute these overlaps as

S N 4 | M 010) (6.28)

M
11 § : § : i2wmng, kpy g,k ky /MM -1
= — e Moo n+1:Fn—1s 1 -
]\42 nar

n’,nzl k‘M,.A.,kl

% e—i27rm/nkM ,,,,, Kyt 1R oo kl/nM_l' (6.29)
In order to characterize the total overlap of the |M; 1)y, 0)’s with |Mp), we compute the

s¢ = I3 ’Séf‘,?f. (6.30)
m#0

In figure 6.2 we have plotted some of these overlaps. For large enough numbers of lattice

quantity,

sites, those dipole subspaces that are close to the dipole vacuum have the property that
the overlaps are small. However, for dipole subspaces far from the dipole vacuum (e.g.
M = | N/2]|), these overlaps are not small and in fact are never zero. This means that if
we evolve long enough so that these large dipole-number subspaces get populated, then
we cannot simplify the Hamiltonian. We note that this is a qualitative argument, and
a rigorous, quantitative argument for this approximation requires appealing to second-
order perturbation theory or the variational principle.

For short times, the only states relevant to the dynamics are the states |My). The

hopping Hamiltonians become
HPMMD = 3+ 1)V2 [ZEEL M+ 1)0) (M. (6.31)
M

The effective tunneling parameter is given by

Nam+1 . (M+1)(N—2M)(N—2M— 1)
o =JV2 ™D :

JM=MAD — (M 4+1)V2 (6.32)

The size of this reduced Hilbert space is |N/2] 4 1, which scales as the number of
sites, N. This is a huge reduction over the full Hamiltonian and even over the dipole

Hamiltonian derived in the previous section.
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Figure 6.2: Overlaps S(()M) in the M-dipole subspace. (a) As the number of sites is

increased in a fixed dipole subspace, the total overlap decreases, indicating that the
extra states, |M;1m-0) become more irrelevant. (b) The overlaps tend towards zero as
long as M < N/4.



111

6.1.3 Validity of the approximations

In this section, we investigate the general dynamics in various parameter regimes.
We have two main goals: (a) to determine when the approximate Hamiltonians gener-
ated in the previous sections are useful, and (b) to determine the large-N behavior of

the system.

6.1.3.1 Comparison of full basis and dipole basis dynamics

We first determine how well the dynamics are approximated using only states in
the dipole subspace. To do this, we vary the interaction strength U at a fixed number of
sites N = 6. Taking the initial state to be the unit-filled state, we evolve the system for
a time At = 2000h/FER. The lattice depth is V = —15FR, corresponding to a hopping
energy of J = 0.0065FR, so that At ~ 13h/J. We are therefore evolving over timescales
relevant to the atomic dynamics. The interaction strength U takes on values 5J, 10J,
20J, and 70J. We consider the exactly resonant case, hwp = U.

In figure 6.3, we plot the total population Pp in the dipole subspace as a function
of time using the full Hilbert space of 6 atoms in 6 sites. As the interaction strength
is increased from 5J to 70.J, Pp saturates at 1, indicating that the bulk of the atomic
dynamics is occurring within the dipole subspaces once the interaction strength is large
enough. This is consistent with the discussion in previous sections.

However, as we can see from figure 6.4, the population in the dipole subspaces
decreases with the number of sites at a fixed U; in this figure, Pp is plotted for N = 2, 3,
4,5, and 6 at U = 20J. Apparently, there is a lattice-size dependence in the dynamics.
In making the dipole approximation, it is not enough to stipulate U > J. Equation
6.32 suggests that the proper condition is U > J+v/N, although this may not be enough

if higher dipole subspaces get populated.
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Figure 6.3: Total population Pp of the dipole subspaces for a six-site lattice computed
using the full-basis Hamiltonian. As the interaction strength is increased from U = 5J
(blue) through U = 10J (purple) and U = 20J (red) to U = 70J (black), this population
saturates at 1, indicating that the dynamics occur mainly within the dipole subspaces.
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Figure 6.4: Total population Pp of the dipole subspaces for an interaction strength of
U = 20J computed using the full-basis Hamiltonian. As the number of sites is increased
from N = 2 (purple) through N = 3 (blue), N =4 (red), and N =5 (black) to N =6
(green), this population decreases, indicating that there is the dynamics depend in some
non-trivial way on the system size.
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Figure 6.5: Total population Pg in the symmetric states as a function of time as com-
puted with the dipole subspace Hamiltonian. The lattice size is varied, taking on values
of N =4,5,6,8, 10, 12, 15, and 18 sites. As the lattice size is increased, the symmetric
Hamiltonian approximation gets worse. The timescale over which non-symmetric states
get populated is given by h/J, indicated as a vertical dashed line.

6.1.3.2 Comparison of dipole basis and symmetric basis dynamics

The situation is not as promising for the symmetric Hamiltonian. In figure 6.5,
we plot the total symmetric-state population at U = Awpg for lattice sizes ranging from
N =4 to N = 18 using the dipole subspace Hamiltonian. The approximation that the
dynamics occur within the symmetric subspace is good only for times ¢t < h/J; this
timescale is indicated as a vertical dashed line in the figure. For lattice sizes NV > 18 and
times greater than ¢ > i/J, the atomic dynamics occur entirely outside the symmetric
subspace. For this reason, the symmetric approximation made in the previous section
is not a good one. However, there is evidence that such an approximation works in
a dilute gas, i.e. one where the number of atoms is much smaller than the number of

lattice sites [110].

6.1.3.3 Two-state dynamics for |U — hwp| > J

There is one special case where the symmetric Hamiltonian is a good approxima-
tion for the atomic system. When |U — fwp| > J, the coupling of the unit-filled state

|ur) to dipole subspaces beyond M = 1 scales as J?/|U — hwp| < J. The system then
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Figure 6.6: Population in the symmetric states as a function of time for |U — hwp| > J
computed using the dipole subspace Hamiltonian. The system undergoes off-resonant
Rabi-type oscillations between the unit-filled state (black) and the symmetric one-dipole
state (blue). Other symmetric dipole states get negligibly populated. Parameters here
are N =10, U = 100J, J = 0.0065ER, and hw = U — 20J.

reduces to a two state system with Hamiltonian,

Hy = (U — hwp)[1)(1] = Jv/2(N = 1)(J1){0] + [0)(1]), (6.33)

and the system displays Rabi-like oscillations between the unit-filled state and the sym-
metric one-dipole state. These dynamics are particularly simple, and we therefore con-
sider them below in the discussion of the optical detection of the atomic motion in this
system. An example of these dynamics is plotted in figure 6.6. The general dynamics

of this system is left for future work.

6.2 Detection Scheme

In order to optically probe the atomic dynamics just discussed, we place the
system inside an optical cavity that supports two counter-propagating running-wave
modes. We pump one of the two cavity modes, and photons from this mode scatter off
the atoms into the second mode. A heterodyne detection scheme at the cavity output
allows us to measure the dynamics of the amplitude of the probe field. From this

measurement, we can infer certain characteristics of the atomic motion.



115

The Hamiltonians for the bare cavity modes and the cavity-atom interaction are

given by

He = hwNe + hn(a) + ang), (6.34)

ﬁA/c = hgoNANC + hgo/dz \iJT(z) (d};cd_kce_i%cz + dikcﬁkcei%cz> \i/(z), (6.35)
where

Ny = / 2 () (2), (6.36)

Ne = af age +a' y a_pe, (6.37)

are the total number of atoms and total number of photons, respectively. Decay of the

cavity modes out of the cavity is given by the Liouvillian,

D
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T —
Q>
o
>
_|_
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>
x>~—t
Q>

- 2&,@&2) . (6.38)

If we assume that the number of photons in both modes is small enough, we can assume
that the atomic dynamics is unaffected by the presence of the cavity. In particular, no
interband transitions are induced by the presence of photons in the cavity. In this case,

we can expand Hy /¢ in the Wannier functions from the previous section, resulting in

Hpjc = hgoNaNe + hgo > bhbjal, ke fir j(2kc) + He., (6.39)
jl7‘7
where
fii(k) = /dz w*(z — zp)e*w(z — 2). (6.40)
Taking
2kc = 2nky, + qo, (6.41a)
0 S q0 S 2]€L, (6.41b)

n € 7, (6.41c)
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the single-particle matrix element becomes
o1 o . . A
fr.4(2ke) = 70Ty eI / dz Py g0 (2)€77 (611079 (2)) (6.42)
q

since €'%% has a well-defined quasi-momentum as a sum over Bloch states with the same

quasi-momentum. We define

Ia0) = [ dz b (20 (€97,2) (6.3
If we restrict our attention only to the dipole subspaces, then the only terms that survive
in H A/c are those involving 13;3] and B;Bjil. In this case, the interaction Hamiltonian
is

X o 1 . .
Hp o = hgoNaNc + @T_kcdkcﬁgo (N Z It ) Z e~ 1074 4 Hc.
q

it [ 5 e )ZAI e B

J
+ dikc&kchgo (eiqodif Z Ié”)(qo)eiqd) Z l;;_ll;jeiq‘)jd + H.c. (6.44)
q J

This shows us that the plane-wave index n is irrelevant to the extent that the
dependence on n is absorbed into the coupling constants. It may make a difference in
the relative strength of the two terms, but it is clear that the gg is the more important
quantity. For this reason, we set n = 0 in what directly follows and take I,(go) = 150) (qo)-
In figure 6.7, we plot the absolute value of the single-particle matrix elements, f0(qo)
and f1,0(go) as a function of quasi-momentum for different lattice depths. As the lattice
depth is increased, | foo| increases and |f1 | decreases. In addition, |fp | ~ 1 across all
quasi-momenta, whereas |f1 9| = 0 at go = m/d. For this reason, we choose gy = 7/d
so that the second and third terms in equation (6.44) are zero, and the probe field is
sensitive only to the site-numbers. In this way, the signal depends explicitly on the

dipole subspace in which the dynamics is occurring.
With the balanced heterodyne detection outlined in the previous chapter, we can

detect the cavity field amplitude proportional to (d_g.). In order to determine what
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Figure 6.7: Hubbard model coupling parameters f; j(qo) for the detection scheme plotted
as a function of quasi-momentum. (a) The diagonal coupling fy ¢ increases as a function
of lattice depth Vj and is roughly constant across quasi-momenta. (b) The next-to-
nearest-neighbor coupling f; ¢ decreases with lattice depth and is exactly zero at gp =

w/d.



118

properties of the atomic motion this will measure, we compute the equations of motion

for (a+p.). They are

A{G_g) . AN TP
ZTC = <5p + go(INa) — Z§> (@—ke) + 90f0,0(q0) %:(akcb}bﬁe qojd (6.45)
and
dliine) CRy i
== (5p + go{Na) — l§> (are) + 1+ gofoolqo) Y _(a—r.bibs)e (6.46)

J

Since the cavity linewidth is large, we can adiabatically slave (ax) to the atomic motion,

writing

R -
Ar) — 0 = = , 6.47
(k) Sp + go(Na) —ir/2 (647

We have neglected the other terms because they are small compared to both s and

(Na). We can also adiabatically solve for (a_g), resulting in

R ~ —agofoolqo) A
<a—kc> - (57; I QO<NA> _ i/ﬁ?/2< (QO)>7 (6'48)

where

A(qo) = Z(;Bﬁe%qojd. (6.49)

The last quantity is the one that tells us how the field amplitude reflects the atomic
dynamics. In the next section, we explore the behavior of this expectation value for the

various types of atomic states that show up in our approximations.

6.2.1 Dipole-subspace detection

We need to determine what sort of information about the atomic dynamics that
detection of the field amplitude allows us access to. As a first step, we compute the
expectation values, (M;kpy, ..., ki|n(n/d)|M;kar, ..., k1). All other expectation values

vanish, since |M;kpy, . .., k1) are site-number eigenstates. Abbreviating |M; ks, ..., k1)
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as |M;{k;}), the matrix elements are

(M {i Hiu(m /)| M {ki ) = > (M {ei }bb | M {ei e~

J

M
]

n:l

M
23 (=1)Fn 4> (—1) (6.50)

n=1 i

The second term is clearly zero. The size of the first term depends on where the dipoles
are, and it can range anywhere from 0 to £2M. For instance, if {k;} = {2,4, 6,8}, then
the first term is equal to —8, whereas if {k;} = {1,4,7,10}, then it is equal to zero.
This matrix element is sensitive to the distribution of dipoles within a dipole subspace.

In the context of the simplified two-state model of the previous section, we com-
pute

N-1 2
(Hna(r/d)[1) = =2 (6.51)

—1 N-1
]:1
where we have assumed a lattice with an even number of sites. While this quantity
differs from zero, which is the value of (0|n(7/d)|0), it decreases with the lattice size,
indicating that the signal will not be very strong for large lattices. In figure 6.8, we have
plotted F' from equation (6.49) as a function of time for the system described in figure
6.6. The field oscillates from 0, which indicates that the atoms are in the unit-filled

states, to 0.0013, which is where the atoms are in a superposition of unit-filled and

symmetric one-dipole states.

6.2.2 Conclusion

We have investigated a system comprised of strongly-interacting bosons confined
in a tilted optical lattice. In the regime where the interaction strength is equal to the
energy difference between adjacent lattice wells, the system dynamics take place in a

restricted subspace that consists of so-called dipole states.
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Figure 6.8: Time sequence for |(7(qo))|?. The probe-field intensity is proportional to
this quantity. The signal oscillates between 0 and 0.0015. The maximum value 0.0015
depends on the population of the symmetric one-dipole state.
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We have also developed a method for measuring this atomic dynamics by coupling
the atoms to two counter-propagating modes of an optical cavity. Pumping one mode
strongly, we detect the light-field out-coupled through the cavity mirrors from the second
mode. The center-of-mass motion is reflected in the dynamics of the probe field, as we
demonstrate for one special case where the atomic motion consists of particles oscillating
back and forth between adjacent wells.

The detection scheme is relatively insensitive to the dynamics in this special
case, but there is a strong signal for dipole states far from the unit-filled state. One
generalization of this measurement method is to measure higher-order correlations of
the light-field, since they are coupled to higher-order correlation functions of the atoms
such as (n;n). These density-density correlations are sensitive to differences in particle
number on different sites, and therefore this may be a better differentiator of the dipole
states.

Eventually, this system might be utilized as a probe for more complicated many-

body systems—for instance, those experiencing long-range interactions.



Chapter 7

Quantum Non-Demolition Measurement

of the Photon Number in a Cavity

Up to this point, we have been interested in the properties of single- and many-
particle atomic systems and how these properties might be experimentally probed with
light. In the final chapter of this thesis, we reverse our focus and examine a cavity
QED system in which atoms may be used to probe the state of the light field. In this
case, we perform a quantum nondemolition (QND) measurement of the cavity photon
number by measuring the internal state of an atom dispersively coupled to a single
mode of the cavity. Besides providing tests of fundamental principles such as quantum
measurement theory, this setup allows for a simple method of preparing non-classical
states of light such number states. These states are important in precision metrology
applications where the goal is to beat the standard quantum limit of measurement
uncertainty [55, 83].

We imagine an experiment where a cloud of two-level atoms are subjected to a
m/2-pulse. The ground state atoms are split off and allowed to evolve freely, whereas the
excited state atoms are allowed to interact with a single standing-wave mode of a far-
detuned optical resonator. We operate in the Bragg regime where the recoil energy of the
atom during absorption and re-emission of a photon is much larger than the interaction
strength. This restricts the dynamics to two center-of-mass states undergoing Rabi-like

oscillations with a photon-number dependent frequency. The excited and ground state
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atoms are recombined and subjected to a second 7/2-pulse. The population inversion
of each atom is measured, and the photon number is inferred using a Bayesian method.

A similar scheme was proposed for making QND measurements of the photon
number by measuring the momentum distribution of atoms sent through a cavity [56].
This system operated in the Raman-Nath regime [88] where many Bragg peaks appear
in the atomic momentum distribution. This requires that the atom-field interaction
time must be much smaller than the inverse recoil frequency.

Our scheme is also closely connected to the microwave cavity QND measurements
performed in the group of Raimond and Haroche [50]. In these experiments, Rydberg
atoms are sent through a high finesse cavity. The recoil imparted to the atom during ab-
sorption or emission of a microwave photon is negligible in these situations. In addition,
the interaction is such that the population inversion of the atoms is unchanged. The
relative phase between excited and ground state changes with a frequency dependent on
the number of photons in the cavity, and Ramsey interferometry at the cavity output
allows to infer the photon number in the cavity.

Quantum non-demolition measurements have in general been applied to high-
fidelity readout of ionic qubit states [59], to probing of Rabi oscillations in cesium

clocks [26, 131], and to proposals for atomic state preparation in ultracold gases [87].

7.1 Ramsey Interferometry in the Bragg Regime

For the purposes of this QND measurement scheme, we need the probability that
an atom is in the excited state given there are n photons in the cavity. The Hamiltonian
describing the interaction of a single two-level atom with one quantized standing-wave

mode of a linear cavity and a classical clock laser is

~ ho 1 4
H=—6"+-—P*+hwi'a
2 2m
R V2 WIVSNN (L U G Sy
+ 2hg a'acos (k:cz)—k?(a e"E 4 g e ), (7.1)
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where P is the center-of-mass momentum of the atom, ¢ is the detuning between the
clock laser frequency and the atomic transition frequency, and kr, is the clock-laser wave

vector. We work in the basis where 67, P, and a'a are diagonal,

o, p,n) = [o)[p)|n), (7.2a)
Plp) = hplp), (7.2b)
ataln) = njn), (7.2¢)
510) = (G — 5y0)|0). (7.2d)

The matrix elements of the Hamiltonian sans the clock-pulse are

h22

r(n P hgn
HI(?p') = 6pp/ <2m + h(g + LL))TL> + T (5p/,p+2k’c —+ 510’717—2]60) , (73)

where we have left out reference to the internal degrees of freedom.

According to the experiment envisioned above, the initial state of the system is
i) = lg,0,m). (7.4)
A 7/2-pulse is applied to this state, resulting in
$(0)) = —ln(0)lg) + [k} e)) (75)
= — N e . .
\/§ g L
The ground state is allowed to evolve freely for a time ¢, resulting in
[ty (2)) = /27T 0) | g) ). (7.6)

On the other hand, the excited state atom interacts with the cavity field. We

separate out the free time-dependence of this state and expand in plane-wave modes as
e (t)) = e~ 2T ) e) N Cy (1)), (7.7)
P

Cp(0) = bp ey - (7.8)

The equation of motion for the coefficient C), is given by

. h
iCp = %pQCp +

ng
5 (Cptore + Cp—2kc) - (7.9)
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In particular, the initial state C}; couples directly to Cj; +or,. If we consider a near-
resonant clock-pulse, i.e. kr, = kc, and we assume ng < hk‘% /2m—the condition for
being in the Bragg regime—then we need only consider two states, Cy, and Cy; _og-

We then have the effective Hamiltonian,

k2h/2m ng/2
Hg=h| " , (7.10)

ng/2  (kn — 2kc)%h/2m
in the basis {|kr), |k, — 2kc)}.

After evolving the initial state for a time ¢ under this Hamiltonian, the state is

given by

L —in(g+w
[¥{1)) = e e g)n) o)
1 . ,
e e ) o) (Cr (k) + G ok (Dl — 2kc)), (711)

where, given the initial condition Cy,(0) = d0p k,

; Q A Q
_ 1Pt i i o
Cp.(t)=e <cos <2 t> i sin <2 t)) , (7.12)
o 0
Chy—2kc (1) = e_zq)t%v sin <2t> . (7.13)

The parameters in these expressions are

h
P = %(kﬁ + (kr, — 2kc)?), (7.14a)
h
A= %Uﬁ% — (kL — 2kc)?), (7.14b)
V =ng, (7.14c)

Q=VV2+A2 (7.14d)

We perform a second 7 /2-pulse and compute the population of the excited state at time

t; it is

P(e|n)(t) = % — %cos(((S + ®@)t) cos (?) + %% sin((d + @)t) sin (%t) . (7.15)
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The conditions that this formula is correct were given above as ki, =~ k¢ and ng <
hkZ/2m. We can make these conditions more exact by noting that we want |kr) to
connect to |k, — 2kc) but not to |k, + 2kc). The coupling constants between these

states are given by

2 (g _m 1 (gn)®
Gky,+2kc h (ki + 2kc)? — k% © 2hkc ke £k

(7.16)

As long as gn < 2hkc(kc + kL)/m, then the coupling to |k, + 2kc) is negligible. This
limits the width of the momentum distribution of the initial ground-state atomic gas
along the axis of the cavity.

For simplicity, we set § = —®, resulting in

1 1 t 2 ke — ki \ 2
P(eln)(t) = 5 — 5 cos “’5\/(2]92) +16<CkCL> : (7.17)

where wrp = ERr/h is the recoil angular frequency of the cavity field. If the initial

ground-state gas of atoms has a momentum distribution v (hp) along the axis of the

cavity, then we replace kr, with p + kg, in the expression for P(e|n)(t) and integrate it

against |y (hp)|%.
7.2 Bayesian Analysis

The Bayes theorem for conditional probabilities,

P(A)P(B|A)

P(AIB) = =

(7.18)

states that the conditional probability of A occurring given that B occurred is equal to
the probability that A occurs times the conditional probability that B occurs given A,
up to a normalization. Here, we take A to be the number of cavity photons n and B to
be the internal state of the atom o, which can be either e or g. The quantity P(co|n)
is called the forward distribution, P(n|o) is called the updated distribution, and P(n)

is called the prior distribution and represents our current state of knowledge before the
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next measurement. As measurements are made, our knowledge about the state of the
cavity system is updated, as follows.

We assume that we have some prior knowledge of the distribution Py(n) of photons
in the cavity before any measurements are made. This distribution might be a coherent
state, reflecting our knowledge of the initial cavity system setup, or it might be a uniform
distribution, reflecting our knowledge that the number of photons in the cavity is less
than some number M. After a single measurement o of the internal state of the atom,

our knowledge is updated via Bayes theorem as
P(nlo1) = N1 Py(n)P(o1|n), (7.19)

where N7 is a normalization. If we make N measurements, obtaining the measurement
record,

REC = {o1,09,...,0n}, (7.20)

then the updated probability distribution for having n photons given this record is given
by

N
P(n|REC) = Ny Po(n) [ P(c;In). (7.21)
j=1

The final state of the field is a number state since P(n|REC) is expected to limit to
some 0y, p, ;e

This is the standard Bayes prescription for making a series of measurements to
determine a probability distribution, and it coincides with our understanding of the
square of the wave-function (or the diagonal elements of the density matrix) being a
probability distribution. However, quantum mechanics deals in probability amplitudes
first and foremost, and it turns out that there is a quantum Bayes theorem for these
amplitudes [25, 44]. Here, since we are dealing with a QND measurement—i.e. the
measurement of the internal state of the atom does not alter the photon number—

the coherences between different photon number states do not affect the atom-field
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interaction. We can therefore neglect them, allowing us to work with the probabilities

directly rather than the probability amplitudes.

7.2.1 Measurement protocols

In the expression for the forward distribution P(e|n)(t), the time of interaction ¢
is to this point unspecified. This is intentional, as it determines how fast the Bayesian
inference method converges. To see that this is so, we consider the case where we
know that there are either zero or one photons in the cavity. For simplicity, we assume
kc = k. If we choose t = 4m/g, then P(el0)(t) = P(ell)(t) = 1. The forward
distribution then does not distinguish between the 0 and 1 photon states. In particular,
the updated prior does not change.

Intuitively, what we want is that the prior “maximally changes” when it is up-
dated. One way to achieve this is to have the largest spread in possible values, P(e|n)(t).
The smallest time for which this happens is given by 7 = 27 /npax|g|, where npyax is
the maximum number of photons in the cavity based on our prior knowledge of the
system. In figure 7.1(a), we have plotted the time-dependence of P(e|n) for n = 0 to
n = 10. The probabilities achieve a maximum spread, varying between 0 and 1, at
exactly 7 = 27/10|g|, as can be seen more readily in figure 7.1(b).

According to this measurement protocol, each atom interacts with the cavity
modes for a time 7 = 27 /nyax|g|. This is particularly simple, and it seems that we have
gained by the fact that the interaction time is very small. However, there are other
protocols that promise to converge faster than this simple one.

We can see this by investigating figure 7.2. In figure 7.2(a), we have extended
the P(e|n) time sequences out to t = 27w /|g|. At this time, we can see that the P(e|n)
is zero for half of the photon numbers and 1 for the rest (see black curve in 7.2(b)).
This means that if a measurement is made after an atom is allowed to interact for this

amount of time, then the probabilities for half of the photon numbers are automatically
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Figure 7.1: Forward probability distribution P(e|n) for the first measurement protocol.
(a) The forwards for n = 0 to n = 10 are plotted for interaction times from ¢ = 0 to
t = 27/10|g|. (b) The probabilities at t = 27 /10|g| span the entire range from 0 to 1.
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Figure 7.2: Forward probability distribution P(e|n) for the first optimized protocol. (a)
The forwards for n = 0 to n = 10 are plotted for interaction times from ¢t = 0 to ¢t =
27/|g|. (b) The probabilities at 7 = 27/|g| (black), 7 = 27/2|g| (blue), and 7 = 27/3|g]
(orange) are each partitioned into sets of photon numbers where the probabilities are
Zero or one.

set to zero. This contrasts with measurements made in the previous protocol, where in
any measurement, only n = 0 and n = nyax can be set to zero. This promises to speed
up the convergence process.

We generalize this by noting that there are many times in figure 7.2(a) for which
the photon numbers are partitioned into sets where P(eln) = 0, P(eln) = 1, and
0 # P(e|n) # 1. Some examples—7 = 27/|g| (black), 7 = 27/2|g| (blue), 7 = 27/3|g]
(orange), and 7 = 27 /5|g| (green)—are shown in figure 7.2(b).

Based on these considerations, we adopt the following measurement protocol.
FEach atom interacts with the cavity mode for a different amount of time. In order,

these are

T = 2m/n|g|, where n < npmax is prime.

T = 27 /n?|g|, where n is prime and n? < npax -

- 7 =271 /n¥|g|; k is the maximum power for which there is an n such that n
is prime and satisfies n* < nmax.

T = 27 /nmax until the probability distribution is converged.
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Figure 7.3: A three-measurement Bayesian sequence starting with a coherent state of
mean 3 (black). In the first measurement, the result is that the atom is in the excited
state; the initial distribution is multiplied by the forward distribution P(e|n) (blue).
The second measurement yields |g), so the updated distribution is multiplied by P(g|n)
(orange). Finally, the third measurement yields |e), so the updated distribution is
multiplied by P(e|n) (green).

This measurement scheme can be applied to prepare a number state of the cavity

or to perform tomography on an initial photon number distribution.

7.3 Results

In figure 7.3, four photon-number distributions are plotted. The black curve
is an initial coherent state distribution with mean 3. The next three curves are the
distributions after successive measurements. Here, the measurement record is REC =
{e, g, e}, and therefore the initial distribution gets multiplied first by the distribution in
7.1(b), then by one minus this distribution, and finally by the distribution again. We
can already see how the distribution is narrowing.

In figure 7.4, we show three examples of Bayesian measurement sequences start-
ing from the coherent state distribution with mean 3. These distributions are clearly
converging to different photon numbers, nine, three, and two, respectively. It is also
clear that the convergence is not very fast. That is, even 200 measurements are not
enough to converge two of these distributions.

In figures 7.5 and 7.6, we illustrate similar results as in figures 7.3 and 7.4 except
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Figure 7.4: Three 200-step Bayesian measurement sequences starting with a coherent
state of mean n = 3. (a) The distribution seems to be converging to n = 9, but there
is still significant population in other photon number states. (b) The distribution has
converged to n = 3 after about 150 measurements. (c) The distribution is converging
ton = 2.
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Figure 7.5: A three-measurement Bayesian sequence starting with a coherent state of
mean 3 (black). Here, the second measurement protocol is used. After the first mea-
surement, all odd-number photon states have zero probability (blue). After the second
measurement all photon numbers except for 0, 4, and 8 have zero probability (orange).
Finally, after the third measurement, the zero-photon state has a zero probability, and
the distribution seems to be converging to n = 4 (green). The forward distributions
used here are illustrated in figure 7.2.

that the optimized measurement protocol is used. The distributions are converging an
order of magnitude faster.

Finally, we perform tomography on an initial coherent state of mean n = 3. The
optimized measurement protocol is used, with a total of 19 measurements made in each
sequence. Five thousand sequences are run, and the converged results are collected and

binned. The resulting distribution is essentially identical to the original distribution.

7.4 Experimental Considerations

We have discussed some of the conditions that need to be satisfied in order for
this scheme to work. To reiterate, these conditions are |kc — k| < |kc + k| and
gn < 2hkc(kc + kr,)/m. Assuming an initial atomic state with momentum 7Ap and a
resonant 7/2-pulse, k¢ = kr,, these conditions become |p| < |p+2kc| and gn < 4hkZ,/m.
The essence of these conditions is that both the atom-field coupling and the width of
the initial atomic momentum distribution along the axis of the cavity need to be much

smaller than the recoil energy of the cavity field.
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Figure 7.6: Three 200-step Bayesian measurement sequences starting with a coherent
state of mean n = 3. Here, the second measurement protocol is used. (a) The distri-
bution converged to n = 8 within 6 measurements. (b) The distribution is converging
to n = 3 after 16 measurements. (c) The distribution converged to n = 2 after 4
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Figure 7.7: Reconstruction of the initial coherent state of mean 3 using the Bayesian
measurement sequence. Here, the optimized protocol is used, where in each sequence 19
measurements are made. (a) The initial coherent state distribution. (b) The converged
results of 5000 sequences are binned and plotted. This distribution reconstructs the

original distribution.
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Figure 7.8: Forward distribution for various initial momentum distribution widths. We
assume a Gaussian profile for the atomic momentum distribution and consider different
widths, Ap = 0 (black), Ap = 0.005kc (blue), Ap = 0.02k¢ (orange), and Ap = k¢
(green).

The width of the initial momentum distribution also affects the convergence of
the Bayesian sequence. We can see this by assuming an initial Gaussian momentum
distribution,

(ip) = —— P2 (7.22)

ml/4\/Ap/kc

for the atoms and integrating the forward distribution—equation 7.17 with k;, — p +
kc—against |[¢(hp)|?. In figure 7.8, the modified forward distribution is plotted for
Ap =0, Ap = 0.005kc, Ap = 0.02kc, and Ap = kc. By the time the width is equal to
the cavity momentum, the forward distribution is essentially flat, and it cannot be used
to distinguish different photon number states in a Bayesian sequence.

Another condition we briefly touched on is that the lifetime 1/ of the atomic
excited state needs to be larger than the time involved in a single Bayes measurement,
i.e y7 < 1. Similarly, the lifetime 1/ of photons in the cavity needs to be larger than
the time over which the entire Bayes sequence occurs, i.e k7N < 1 where N is the total
number of measurements made.

As an example, we consider a gas of 3’Sr atoms with a temperature of 7' = 2uK.
The two levels of the atom correspond to the narrow inter-combination line. Typical

experimental parameters are ma = 1.45 x 1072 kg, Ao = 698 nm, v = 27 mHz,
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Ac = 813 nm, and k = 27 x 10 kHz [78]. In terms of the recoil angular frequency,
wpr = 27 % 3441 Hz, we have g ~ —10"%wg, kpT =~ 12 hwg, 27/k = 107%s, 27/ = 10%s,
and 7 = 27 /11|g| = 0.26s.

Although the temperature is very much larger than the recoil energy—implying
that the width of the momentum distribution of the atoms is too large for the Bayesian
scheme to work—much of this energy can be given to the transverse motion of the atoms
rather than the motion along the axis of the cavity. The temperature of the gas of atoms
is therefore not a limiting property. However, in this particular setup, the lifetime of
photons in the cavity is much smaller than the time over which a single measurement

is made, rendering the method unfeasible.

7.5 Conclusion

We have demonstrated a Bayesian protocol that measures the number of photons
in a cavity by coupling the field to a sequence of two-level atoms and performing Ramsey
interferometry. With a proper choice of measurement protocol—that is, a choice of
atom-field interaction times—the state of the cavity field can be collapsed onto a number
state within fifteen measurements with a relatively high fidelity. We have demonstrated
that the scheme can be used for both quantum state preparation and quantum state
tomography.

In cases where the cavity linewidth is large, the lifetime of a photon in the cavity
is shorter than the timescale of the measurements required for the Bayesian inference
scheme. However, in this case, the cavity field relaxes to a steady state between mea-
surements of the atomic inversion. In essence, the system is re-prepared after every
single measurement, indicating that we can perform tomography on this steady state.
A possible route to implementing tomography in the bad-cavity limit is outlined in
reference [25], where measurements distributed in time are treated. This will be the

subject of future work.



Chapter 8

Conclusion

In this thesis, we have examined a series of physical systems comprised of gases
of ultracold atoms trapped in optical lattices, and we have proposed methods to probe
these systems with light.

In the first part of this thesis, we examined the ground-state behavior of a gas of
ultracold atoms trapped in a rotating optical lattice. By analogy with quasi-momentum
in translationally invariant periodic systems, the notion of quasi-angular momentum was
introduced to label the eigenstates of a Hamiltonian that has a discrete rotational sym-
metry. This symmetry language was translated into a many-body formalism where the
creation and annihilation operators carried quasi-angular momentum. Systems com-
prised of strongly-interacting bosons and non-interacting fermions in two-dimensional
lattices were investigated. It was shown that quasi-angular momentum is useful in an-
alyzing the ground-state properties of quantum gases of bosons or fermions in rotating
optical lattices. In particular, monitoring the quasi-angular momentum of the ground
state as a function of rotation allowed us to identify transitions between different circu-
lation values.

For the case of strongly-interacting bosons, the quasi-angular momentum m cy-
cles through the values m = mody(nl), where [ = 0,1,2,... and n is the number
of particles. For the case of fermions, m cycles through the values m = mody(nl),

where [ = 0,1,2,..., for odd numbers of particles and m = mody(n(l + 1/2)), where
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1 =0,1,2,..., for even numbers of particles. A system of non-interacting fermions is
thereby distinguishable from a system of hard-core bosons. Similar behavior obtains for
systems of fermions in two-dimensional square lattices.

We also presented a possible avenue by which the quasi-angular momentum of a
state can be experimentally determined. We identified characteristics in the momentum
distribution distinguishing between different quasi-angular momentum states at low ro-
tation speeds. For single-particle systems in two-dimensional square lattice geometries,
such signatures include the existence of a peak at k = 0 only for the m = 0 state and
peak-spacing differences between m = 2 and m = 1, 3 state.

In the second part of this thesis, we proposed a scheme for non-destructively
probing the dynamics of atoms by coupling them to two counter-propagating modes
of a ring cavity. This scheme satisfied three main goals. The probe was weak so
that the atoms can be continuously monitored without affecting their dynamics. The
cavity fields act simultaneously as both the external lattice potential and the weak
probe for the atoms, requiring no external interrogation fields. The signal-to-noise ratio
was large enough for feasible experimental detection. This method was applied to the
measurement of the Bloch oscillations that non-interacting atoms in an optical lattice
undergo when subjected to a constant, external force. These oscillations were reflected
in the dynamics of the probe field, and balanced heterodyne detection of the probe field
at the cavity output combined with integration in time and across the atomic cloud
allowed for signal-to-noise ratios as high as 10*.

We then relaxed the condition that the cavity fields act both as the probe field
and the lattice field. We applied a variant of this measurement scheme to probe the
dynamics of bosonic atoms confined in deep optical lattices and subjected to a constant,
external force. Choosing an energy offset €2 between adjacent lattice wells approximately
equal to the interaction energy U in the Bose-Hubbard model, the Hilbert space could

be reduced to include only so-called “dipole states.” These states are generated from the
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unit-filled state by introducing defects that consist of a pair of adjacent sites in which
one particle has been moved one site to the left. We derived an effective Hamiltonian
in this low-energy subspace.

By exploiting approximate symmetries of the Hamiltonian, we further reduced
the number of relevant states. The final numerical complexity of the problem scaled
linearly with the number of lattice sites rather than exponentially. However, we showed
that the dynamics of the atoms were described by this simple symmetric Hamiltonian
only for short times, after which the population of these states decayed to zero. This
suggested that the system could be described by a master equation.

We investigated how these dynamics would be reflected in the behavior of the
modes of an optical ring-cavity coupled to the gas of atoms. We proposed the following
experimental setup. One mode of the cavity is pumped, and the other mode is monitored
as photons are scattered off of the atoms. The time-dependence of the probe field
amplitude is given schematically by

a o Z(E;Bﬁe*ikjd, (8.1)
(4,9)
where Bj is the operator annihilating a particle on site j, and d is the lattice spacing.
The quantity on the right hand side is reminiscent of the structure factor of the atomic
gas, and we can infer that the atomic motion can be measured and analyzed through
the behavior of the light field.

The future direction of this work involves completely characterizing the dynamics
of the atoms and the probe field coupled to these atoms. This relatively simple many-
body system can then be used as a probe for more complicated many-particle systems.
For instance, by characterizing how the dynamics change when long-range interactions
between atoms are introduced, it may be possible to use this scheme to probe long-range
correlations between atoms.

In the final part of this thesis, we reversed the paradigm of using light to study
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atomic systems and instead proposed a quantum non-demolition measurement of the
cavity photon number by entangling the field with two momentum states of long-lived
atoms. By means of a sequence of 7/2-pulses, the internal states of the atom are
coupled to its external states. We measure the internal state of the atom at the end
of the measurement sequence. By use of quantum Bayesian inference and a series of
measurements, the state of the field collapses to a photon number state. This scheme
can be used not only to prepare a number state of the cavity field, but it also allows us
to perform state tomography to reconstruct an initial prepared state of the field.

We note finally that throughout this thesis, there was a strong hierarchy in the
atom-field interaction. The experimental exploration of quasi-angular momentum in
gases of atoms trapped in rotating lattices comes by way of time-of-flight measurements.
In this case, the dynamics of the atoms is primary, and the light-field plays no part in
the observables of interest. The use of cavity fields to probe the atomic systems in both
chapters 5 and 6 again implies primacy of the atomic dynamics. We spent a lot of time
determining exactly when the dynamics of the probe fields did not affect the atomic
motion. Finally, in the Bayesian scheme for measuring the cavity photon number, the
atomic motion affected the photon dynamics only weakly, whereas the dynamics of the
atoms were very different for different photon numbers.

As evidenced by recent work where the atoms and light-field must be treated on
an equal footing [7, 122], it will be interesting to move beyond these models where there
is a natural hierarchy in the atom-field interaction. This will be the context of future

work.
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Appendix A

Numerical Implementation

Al Lattices

The Hamiltonian for an atom trapped in a one-dimensional sinusoidal lattice is

n? d?

HE) =502

+ Vo cos?(kz).

(A.1)

Scaling energies by the recoil energy, Er = h%*k?/2m, momenta by the lattice momen-

tum, hk, and positions by the inverse lattice wave vector, 1/k = d/m, this becomes

Defining,

the time-dependent Schrédinger equation can be written as
d2
0= @go(z) + (a — 2t cos(2z))p(2).

This equation is known as Mathieu’s equation.

A.l1.1 Mathieu functions

The solutions, ¢, can be written according to Bloch theory as

o(0) = e*ur(8) : up(d — ) = ug(e),

(A.2)

(A4)
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for special values of a that make ¢i(¢) periodic with period m. These are known as
Mathieu characteristic values, ax(t) and bg(t), and they have the following important

properties:

ai(t) = bp(t) - k ¢ Z, (A.6a)

ao(t) < bi(t) < ar(t) < ba(t) < ag(t) < ---:t #0, (A.6b)
a_(t) = ax(t), (A.6c)
b_(t) = bi(t). (A.6d)

From now on, we will leave off the parameter ¢ as it is fixed by the lattice depth. We

may decompose pg(¢) into parts,

or(9) + pr(—9)
2 b
(@) — wr(=9)
) ’

Cr(¢) =

(A7)

Si(¢) = 2& (A-8)

which are respectively even and odd functions of ¢. These two functions, known as
the Mathieu cosine and sine functions, respectively, are also eigenstates of Mathieu’s
equation with respective eigenvalues, a; and br. When k is not an integer, they are

degenerate. If kK = m is an integer, we note that

Jim Gy() =0, (A.9)
Jim Si(9) =0, (A.10)

so that C' and S are exactly equal to the Bloch solutions in this case, corresponding to
ar, and by, respectively.

With these facts in hand, the Mathieu cosine and sine functions can be used to
construct the Bloch solutions in a systematic way. It is clear from equation A.5 that the

quasi-momenta, ¢, are limited to the interval, —1 < ¢ < 1. Equations A.6c and A.6d
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allow us to consider only £ > 0. Excluding integer values for now, write k as

IV B +lg| if n=even | )
n+lgl—1 if n=odd
n €z u{o}, (A.12)
g€ (—1,0)U(0,1). (A.13)
Defining
C{M () = Ch,, (), (A.14)
S{(@) = Sk, (9), (A.15)
() =k, ,(6) = ull) (6), (A.16)
and

0y (¢) = Cf(¢) + iSign(q) S (¢)

_ hpg () + Phyy o (— ) Ph.g(B) — P,y o (— )

5 + 4 Sign(q) 5;
_ ol @)+ SiEN@UD @) ui)(-0) — Sign(a)ug) (-9)
2 2
_ @Sign(q)ik”"?(bu‘(:l)(Sign(q)qb), (A.17)

we have that
o) (6~ m) = SO (Sign(g) (6 — m))

— 6—Sign(q)ikn,qWBSign(q)ikn,q¢u|(:|) (Slgn(q)qb)

_ e—Sign(q)ikn,qW¢én)(¢)' (A.18)

The exponential factor out front is

e*Sign(q)i(n+|qD7r if n = even

efSign(q)ikn,qﬂ — = eiiqﬁ (Alg)

e—Sign(q)i(n+lgl -7 it 5 = odd

so that we can write

e (¢ —m) = e7 Pl (g). (A.20)
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For k € Z, we let

b ntlel i n—even | e
n+lg—1 if n=odd
n € Z"U{0}, (A.22)
q€[-1,1), (A.23)
and define
CEP(9) = o7 () = Copl9), (A.24)
S (6) = P (9) = Sapia (), (A.25)
S () = o7 (9) = Sop(9), (A.26)
CP(¢) = P (6) = Cop1(9), (A.27)
(2p)

which is consistent with the definition of k,, 4 except for ¢’ (¢) which we must reserve

as a special case. Implicitly, this assumes that
S (6) = O (9) = 0 (9) = STV (9) =0, (A.28)
It is simple to show that these still satisfy
o (6 —m) = TP (@), (A.29)

Thus, we can interpret g as the quasi-momentum and n as the band index of this state.

Finally, the eigenvalues are given by the expression

Vo
_ 0. A.
E ER<a+2ER> (A.30)
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For E(g"), we take

Eé”) ra—ay,, q¢7Z, (A.31)
E(()QP) ca — bop, (A.32)
E(_Qf) A — Gp—1, (A.33)
ESQPH) Da — agp, (A.34)
BP0 by (A.35)
A.1.2 Hamiltonian decomposition in momentum space

Instead of using the Mathieu sine and cosine functions — which are special func-
tions implemented in, for instance, Mathematica — we can expand the Hamiltonian,
equation A.l, in momentum eigenstates. Implementing periodic boundary conditions
as an approximation, this generates a finite-dimensional matrix that can be numerically
diagonalized to construct the Bloch eigenstates.

We choose a set of momentum eigenstates,

(zln,q) = Ne/PFntaz, (A.36)
n € Z, (A.37)
0<q<2k, (A.38)

where N is a normalization, and we have indexed the states to reflect the periodicity of

the lattice. The matrix elements of the operators in the Hamiltonian are given by,

', q’\%f)z!n, 4 = S S B2k + ), (A.39)
(0 21, 0) = ey PO (A40)
(n',q| cos(2kz)|n, q) = %5(1,1/(5”,”/4_1 + Onn/—1)- (A.41)
Thus,
('K | H|nk) = Wakk,(sm, n %5kk’(5n,n’+l TR (A.42)
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This matrix is block-diagonal in the quasi-momentum ¢g. However, n can be any integer,
so this is still an infinite-dimensional matrix. To get around this, we note that the
harmonic trapping term arising from the kinetic energy allows us to truncate the basis
for low-energy states.

Finally, if we scale energies, momenta, and positions as we did in previous sections,
and we apply periodic boundary conditions to get an IN-site lattice, the matrix elements

of the Hamiltonian become

(n'm!|H|nm) = <;(Nn + m)> i St Ot + %5%,(5” wil +0nw1),  (A43)
where

m:g%:o,...,N—l, (A.44)

N = Wlﬁ (A.45)

vo = g; (A.46)

The eigenstates can be written as

Upg(2) = (2[thp,q) Z PP (z|n, q) Z PPN Zhnta)z (A.47)

nez nez
or
T'max
Up.m 7 w m,q) 2(Nn+m)z/N7 (A48)
= 2 W

where p is a band-index, and wn are the coefficients of the eigenvectors of the matrix

defined by equation A.43.

A.1.2.1 Bose-Hubbard parameters

We can compute Bose-Hubbard (BH) parameters as a function of lattice depth
using the numerical solutions just derived. Since the definition of the Wannier functions

used in the BH derivation depends on the relative phases between Bloch functions, we

’m)

need to be careful about how the coefficients, d}g , are defined. Luckily, the matrix



156

defined by equation A.43 is real symmetric, which means the eigenvectors can be chosen
to purely real. We then need only worry about an overall minus sign.
With that caveat in hand, we suppose that the coefficients are such that the

functions
= ‘
w () = i S emmiNy, o (2) (A.49)
m=0

are the Wannier functions in band p. Then, the hopping parameter is

—J® = (WP | Aw'?)) (A.50)
1 N o o .
_ = 6127rm(3+1)/N€—127rm/]/N <¢p,m"H‘wp,m>
N m,m’=0
1 N o
_ = ez?ﬂm(j—i-l)/Ne—zQWm’]/NEp’m<,¢p’m,’wp’m>
N m,m’=0
N-1
_ 1§ iz g (A.51)
N M- .
m=0

Similarly, the on-site energy is

1 N—-1
= =S Epm (A.52)

m=0

The parameters used in chapter 6 for p = 1 and 2kc = k2(Nr + 1) /N are given by

Fir(k) = (wj|eP NN ) (A.53)
| N-l
_ = eiQw(mj_m’j’)/N <wml|€i2(N7‘+l)é/N|wm>
N m,m’=0
| Nl
= — ei2m(mj—m'j’ /Nzlﬂ(m ™) (s m!|e 2NN |5 )
N m,m’=0 s,s’
| Nl
= D el Zw;ﬁf D), (A.54)
m=0
A.1.3 Hard-core boson approximation

Here we make explicit the two-state approximation from chapter 3. We write the
states as

[ Ang})y = 1. L+ ngp_1, 0 +ng, L+ ngaq, ... ), (A.55)



where n; € {0,1} and stipulate the following conditions:
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ajll; {ng : n; =0}) =0, (A.56a)
aslls {m  my = 13) = VIF 1l {ny < my = 0}), (A.56b)
al|l; {ng sy =1}) =0, (A.56¢)
atll; {fng sy = 03) = VI+ 1[I {ng s ny = 1}), (A.56d)
ala |l {ny, = mj = 0}) = Ulis {ny, : my = 0}), (A.56e)
alal; {ny s mj = 0}) = (L+ 1)l {n s ny = 0}). (A.56t)
These conditions imply that the action of the hopping terms is given by
abajar|l; {ng sy = 0,nj01 = 1}) = (L + D[l {ng : nj = L,nje1 = 0}), (A.57)
with all other terms such as &;djil\l; {ng : nj = 0,nj41 = 0}) equal to zero.
We define new operators l;j that are related to the old ones via
b — 24’ (A.58)
blb; = ala; —1 (A.59)

ata; = blb; +1, (A.60a)
dlaer = (1 + 1)blbjar, (A.60b)
and that these operators satisfy the relations,
[ij =1 (A.61a)
[Bj, b =0, (A.61D)
[biss B =0, (A.61c)

The particles apparently have boson-like properties except for the fact that no more

than one particle can occupy a single site, which is enforced by equation A.61a. Finally,



we use equation (A.61a) to re-write the interaction term as

—Za - (a aj—l)

q
M=

(B}Bj + l) (IS}ZSJ- +1— 1)

j:l
UL, N
= o b (1-blb;) b,
7j=1
N N
+%Z(leb +( 1—1)Ajz§j)+%2za—1)

—_

]:

N
= UL blb +U NIl —1).
7j=1

A.14 Jordan-Wigner fermions

i=1
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(A.62)

To do this we need the following properties. The operator lA)LlA)k is either zero or

one, SO

oimblb _ g—imblb _ (emz;p;k>ﬁ

(A.63)

In addition, since the site-number operators commute, we can combine these exponen-

tials as

eiﬂ' Zk<m I;Li)keiﬂ Zl<n B;El — eiﬂ' Zk<m Bzgk-l-’bﬂ' Zl<n l;;ri)l

Finally, since

we have that

lﬂ'b bjbik_bike o

eméji;jl;j _ i (im)" (ngj)ngj _ i (z;;)n 5o (B}Bj)nl;j =bj,

n=0 n=0

. cimolb; _ S (Z'W)nl;j bib; " ' b; = e™b; = —b;.
/ n! : n!

(A.64)

(A.65)

(A.66)

(A.67a)

(A.67b)

(A.67c)



159

These three conditions imply the relations,

] = a6

[Bj, e”i’?’f} =0 (A.69)

With these relations in hand, we can show that the ¢; operators are fermionic.

First,
[éj, éﬂ = l;je“r 2 k< I;};Bk’ e~ Xk I}LB,CE;
. +
= [5;,8] e Eres bR blb
REAR I
N .bj’b}L =1 (A.70)
Second,

N . AL~ A ATA ~
~ ~ ir S, . blb —im> . _; b, b1t
[Ej<tr &) = | byl 2ewss il =i Lici b Zbl]

+

. ot T T Spp
N |:bjye_l7rbjbj:| b;e_”rznq bnb"e_mzj<i<lbibie”erq bzbk
+
0

= (A.71)
The same computation goes through for [éj<l, éﬂ K since owing to
i iy Bl — (=7 i, IA’LB’“, (A.72)
the only difference is the substitution b — Bzr Finally,
e, ér], = byl SNt W’k’ 51; X _ lA)NeiWZ;“V:_ll bl by [emﬂél’ﬂ]
=0. (A.73)
Summarizing, we have derived the anti-commutation relations,
[éj, cﬂ =0 (A.74)

[éjaél]+ = Oa (A75)
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which implies that the ¢’s are fermionic operators.

Now, this transformation is only really useful if the resulting transformed Hamil-
tonian is quadratic in these operators, since in this case it is known that the excitations
are then fermionic. We need to verify that the exponential factors cancel out. First, we

note that the site-number operators are given by
C Cg — bT “"qub bk “"Zk< i’ b, l; = A;[A) (A76)

This allows us to easily invert the JW transformation as

~

b; = éje'™ Shes il (A.77)

Equation A.67 also holds for ¢;.

The hopping terms become

N . ) o A B
A —im Clep im 1618k A At imelée; A
b;SNbJ'f'l = c}e Zk<] Kk e Zk<]+1 k ij+1 = c}e j ch+1
= clej, (A.78)
and
I;-]r\[i)l _ éN mZk 1 ckckc1 _ C}Lvezﬂ’c}LVCNe 'LTrc;r\,cNe 17rc]{clc e ’Lﬂ'Zk 2 ézék
— éT zchcNe—MrcIcl Clezwéiéle—iwéiéle—iﬂ Ziv:_; ézéke—iwéj\,éz\r
N A\ —in N
:c}LV( ér)e '
_ At 4 N+1
= elér (~1)NH, (A.79)
where
N N
N=>"bb, = ¢len (A.80)
k=1 k=1

is the total number of particles minus NI. The Hamiltonian can then be written as

H=U= Nl(l—l +UlZcTc]+Z w)ete;
Jj=1 Jj=1
N-1
ft(l+1)Ze imwN/4 Tc+1+Hc
7=1

—t(1+ Ve TN 6 (—1)NH 4 Hee (A.81)
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A.2 Tilted Lattice Problem

A.2.1 Dipole subspace Hamiltonian

We first prove by induction that the number of states in the M-dipole subspace

for a N-site lattice is given by the expression,

ny = <N;4M>. (A.82)

For M = 0, this formula yields 1: there is exactly one MI state. For M = 1, this
formula yields N — 1, which is clearly the exact number of one-dipole states. We can
count the number of M = 2 states by taking all of the M = 1 states and adding an
extra dipole. To avoid double-counting, we only add dipoles to the left of the existing
dipole in the one-dipole subspace. There are N — 3 two-dipole states that we can make
from |1; N — 1) since by having a dipole between sites N — 1 and N, we have effectively
removed 2 sites from the lattice. There are N — 4 two-dipole states that we can make
from |1; N — 2), by the same argument. We can do the same thing until we reach
the state |1;3) which accommodates exactly one dipole to the left of site 3. Thus, the

number of states is in the two-dipole subspace is

N-—1 N-3
ngzZ(N—j):Zn:;(N—?))(N—Q):(Nz_z). (A.83)
j=3 n=1

In general, we consider the subspace spanned by the vectors,

ki =2 —1,... kisq —2
M+1

1 ar
M+ Likarin,kar, - k) = == T 8L bkalonrs) + kyp =200 — 1, ks — 2
=1

knpa1 =2M +1,...,N—1
(A.84)

for some 2 < M < [ N/2]. We choose a specific kpry1; this effectively reduces the lattice
for the remaining dipoles to be of size kp;+1 — 1, since we have a dipole between sites

kar1 and kparyq + 1. By inductive assumption, there are

kyppr —1-M
Mk = ( M ) (A.85)
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ways of fitting M dipoles on a lattice of with k11 —1 sites. Letting kps11 vary between

2M + 1 and N — 1, we can count the total number of states as

_ ~ _ = kv —1-M _N_QM_2 k+ M
S S T S (RSl B i ()

kanr41=2M+1 k:M+1=2M+1

With repeated uses of the identity,

()= () .

<N _J\i(ﬂ—fj 1)) _ Ng:iQ (’ﬂ LM> (A.88)

and the inductive proof is finished.

it is easy to show that

This proof also gives us a way to enumerate the states in each dipole subspace.

We label the state |M;kay, ..., k1) as

ki =2i—1,... kip1 —2
): A (A.89)

Nhag,o l—i-Z(

ky=2M—1,...,N—1

This enumerates the states in order from 1 to (N ]T/[M) Finally, then, we can write
down an effective Hamiltonian that includes only the dipole subspaces. The state
|M + 1;kpr41, ..., k1) is connected to the states |M;lyy, ..., 1l1) where we have simply

removed one of the k;’s. In terms of the indices, the state labeled by

Mhpggr,ky = 1+ Mijl < ) (A.90)

in the (M + 1)-dipole subspace is connected to the states labeled by

Mharstyeekng 1 kno1,ky = 1+ Z < ) +1+ Z < m ) (A.91)

in the M-dipole subspace. Since this connection implies a particle hopping onto an
already occupied site, we get an extra factor of v/2 due to the bosonic nature of the

particles.
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A.2.2 Symmetric Hamiltonian

For the purposes of analyzing the dynamics and the detection scheme, we need
to know how to numerically implement the quadratic operators, I;;I;] and I;}L +1(A)J" We

first note that

[v/2]
blb; — > |M)(M[blb;| M) (M|, (A.92)
M=0
L]
byaby — D IM — 1)(M — 1Bl b;| M) (M]. (A.93)
M=1

Investigating i);f _Hl;j first, we can see that

(M = 1] by |M) = ——e D Y
MMM -1 kary-ek1 v —1,--50
X <M— Lilpr—q,... l1|b]+1b |M; kM,...,k1>. (A.94)

The innermost matrix element is non-zero and equal to /2 exactly when k, = j for
some n and {lp;—1,...,0} = {knm,...,k1}\{kn}. Equivalently, we count the number of
M-dipole states that have a dipole between sites j and j + 1. By removing this dipole,

we generate all of the (M — 1)-dipole states that are coupled to the M subspace via

b] +1b The matrix element is then equal to
2
(M — 1] g+1b |M) = /W X (# of M-dipole states with dipole at j and j + 1).

(A.95)

To compute this coupling, we fix j, N, and M, and count the total number of

ways we can put M — 1 dipoles in the remaining sites. There are j — 1 sites to the left
of j. There are N — j — 1 sites to the right of site 7 + 1. If we let m be the number
of dipoles to the left of site j in a particular configuration, then there are M — 1 —m
dipoles to the right of site j + 1. The total number of configurations is equal to the

product of the number of ways we can fit m dipoles in j — 1 sites times the number of



164

ways we can fit M —m — 1 dipoles in NV — j — 1 sites. This is

n(M;j):<j1m>(Nj1(Mm1)>. (A.96)

m m M—m-—1

Summing over m will give us the quantity we are seeking. The maximum number
of dipoles that we can fit in N — j — 1 sites is (N —j — 1)/2]. Thus, the minimum
number of dipoles we need to put to the left of site j is max(0, M —1— | (N —j—1)/2]).
This ensures that we do not attempt to cram too many dipoles to the right of site j+ 1.
Similarly, the maximum number of dipoles that we can fit in j — 1 sites is [(j — 1)/2].
This cannot be bigger than M — 1; the largest m can be is then min(M —1, [(j —1)/2]).
With all of this in hand, the total number of M-dipole states with a dipole between

sites j and 5 + 1 is

min(M—1,[(j—1)/2]) . .
—1- N—j—1—-(M-m-1
(M) _ ) o lmmy (Vg A ) o)
J , m M-m-1
m=max(0,M—1—[(N—j—-1)/2])
Thus, in the restricted basis, we can write
S LN/2] 5 o)
ey —n M = 1M{M)|. A.
ol = Do M = D] (A.98)

For the computation of i)}l;j, we fix again fix j, N, and M. The total number of
(M)

states with two particles at site j is exactly n; . The total number of states with zero

particles at site j is the same as the total number of states, n§1\_/11) , with two particles at

site 7 — 1. Here, n%\/[) and néM) are understood to be zero. The total number of states
with one particle at site j is ny; — n§-M) — ngj‘_/fl) . The average number of particles on site

7 within the M-dipole subspace is then

) (nar — 0™ — 0 4 2)mM) + (0)(n )

(M|blb;| M) =

(M) (M)

ny + ng = ny g
_ . A.99
Ny ( )




Appendix B

Atoms Interacting with Quantized Fields

The description of atoms interacting with quantized light-fields relies heavily on
the material in references [30, 63, 71, 77, 88].

For simplicity, we here consider the interaction of a hydrogen atom with an ex-
ternal electromagnetic field. The generalization to other one-electron atoms is straight-
forward since the energy levels can be treated via quantum-defect theory, and the sizes
of the atoms are all much smaller than the wavelength of optical light. The Hamiltonian
for a hydrogen atom interacting with an electromagnetic field is given by the minimal

substitution, taking the form,

1 1
H (re, xp;i Pe, Pp) = 5 (Pp — €A (1p))” + o (Pe + €A (re))* + V (|re — rp]) + Hin,

2mp Me
(B.1)
where the first two terms are the Hamiltonians for the nucleus and the electron, re-

spectively, V is the Coulomb interaction between electron and nucleus, and Hgys is the

Hamiltonian of the free electromagnetic field. We work in the Coulomb gauge, where
Vo A(x)Y(x) =A(x) Votb (%) = [Vo AX)]Y (x) = A(x) Voo (x),  (B.2)

and we move to center-of-mass coordinates,

R = [l T Mele (B.3)

Mp + Me

r =Tr¢— Ip. (B.4)
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In this case, the Hamiltonian becomes

H(R,r) = —h—QVQ - h—QV2+V(r)+H
DY VAL S TR EM
_he (R_ mp) . (TnevR_ vr)
i myp I I
h e
+2 A (R + mr> (mpvR + vr>
1 Me H H
2 2
+A2<R mp>+ ‘ A2<R+mer> (B.5)
2my, W 2me W
where
MpMe
— Mple B.6
= e my (B.6)
M =mp + me, (B.7)

are respectively the reduced mass and the total mass of the atom.

Wavelengths of optical fields are typically on the order of hundreds of nanometers,
roughly one hundred times the size of the atom. The electric fields do not appreciably
vary in the region over which the wave-function of the atom is non-zero. We can then

make the dipole approximation, which at this point amounts to making the replacement,
A(R—mpr>,A<R+ mer> — A(R). (B.8)
H M
The Hamiltonian becomes

H(R,r) = Hcom (R) + Ha + Hing () + Ho + Hey

——h—QVQ —h—2V2+V(r)+EEA(R) \Y +iA2(R)+H (B.9)
T oM BT om i " ou EM: '

For many atoms interacting with the electromagnetic field, we define field operators

) (R,r) — which may be bosonic or fermionic — and write the Hamiltonian as
H= / 3R / Brot (R,r) H (R,r)® (R,1). (B.10)
The field operator can be expanded in single-particle eigenfunctions as

(i) (R, I') = Z émnwn (R) Pm (I’) ’
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where {¢,, (R)} and {p,, (r)} are respectively diagonalize Hcom and Hipg.

Defining

n

the various pieces of the Hamiltonian can be written as
. K2 38 . . .
_ t 2 3 t
Hp = Wi Em /d RV (R)VRZY,, (R) + mg Em/d RY! (R)V,, (R), (B.12a)
A~ . 3 ~ .i. A e * 3
Hin = g /d RY  (R)A(R)VY,, (R)- (M /(pm/ (r) prom (r)d r) ) (B.12b)
e? 3 s .
_° T 2
Hy = o gm /d RY! (R)A*(R) V¥, (R), (B.12c¢)

where F,, is the eneregy eigenvalue corresponding to the internal-state wave function,

(rlm) = o (r).
B.1 Hamiltonian of the free electromagnetic field

We expand the vector potential, A, in normal modes as

h . ,
A (X, t) = Z kaeg (ak,)\ék)\uk (X) eiwkt + az’/\ék,,\ui‘( (X) €wkt) s (B.lSa)
k,\
wi = c k| = ck, (B.13b)
k x €K1 = ék72,];‘ X €K = —€K1,€K1 X €k2 = /Af, (B.13c¢)
where
wi = c k| = ck, (B.14)

A indexes two polarization vectors perpendicular to k, and ug (x) is a complete, or-
thonormal set of normal modes of the electromagnetic field, satisfying proper boundary

conditions and the Helmholtz equation,

(V2 + &%) A (x,t) = 0. (B.15)
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We promote the expansion coefficients to operators satisfying bosonic commutation

relations,

[dk/,x, @L,\} = O,k OAN s (B.16)

[ax 37, ] =0, (B.17)

in which case the free Hamiltonian,

1 1
Epy = = /d% (m |E]* + — |B|2> , (B.18)
2 o
can be written as
b A s 1
Hpv = kz;hwk (ak’)\aky)\ + 2> . (B.lg)

The equation of motion for the annihilation operator is

da N
ih C;I;A = [dk,)nHEM:| = hwgay,», (B.20)
which implies that
Gge (1) = due,p (0) €K (B.21)

The electric field operator is

_dA o fhwg iyt
E (x,t) = y kZ;z %ak7>\ek7,\uk (x)e + h.c.

Equation B.21 tells us that this operator is written in the Heisenberg picture. The

Schrédinger picture operator is then given by

E(x) = Zl\/;sak,xekAUk (x) + h.c. (B.22)
K\

We may make the identification,

~ hew
E(+) = El(:_)\)ék,)\ =1 Is&k,)\ék,/\a (B'23)

where El(j/\) is the complex amplitude associated with the positive frequency part of

mode (k, A). The amplitudes of the electric field an vector potential can be related via

AD [T

_ E().
k,A 2€0Wp

ak ek = ——Ey | (B.24)

1
Wi
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B.2 Optical dipole potential

We can simplify equation (B.12b) considerably in the optical regime by way of the
rotating wave approximation. In order to make our way towards implementation of this
approximation, we first justify making the (approximate) identification, Hyy = —d- E,
where d is the dipole moment of the atoms. The matrix element £ (m/ |py| m) can be

re-written by way of the equation,

dr ih
zhm = [r, Hip (r)] = Epr, (B.25)
as
5 (m' |pr|m) = —iewpmy (M |r|m). (B.26)

The interaction Hamiltonian can then be written as

Hig=— Y / PRY!  (R) Ze%’f’ (| x - exx [m) B (R) § (R) + Hec.
m,m kA
(B.27)

Up to the factor of “mm’ this is exactly —d - E.

Wk

We now suppose that we are dealing with field modes that are nearly resonant
with the atomic transition; we will make the term “nearly resonant” more precise below.
In addition, the matrix element (m/|r - éx y |m) is zero if m’ = m since the eigenstates
of Hp (r) can be chosen to be angular momentum eigenstates, in which case r does
not connect states of the same total angular momentum. Focusing on only two states
with w,,y > wy,, for the moment, we move into an interaction picture where the free
time-dependence of the internal state and the electromagnetic field are made explicit.

In this case,
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If we enforce the condition,

‘Ql((7’rz>\’,m)| < |wk + (wm/ - wm)\, (B29)
h (m/,m) L Wi — Wy [ Awg
§Qk,>\ = —je o \/ 500 (m/ | r-égy|m), (B.30)

which is what we mean by nearly resonant and is not very difficult to satisfy for optical
frequencies, then we can neglect terms involving eF(«@r+@m —wm))t gince they average

to zero due to rapid oscillations. The interaction Hamiltonian can be then written as

=% Z SO M iy e / PRI (R)u (R) ¥, (R) + Heoc.
m' m(wm<w,,) k
(B.31)

where

(5](€m ™) = Wiyt — Wiy, — Wk (B.32)

It is important to keep in mind that although equation (B.31) seems to have a
sum over all internal states of the atom and all modes of the field, this can obviously
not be case. Not only does the condition in equation (B.29) break down for different
transitions but the same field mode, but the dipole approximation can also break down
if the field frequencies get too high. In this thesis, we consider coherent dynamics only
when we have two level atoms and at most two modes of the electromagnetic field.
Coupling of atoms to a continuum of free-space modes will be treated through a master

equation describing spontaneous emission.

B.3 Adiabatic elimination of high-lying excited states

There is one final simplification we will make for the atom-field interaction. In
the case where the field is far enough detuned from the atomic transition while still
satisfying equation (B.29), high-lying excited state can be adiabatically slaved to the
lower-lying states. This gives rise to an effective position-dependent Stark shift. Not
only does this decouple the internal states of the atom, but it also gives rise to an

external sinusoidal potential for the atoms.
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In the following, we consider only two atomic states, a ground state and an
excited state, and we consider at most only two electromagnetic field modes with the
same frequency. We have in mind one of two situations. First, the atoms interact with
a single standing-wave mode that is pumped by a laser, and the rest of the modes are
treated via a master equation. Second, the atoms interact with two counter-propagating
modes of an optical cavity — where the mode are isolated from each other in frequency.

In either case, we can make the temporary replacement,
O 5 69 =5 (B.33)
kA ’ k — U .

Finally, we assume that the fields are “far-enough” detuned from the atomic transition.
We will make more precise what this means below.

The equation of motion for the high-lying, excited-state field operator is

AU, Y s . -
ih o 2276 ukg AWy (B.34)

)

We formally integrate this equation for a time 7 < 1/4, resulting in

) o Qs i
Vot = [ de Y e it (¢)
t

0 k)
—iQ . t+to e
~ Z Lukdky,\\lfg (T + to) / dtleust
kA 2 to
-0 . . .
= Z ﬁuk/dk/’)\/lpg (T + t()) <616(T+t0) — 61&0) . (B35)
k’, )\
The approximation holds when, schematically,
0] > €], (B.36)

since in this case the time-evolution of \i/g (t) is slow compared to e??,

Taking ¢ = 7 + {p and plugging this back into the interaction Hamiltonian, we
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have
i

Hint = Z /d3 —uk/ak/ /\/\I’ <6i6t — €i5t0> dek}\ei&\l’g + H.c.
k', N

—hQO* . . )
— Z TCLL )\/akA/d?’R\Il; (R)uy (R)ux (R) ¥, (R) + H.c.
KAk, N

+ Qe®'0 (?) + H.c (B.37)

We drop the last terms by appealing to an iteration of this previous argument, which

QetO (?) = Q0 (<?)2> . (B.38)

By imposing the condition || > [€2|, we can drop this term. This is in fact the precise

implies that

characterization of “far-enough” detuned. Now, this process can be repeated for any of
the excited states that the state |g) is connected to. We then sum over all of these state

to get an effective coupling,

o st
gk‘?k/,A7)\/ = Z 275(09)7 . (B?)g)
o k

In addition, this same process can be performed for the excited state in a two-level
atom. In this case, we have

Hu= Y. > ﬁgl(:,'f,)\,7k’/\&lt,’/\,dk,,\ / BRIYT (R)ufs (R) ux (R) U, (R). (B.40)
me{e,g} kK, Ak

Finally, we consider our two special cases. For the two-level atom interacting with

the single-mode field, this becomes

ﬁmt = CLk )ﬂk A Z hgk A \/ddR\i/jn (R) |uk (R)‘z \ijm (R) : (B'41)
mée{e,g}

For the case of atoms interacting with two counter-propagating, running-wave modes of
an optical cavity, we have, assuming the same polarization,
Hy= Y Y hg™ / R, (R)
mefe,g} kK’

x (aar + afanc+ e Rala g + e Ral oy ) b, (R). (B.42)



