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Zhu, Bihui (Ph.D., Physics )
Many-body physics in long-range interacting quantum systems

Thesis directed by Prof. Ana Maria Rey

Ultracold atomic and molecular systems provide a useful platform for understanding quantum
many-body physics. Recent progresses in AMO experiments enable access to systems exhibiting
long-range interactions, opening a window for exploring the interplay between long-range inter-
actions and dissipation. In this thesis, I develop theoretical approaches to study non-equilibrium
dynamics in systems where such interplay is crucial.

I first focus on a system of KRb molecules, where dipolar interactions and fast chemical re-
actions coexist. Using a classical kinetic theory and Monte Carlo methods, I study the evaporative
cooling in a quasi-two-dimensional trap, and develop a protocol to reach quantum degeneracy. I
also study the case where molecules are loaded into an optical lattice, and show that the strong
dissipation induces a quantum Zeno effect, which suppresses the molecule loss. The analysis re-
quires including multiple bands to explain recent experimental measurements, and can be used to
determine the molecular filling fraction.

I also investigate a system of radiating atoms, which experience long-range elastic and dissi-
pative interactions. I explore the collective behavior of atoms and the role of atomic motion. The
model is validated by comparison with a recent light scattering experiment using Sr atoms. I also
show that incoherently pumped dipoles can undergo a dynamical phase transition to synchroniza-

tion, and study its signature in the quantum regime.

Note: This work was jointly supervised by Prof. Murray Holland.
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P.1

Spatial dependence of dipole-dipole interactions. The diagonal parts of the imaginary

(f#%) and real (¢**) dipolar interactions between two dipoles are plotted, for three

different interparticle spacings. While both types of interactions depend on geometry,

they are nonidentical, and the elastic interactions are highly sensitive to the spatial

separation and orientation of the particles. The maximum value tfor imaginary and

real interactions for fixed [r,p| is denoted as fiax and gmax, respectively. The cone

illustrates the magic angle, 6, = arccos(1/v/3), along which the elastic interactions

vanishl . . . . e e e

P2

Typical transitions relevant for dipolar interactions in several AMO systems. a is the

optical lattice spacing estimated from experimental realizations [260), (187, 249, 250).

Different choices of internal states allow us to access ditterent dipolar regimes . |. . .

13

.3

Dicke states for three atoms. |e) and |g) denote the excited and ground state in the

individual atom basis. Also indicated are the decay rates under the dissipator J*.J .

otates in red colors decays at least at rate N.I', while the decay rate for states in

blue (or black) color is < N.I' (or =0), where N, denotes the number of excitations

mnthe system.|. . . . . . . . .

15
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B1

(a) Two-dimensional differential scattering cross-section for elastic collisions as a

function of the scattering angle. Four collision energies are shown; £. = 1 nK (blue

disk), 10 nK (green diamond), 100 nK (red triangle), and 1 uK (black star). The

induced dipole moment 1s d = 0.2 debye and the harmonic frequency of the one-

dimensional confinement potential is v = 23 kHz, The solid lines show the empirical

formula Eq. (3.1)). (b) Total scattering cross section for elastic collisions (solid line)

and reactive processes (dashed line) as a function of the collision energy for an

induced dipole moment of @ = 0.2 debye and a one dimensional confinement of

v = 23 kHz. T'he ratio of elastic to reactive is indicated at four different collision

energies; F, =1 nK (blue point), 10 nK (green point), 100 nK (red point), and 1 uK

(black point). (c) Number of collisions k required for thermalization for different

differential scattering cross-sections. The magenta solid line shows Eq. (3.10). The

purple circles are results from the MC simulations, and are shown with their small

statistical error bars. The four symbols (blue disk, green diamond, red triangle,

black star) correspond to the same energies as (a). |. . . . .. . ... ... ... ...

3.2

Increase in phase space density vs truncation parameter 7 for different Ef) . Here Qg

1s the 1nitial phase-space density, and the final phase space density, ()¢, was calculated

when the ratio of molecule numbers was N¢/Ny = 0.1. Blue circles: %&f) =const;

dA(9) ( (¢) )

red crosses: (W) E.=1uK; green squares: E.=100nK; black dotted line: critical

phase space density (). for quantum degeneracy. | . . . . . . . ... ... ... ...

3.3

d>\(¢>) )

Trajectories of evaporation for (a): (=557 )E.=1uk at n ~ 3.4 and (b): =55~

at n ~ 4.3, under the same initial conditions as in FIG. [3.2 In comparison with

(a), 1t is apparent that in (b) the temperature 7" drops faster and the phase-space

density 2 increases much more rapidly.|. . . . . . .. .. ... 0L,

23
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B4

Comparison of the efficiency of evaporative cooling in two-dimensional (2D) and

three-dimensional (3D) harmonic traps. In(€¢/€))’s are calculated at N¢/Ny = 0.1,

and ¢ = 1/200. Red (blue) line: 3D (2D) harmonic trap from method in Appendix

|A.2} red squares: 3D harmonic trap from MC simulation; blue disks: 2D harmonic

trap from MC simulation; blue (red) dotted line: €. for a 2D (3D) trap, . . . . . . .

26

[3.5

Evaporative cooling trajectories for KRb molecules inside a 2D trap ot 27 x 20 Hz,

with scattering cross-sections as computed in FIG. [3.1(b). The initial temperature

was ~ 200 nK, with an initial-phase space density {29 ~ 0.1€)., and n =3.8.| . . . . .

B6

Heating due to two-body losses in a two-dimensional harmonic trap. Here (a) and

(b) show the MC result in a two-dimensional harmonic trap where all molecules are

in the lowest band of the lattice potential. The results for (c) and (d) are obtained

with the master equation approach. The blue line assumes only 1 band along the

lattice direction is populated. The red dashed line (green dots) assumes 2 (3) bands

are populated. Ny 1s the initial total molecule number. The initial temperature 1s

chosen to be around 800 nK, so that when two bands are included, there are ~25% of

molecules on the second band, and when three bands are included, there are ~19%

of molecules on the second band and ~6% on the third band. . . . . .. . ... ...

29

B7

Collisions between molecules in a quasi-2D trap. (a) intra-band collisions, occuring

at rate T(D. (b) inter-band collisions, occuring at rate I'®) (see Appendix |A.3). |

30

Il

(a) A 50:50 mixture of fermionic KRb molecules in two rotational states, |0,0) (red)

and [1,—1) (blue), is prepared in a deep 3D lattice, which is suddenly made shallow

along one dimension (y). Along y, molecules tunnel with a rate J/h and have a

large on-site loss rate I'g because of chemical reactions. (b) In the Zeno regime,

hl'y > J, doubly occupied sites are only virtually populated, and the loss occurs

at a significantly slower rate I'eg << I'g for molecules on adjacent sites. For KRb, a

multiband analysis of this process is required for all experimental lattice parameters.|

35
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(a) Measured number loss of [|) molecules for an axial (transverse) lattice depth of

V, =5ER (V| =25FER) (circles) and best fit using a rate equation (RE), Eq. (4.1

(black dashed line). (b) Number loss rate, x, as a function of I'y (fixing J ~ 570 Hz

and varying the bare on-site rate via V). (c) Number loss rate, k, versus J for

fixed I'g ~ 87 kHz (varying V,, and adjusting V| accordingly). V, (V) was varied

from 5 to 16 Eg (20 to 40 Er). Black circles are experimental measurements (error

bars represent one standard error). Green short-dashed lines show solutions of the

RE Eq. (4.4) using an effective loss rate I'eg (single-band approximation). The blue

long-dashed line shows the multiband RE using I'eg in Eq. (I44|) The multiband

and single-band RE results were obtained by fixing the filling fraction to be 6%, and

25% respectively. Panels (b) and (c) directly manifest the continuous quantum Zeno

effect: in (b) the measured loss rate k decreases with increasing on-site I'g; in (c) a

fit to the experimental data supports x oc J2, with a x* (sum of the squared fitting

errors) several times smaller than for a linear fit.| . . . . . ... ... ... ......

4.3

Comparison of experimental loss dynamics for the deepest considered lattice to MF

and t-DMRG calculations. (a) Molecule loss vs. time for V| =80 Fr and V,, =5 ERr

[Identical conventions/conditions to Fig. 4.2(b)|. The MF matches the experimental

data better than the RE (experimental fit). (b) Comparison of t-DMRG simulations

(xmps = 128, 2000 trajectories) to MF, for two different cases: 1) an identical trap

for the two spin states with trap frequency w; = wy = 27 x 38 Hz; and ii) slightly

different trap frequencies w) = 27 x 38 Hz, wy = 27 x 34.2 Hz. Shaded areas indicate

the standard error of the mean. . . . . . . . . . . . ...
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i1

(a) Number loss rate, x, as a function of I'y (same data as Fig. 2(b)). (b) Number

loss rate, k, versus J for fixed I'y (same data as Fig. 2(c)). Black circles are ex-

perimental measurements. Blue long-dashed and solid red lines show RE and MF

solutions, respectively, using I'eg (multiband model). The shaded area accounts for

+2% variations around the MF estimate of f ~ 9% arising from the uncertainty in

b1

Arrays of quantum dipoles spontaneously emit and absorb photons at rate I'. The

photons mediate dipolar interactions between dipoles separated by a distance r;,

with both dissipative, f(r,;), and elastic, g(ry;), components. A repumping source

at a rate W provides energy to maintain the oscillations and can be implemented

using additional internal states that are not shown. A possible implementation can

be realized with cold atoms in an optical lattice. | . . . . . . ... .. ... ... ...

5.2

(a) Mean-field phase diagram calculated from the order parameter 0 < Z < 1/v/8.

The insets show snapshots of the tips of the Bloch vectors (red points) for dipoles

prepared with random initial phases and then evolved to steady-state in both regimes.

(b) Quantum phase diagram calculated from 0 < Zg < 1/+/8. (c) The time evolution

of the conditional QFI exhibits entanglement (dashed line: single trajectory, solid

line: mean value of a few trajectories). Panel (d) shows the steady state QFI vs W/I'

after averaging over many trajectories. The solid line corresponds to the conditional

case, and indicates entanglement over the repumping range where synchronization

exists. Upon computing the ensemble average one recovers the reduced density

matrix which leads to a calculated QFT below the entanglement witness threshold

(dashed line). (c) and (d) are shown for feg = 15I'. For all panels, 0, = g(rqy) = 0

and f(rab) = feﬁ‘/N. | ....................................




xvii

[5.3

Quantum correlations and total correlations. The total and quantum correlations in

the steady state are quantified by the mutual intormation 0 <7 < 2 and quantum

discord 0 < D < 2. (a) In the synchronized phase, there are nonzero quantum

correlations and classical correlations (Z — D), and both show a dependence on W

that qualitatively agree with Zp. (b) Even in the thermodynamic limit, quantum

correlations remain a significant fraction of the total correlations. For both panels,

5(1 = g(rab) =0 and f(rab) = feﬁ‘/N. | ...........................

(a) Spin-spin correlations, Z%, in linear clusters containing d dipoles at optimal

[e4
repumping W for power-law couplings f(r.) = % (i> with lattice spacing a. We

Tab

set 0, = g(ryy) = 0 and consider N = 900 dipoles arranged in both linear (D = 1) and

square lattice (D = 2) geometries. For a < D global synchronization is observed and

the order parameter is independent on cluster size d. For D < « the order parameter

starts to clearly decay with increasing d. The magenta line (Zgl2 = 0.14) provides

an indicative scale ot the boundary between global and local synchronization. The

white contour lines provide an indication ot the decrease of the synchronized domains

with increasing a. (b) Pair wise two-time correlation functions in the steady-state are

parametrized by Z, (1) = A cos(v7) exp(—v7) where a is chosen as the central dipole

of a linear chain of N = 200 dipoles. The dipoles are assigned random detunings

d, distributed uniformly in [—I'/2,1'/2|. The dark blue, red, and light blue symbols

correspond to o = 0,0.65 and 2 respectively. The histogram of frequencies v exhibits

similar synchronization regimes than those seenin (a). | . . . . ... ... ... ...
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55

(a) Synchronization in dipole arrays is demonstrated for N = 12 dipoles on a line

when subjected to incoherent pumping (optimal rate). In this geometry, regardless

of the strong angular variation of g with the lattice spacing a (see contours) the order

parameter, Zg, (normalized by Z{** =1/ v/8) exhibits a weak dependence on § and

a and reaches a maximum at § = 6,,. (b) The order parameter is computed for

N =16 dipoles on a line with 6 = 0, and fer = ) _, 44, f(rap)/(N — 1) (symbols),

and for a system with constant f(r,;) = feg/N and g(ry,) = 0 (dashed line)s. Similar

dependence on W 1s found for these two ditterent systems. Here the order parameter

for dipoles is always smaller in the presence of elastic interactions. |. . . . . . . . ..

6.1

Scheme. (a) Microscopic models: random-walk model (left) and coherent dipole

model (right). In the random-walk model, a photon is randomly scattered by the

atoms. Scattering events are characterized by the incident and outgoing wavevector

of the photons and their corresponding polarization. In the coherent dipole model

atoms are coupled by dipole-dipole interactions (G,;) and all atoms contribute to

the fluorescence. (b) Experimental setup for measuring the fluorescence from a cloud

of atoms. An incident laser drives an atomic transition with a spontaneous emission

rate I'. Atoms absorb and emit light. The detectors collect scattered photons at an

angle # measured from the incident beam direction. | . . . . . . .. .. ...
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[6.2  CD model: on-resonance intensity. (a) Angular distribution: due to the constructive |

| interference along the forward direction (6 = 0), the intensity is drastically enhanced |

| within a small angular region. (b)-(c) The intensities for three different directions |

| (0 = 0,7/10,7/2) are shown as a function of atom number, each normalized to |

| the value at N = 50. All are calculated for a spherical cloud of fixed size. The |

| right vertical axes label the intensity for 6 = 7/2,7/10. In (b) the OD and the |

| density are relatively low (when N = 500, 7=2,n0k, °=0.0015). The transverse |

| intensity increases ~ N, while the forward intensity increases ~ N?. showing a |

[ collective enhancement for small window of 6 around zero. Qutside this narrow |

| angular window the enhancement disappears and the intensity becomes almost 6 |

| independent as indicated by the identical behavior observed tor two different angles, |

| § = 7/10 and /2. In (c) the OD and density are relatively large (when N = 500, |

| =10, nok, °=0.017). The rate at which the intensity increases with N slows down |

| in both the forward and transverse direction: with I ~ N for 8 = 0 and I ~ NY-° |

| for 8 = /2, respectively. (d) On-resonance intensity as a function of OD: it is highly |

| suppresed at large OD. Here, the intensity is normalized to the corresponding value |

[ at 7 =25 for each direction. | . . . . . . . . . 69




6.3

CD model: collective broadening. (a) FWHM linewidth as a function of OD. At small

0D, the FWHM increases linearly with OD, but as OD increases density effects set

in, multiple scattering events become relevant and the linewidth dependence on OD

is no longer linear. Two different atom numbers are used for the blue (N=1000) and

black lines (N=200), and the OD is varied by changing the cloud size. For the blue

line, nokgd = 0.14 at 7=25, 0.003 at 7=2. For the black line, the density at the same

OD 1s doubled. With smaller density, the linewidth increases to a larger value in

the large OD regime. (b) The line shape at small OD values (7=2, ngk; > = 0.002)

for different angles 6 (0 is defined in Fig. [6.1(a)) is mainly Lorentzian. Here the

intensity is normalized to the on-resonance intensity for each 0. (c) At large OD

(7=20, noky > = 0.06), the fluorescence line shape significantly broadens and stops

being Lorentzian. The brown dots for § = 0 show the Lorentzian fit, which fails to

describe the line shape. At intermediate 6, a double-peak structure shows up. For

all panels, the cloud shape 1s spherical. | . . . . . . ... ... ... ... ... ....

6.4

CD model: frequency shift. For small density, the shift calculated from the coherent

dipole model (blue line) increases linearly with density as predicted by the mean-

field theory. However, when density is large, there is a significant deviation from the

mean-field result. When motional effects are taken into account (red line, Doppler

width = 5I', see Sec. [6.4.1]), the non linear suppression of the frequency shift with

density 1s less severe. | . . . . . . ...
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6.5

CD model: finite size scaling. (a) The linewidth is calculated for different number

of atoms at the same OD (7=4 for N=3000) by varying the density (blue line with

circles). From N = 1000 to 5000 the linewidth is not obviously changed. In contrast,

by keeping the same density (nok,” = 0.0037 for N=3000) while varying the OD

(magenta line with triangles), the linewidth keeps changing. (b) The frequency shift

is calculated for different number of atoms. By keeping constant density (magenta

line with triangles), the frequency shift remains almost constant, while for constant

OD (blue line with circles), there is a significant variation of the frequency shift with

N. Here the cloud aspect ratiois Ry : Ry : R, =2:2: L [33]. |-« « v v oo v v v v

6.6

CD model: effect of laser polarization. (a) Intensity distribution in the plane perpen-

dicular to the laser propagation direction, i.e., 8 = w/2 for all ¢’s (inset). ¢ =0 is

the z-direction. Here, the incident laser is polarized along z. The intensity detected

along the laser polarization is suppressed compared to other directions. (b) and (c)

show the line shape and linewidth of light detected at § = 7/2,¢ = 0. (b) At small

OD, the FWHM linewidth is below the natural linewidth. (c¢) As OD increases, the

linewidth is collectively broadened due to multiple scattering processes (Fig.[6.3{a)).

For all panels, degeneracy in excited levels has been assumed. | . . . . .. ... ...

[6.7

RW: transtormation of Stokes vectors. In the random walk model, a scattering event

is determined by two consecutive transformations of local coordinates: {es, e, e/} —

{€5, e;, e/} via rotation ¢, and {e}, e}, e/} — {e3, e, e/} via rotation 6 [15]. | . . . . .
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6.8

RW Model. (a) Distribution of on-resonance intensity in the plane § = 7 /2. Along

the direction where single scattering events are forbidden (¢ = 0), the light inten-

sity is suppressed. (b) The FWHM linewdith increases linearly with 7, in a dilute

medium. The linewidth along the direction parallel to the laser polarization can

drop below I' for small (purple squares). (c) Lin eshapes for different 7,s and angles

of observation. The line shape is Lorentzian for low 7, but gets distorted and de-

velops a double-peak structure as the 7, increases. Here, for all angles, the signal is

collected within a small angular region 06 = 5°. The intensity is normalized to the

value at zero detuning for ¢ = 0 and 7,=0.3, and the width of laser beam 1s 5 times

the Gaussian width of the atomic cloud. Here all 7, are labeled as the value at A =0, 77

6.9

Modified frozen dipole model: peak intensity. (a) Collective forward enhancement:

forward intensity normalized by the transverse intensity as a function of Doppler

width. (b) Intensity detected along different directions at Doppler width Ap = 61" as

a function of atom number for fixed cloud size (when N = 500, 7=2,n0k, °=0.0015).

I~ N for § =0, and I ~ N%' for § = 7/2. The right vertical axis labels the

intensity for 0 = 7/2, /10 . . . . ...

[6.10

oemi-classical model: single-atom line shape. The excitation line shape is calculated

for three different driving strength, each normalized by Q“. The atomic motion is

allowed to be one-dimensional and parallel to the laser propagating direction. Here

we used w, = 0.6I" (the value of the 'Sy — °P; transition of Sr [108]). | . . . . . . ..

B.11

Semi-classical model: effect of motion on frequency shift. T'wo atoms are driven by

a pair of counter-propagating lasers, with {2 = 0.11', w, = 0.61". The red dashed line

shape is calculated at t = 5/I" for different Doppler width, for both models. |. . . . .

6.12

The short caption|. . . . . . . . . . . . ... o

6.13

The short caption|. . . . . . . . . . . . ... e
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[6.14 Forward Scattering. (a) Comparison of forward scattering intensity versus angle |

using a red and blue probe beam. The inset shows the setup used to block the |

probe beam. After interacting with the atoms the probe beam is focused using a |

lens, which also collimates the fluorescence from the atoms. We block the probe |

beam using a beam stopper, which we translate perpendicular to the probe beam |

to change the angular range of fluorescence collected by the detector, characterized |

by the angle () between # and the edge of the beam stopper (see Ref. [39]). The |

measured intensity, I o (6), for each probe beam is normalized to the intensity at |

Omax = 7.5 mRad. The dephasing caused by motion reduces the forward intensity |

peak for the red transition. (b) Comparison of intensity in the forward direction, |

1., versus intensity in the transverse direction, /.. Both are varied by changing /N. |

All measurements are made at § = 2 mRad (arrow in (a)) and normalized to the |

intensity, I, o, for the atom number used in (a). (c) Linewidth broadening in the |

forward direction measured by scanning the blue probe beam detuning, A, across |

resonance. Example lineshapes for different optical depths (ODs) are shown in the |

inset. Two different atom numbers are used, N = 1.7(2) x 10" (blue squares) and |

N/4 (cyan triangles). The dashed line represents I' for reference. All solid curves |

are based on the full theory of coupled dipoles and the band in (c) is for a £20% |

atom number uncertainty. All errorbars are for statistical uncertainties. |. . . . . . . 85
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[6.15 Transverse Scattering. (a) Linewidth broadening for the blue transition in the trans-

verse direction for y-polarization (open squares) and z-polarization (open triangles).

(b) Intensity ratio, Iypol/Ipol, Of y-polarization to z-polarization measured in the

transverse direction when a blue probe beam is used. For low optical depths single

particle scattering is dominant, and for single particle scattering almost zero intensity

1s predicted for z-polarized fluorescence as this polarization points directly into the

detector. (c) Linewidth broadening for the red transition in the transverse direction

for gy-polarized light showing a similar trend to the blue transition. This transition

1s more sensitive to magnetic fields so a large magnetic field is applied to probe only

the m = 0 to m” = 0 transition. All solid curves are based on the tull theory of

coupled dipoles and the band in (c) is for a £20% atom number uncertainty. All

errorbars are for statistical uncertainties. | . . . . . . . .. ...

71

Weyl quasiparticles in 3D dipolar arrays. (a) Schematics of the 3D lattice potential

that traps an array of dipolar particles. The lattice is deep enough to pin the

particles, most of which are prepared in the J = 0 ground state (blue spheres). Only

a few particles are excited to the J = 1 states. Dipolar interactions between the

J = 0 and J = 1 states give raise to Weyl excitations. (b) Schematics of dipole

mediated interactions: An excited J = 1 state of one particle can be transterred

to another particle in the J = 0 state by dipole-dipole interactions (virtual photon

exchange is shown with a yellow wiggly line). Three types of allowed processes

include [00), [1o); <> [10),]00),, J00Y, [10), < [1,%£1),[00),, and 00, [I, £1), <

LTI T000,] « o v oo et e e e
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[7.2 Weyl quasi-particle dispersion and eigenstates. (a) Brillouin zone for the simple cubic

lattice. (b) Dispersion along high-symmetry lines in the absence of magnetic field

(all energies are measured in units of (3/4)70/(koa)?). (c) Dispersion in the presence

of magnetic field B = 7o/(koa)® demonstrating the existence of Weyl nodes (red

points) with linear quasiparticle dispersion near them. Each node is characterised

by the monopole charge £1. In agreement with the fermion doubling theorem [181]]

(the Nielsen-Ninomiya no-go theorem), there is an even number (six) of Weyl points

in the first Brillouin zone. (d) Dispersion in the horizontal (k, — k) plane (shown by

blue color in panel (a)) containing the Weyl node near the R point. Quasiparticles in

this plane are similar to quasiparticles in graphene and are characterised by a non-

trivial Berry phase of . The arrows show the pseudospin (o) (the Pauli matrices

0; act in the space of the angular-momentum projections J, = 0 and J, = —1).

(e) Dispersion along the (yellow in panel (a)) plane consisting of vectors k = (7 +

ka/\/2, 7+ k,,0.717 + k;/+/2) containing the Weyl point. Color shows the weight of

the |1 — 1) state in the quasiparticle eigenstate, and arrows represent the pseudospin

(o). (f) Dispersion along the (green in panel (a)) vertical plane (k, — k) containing

the Weyl point near the R point. For each momentum k the color represents the

weight of the [I — 1) state . |. . . . . . .. ... .o o o oo oo
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Effects of disorder and dissipation on Weyl quasiparticles. (a) Real part of the quasi-

particle dispersion in the presence of dissipation (including spontaneous emission and

collective radiative decay). The parameters of the J = 1 — J = 0 transition corre-

spond to those of the electronic ® Py —> D; levels of bosonic *>®*Sr atoms, trapped in

a magic optical lattice potential with a = 206.4nm [187] at unit filling. Momentum

k is measured in units 7/a. (b) The upper bound on the inelastic scattering rate

estimated from simulating the tull quasiparticle spectra including all allowed elastic

and inelastic dipolar processes. The dissipation is significantly suppressed near the

Weyl node (blue line). In striking contrast, the dissipation is enhanced close to the

I' point (red line) due to the enhanced collective emission (superradiance). (c) Dis-

ordered case: (Quasiparticle dispersion for a lattice with filling traction f = 0.93 in

the limit of small dissipation kpa < 1 (the energy is measured in units vo/(koa)?).

The line thickness shows the inelastic scattering rate.|. . . . . . ... ... ... ...
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Observation of Weyl quasiparticles. (a) Momentum-selective Ramsey spectroscopy:

interfering Raman beams create an excitation with the angular momentum projection

J, = —1 and with translational momentum k near the Weyl node (see text). After

a wailting time ¢ the second pulse i1s applied to measure the fraction of particles in

the J, = 0 angular-momentum state. (b) Six quasimomenta near the Weyl node.

(c) The fraction of particles in the J, = 0 state oscillates as a function of time ¢

with the frequency (Fj. — Ef)/(2m), where Ej. — Ef is the energy splitting between

the two branches of the quasiparticle dispersion. (d) The oscillations in the presence

of dissipation for kpa ~ 0.5. (e) The oscillations in a 99% randomly filled lattice.

(f) The oscillations in a 93% filled lattice. For (c) and (d) a 3D cubic lattice of

100 x 100 x 100 sites was used and we took advantage of the translational symmetry.

For (e) and (f) a 3D cubic lattice of 10 x 10 x 10 was used.| . . . . . . . . ... . ..
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[C.1 Pair-wise two-time correlation functions in the steady-state parametrized by Z1 »(7) = |

Aexp(—y7). The correlations are calculated for a pair of dipoles in an ensemble of |

N = 70 dipoles identically coupled with f(r,;) = feg/N. The cumulant expansion |

solution agrees with the tull calculation except at W < 1" where subradiant behavior |

dominates (purple region) [I66]]. . . . . . . . .. ... 129




Chapter 1

Introduction

1.1 Quantum many-body physics

Atoms and molecules are the building blocks of the objects surrounding us. However, it is
somehow amazing that collections of them exhibit behaviors not only drastically different from a
single atom or molecule, but also very different between each other. Such many-body behaviors
include a kaleidoscope of phenomena, ranging from superconductivity, which promises high perfor-
mance electronic devices, to light harvesting, which is essential for photosynthesis in green plants.
It is then natural to ask, how do these rich phenomena emerge from microscopic rules of quantum
mechanics? And perhaps more interestingly, how to engineer materials with certain properties and
how to harness the benefits of quantum physics? The understanding of these many-body behaviors
has been a long-sought-after goal of physics. Yet with so many degrees of freedom and myriads of
ingredients in different systems, it is a challenging task and many open questions remain.

Thanks to impressive experimental advances in the last two decades, systems of ultracold
atoms and molecules provide a new avenue for addressing these questions. Experiments nowadays
can access and selectively control internal levels of various types of bosonic and fermionic species,
trap them in flexible choices of confinement geometries and tune their interaction strength, even
with single-atom resolution [26, [143], [74], 121], 190]. In addition, experiments can control the degrees
of complexity in the system and separate the target objectives we want to study from the undesired
ones.

The power of these tools has been demonstrated in numerous studies that have, for instance,



observed the crossover from a molecular BEC to a BCS superfluid of Cooper pairs [286, 204], the
Kibble-Zurek mechanism through a phase transition [I38, [I77], realized the paradigmatic Bose-
Hubbard model in optical lattices and observed the superfluid to Mott insulator quantum phase
transition [93] 83]. In those studies, the interaction between atoms is mediated by contact collisions,
which are intrinsically short-ranged. Only recently, experimental advances have enabled us to
access a variety of atomic, molecular and optical (AMO) systems with long-range interactions, thus
opening a window for the exploration of long-range interacting systems, which are ubiquitous in
nature but poorly understood. The use of AMO systems to gain a better understanding of long-
range interacting physics can not only boost our knowledge of fundamental quantum sciences but
also lead to important advances in quantum metrology and technology. This thesis aims to provide
a step forward towards reaching this goal. In the remainder of this chapter, the key subjects this

thesis revolves around will be briefly highlighted.

1.2 Long-range interactions

In systems such as trapped ions, Rydberg atoms, polar molecules and magnetic atoms, inter-
action decays with interparticle spacing in a power-law form V ~ 1/r® with smaller « indicating a
longer-ranged interaction. While there have been important developments on the understanding
of the nonequilibrium dynamics and equilibrium phases in systems with short-range interactions,
long-range interacting systems can exhibit richer but much less understood behaviors. For example,
Lieb and Robinson showed that in short-range interacting systems, information can only propagate
with a finite speed, and thus quantum correlations only exist within a linear “light-cone” [147].
This behavior has been experimentally confirmed in a one-dimensional array of ultracold bosonic
atoms [46]. However, as observed in an experiment with trapped ions that interact with long-
range Ising or XY spin-spin interactions, such a bound is violated [206]. A follow-up question is
then, if long-range interactions can facilitate entanglement generation and be useful for quantum
computation.

For isolated systems with short-range interactions, sufficient disorder can drive the system into



a many-body localized phase, where thermal relaxation is prohibited. It has been conjectured that
such localization can not exist when the decay rate of interaction « is smaller than the dimension
of the system [I76]. However, much is still unclear about the transport properties of systems with
long-range interactions.

The observation of many-body effects requires interactions to be stronger than other energy
scales, such as loss and heating. This is a particular aspect where long range interactions can bring
important opportunities. Let us consider for example the case of two particles sitting at adjacent
sites of a lattice. If they interact via short-range interactions, to see each other one of them needs
to first tunnel, then interact locally with the other and finally tunnel back. This type of tunneling
mediated interactions, known as superexchange interactions, can be very weak ~nK. Their low
energy scales have been an important obstacle to experimentally observing them in the laboratory.
On the contrary, if they can interact at long distance via dipolar interactions, no motion is required.
This has facilitated their experimental observation as reported in recent experiments using KRb
molecules or magnetic atoms such as Cr and Er [278| [10,[61]. The strong dipolar interactions are also
experienced by Rydberg atoms, which are becoming an attractive platform for quantum information
processing. Dipolar interactions between polar molecules are anisotropic, and consequently can give
rise to geometrically frustrated interactions. Those are the underlying mechanism behind exotic
states of matter such as spin liquids, which are highly entangled and topologically nontrivial [11].
Moreover, dipolar interactions naturally give rise to spin-orbit coupling (SOC)—a key element for a
variety of topological phenomena, such as Majorana fermions and topological insulators [168], 279].
Spin-orbit coupling emerges in dipolar particles because dipolar interactions can couple external
angular momentum and internal states.

The fact that dipolar interactions can directly take place between frozen particles also means
that they could be a source of undesirable systematic effects in atomic clocks as the clocks become
sensitive enough to detect them [I53] 45]. Further improving the accuracy of atomic clocks thus
demands a thorough knowledge of the underlying many-body dipolar effects. What is more, if

frozen dipolar arrays can exhibit rich physics due to the long-range and collective character of



dipolar interactions, then one can anticipate the rich and complex physics that emerges when the
dipoles are allowed to move. The study of the interplay between motional and dipolar interactions

also constitutes a major part of this thesis.

1.3 Dissipation

To utilize many-body quantum mechanical systems for technological benefits, such as building
a powerful quantum computer, it is important to overcome processes that can smear out quantum
coherences. Those are in general unavoidable due to the coupling with environment. In AMO
systems, the main decoherence mechanisms typically come from two-body or three-body collisions
that induce number loss, spontaneous emission that changes internal level of an atom, and heating
from light scattering processes. Usually these effects are considered as detrimental since they
often result in an exponential decay of coherence. However, it is now appreciated that dissipative
processes can also give rise to nontrivial effects and even be used to generate entanglement between
particles [56, 148]. In fact, the interplay between dissipation and interactions is far from trivial,
especially when the interactions are nonlocal and collective. Superradiance and subrradiance are
two iconic examples. Superradiance, as will be shown in chapter ] can drive the system into a robust
phase coherent state. Subradiance can maintain long-lived coherence and help to protect interesting
quantum states [248], 195, 20]. Understanding how robust phases can emerge as a consequence of
such interplay is highly desirable. However, dissipative many-body interacting quantum systems
are generically hard to model and understand. In this thesis we present some of the methods

developed to deal with several cases relevant to recent experiments.

1.4 Outline of this thesis

In this thesis, comprehensive studies are conducted on non-equilibrium many-body behaviors
in long-range interacting systems, especially where the interplay with dissipation is relevant.
Chapter [2| introduces the origin and form of dipole-dipole interactions and their remarkable

features, and provides the necessary background for the physics discussed in the following chapters.



The investigation of dipolar physics starts in Chapter [3] which discusses thermalization pro-
cesses of dipolar molecules, explicitly KRb, confined in a quasi-two-dimensional trap. The main
focus of the chapter is to determine possible ways to achieve evaporative cooling of the molecular
gas. For efficient evaporation it is important that inelastic collision processes, for KRb molecules
mainly coming from chemical reactions, become subdominant. We discuss the competition between
elastic and inelastic events and find regimes where cooling to quantum degeneracy could be pos-
sible. The calculations presented in this chapter can guide current experiments in their effort to
create high-phase-space-density gases of polar molecules.

Chapter [ studies a different geometry, where molecules are confined in an optical lattice and
tunneling along one dimension is allowed. We develop theoretical models to describe the tunneling
dynamics in the presence of fast on-site losses. Our calculations reveal the important role played by
multiple lattice bands and are capable of reproducing the experimental observations. They explain
the suppression of molecule losses as a result of the quantum Zeno effect. Although in this chapter
we focused on KRb molecules, the theory presented is expected to be applicable to a variety of
other highly dissipative systems.

Alkaline earth atoms have important applications in quantum many-body physics and quan-
tum metrology. They also represent a system where the interplay between long-range dispersive
and dissipative interactions is relevant. All the following chapters of this thesis are devoted to
explore the collective phenomena that can result from these interactions.

Chapter [f] discusses a possible way to realize a quantum analogue of the phenomenon of
synchronization of classical oscillators in an array of incoherently pumped atoms. In this sys-
tem, macroscopic phase coherence is generated by long-range interactions. Quantum correlations,
entanglement, and the spectral properties of atoms in the coherent and incoherent phases are inves-
tigated in detail, providing an understanding of the open questions regarding the quantum aspect
of synchronization.

Chapter [6] develops theoretical models to study the fluorescence properties of an ensemble

of atoms driven by an external laser. Dipole-dipole interaction is shown to collectively affect the



line center and linewidth of the fluorescence spectrum. It is also found that atomic motion can
significantly modify the spectral lineshape. We further show that, the theories presented can be
applied to successfully model a recent experiment done in 83Sr atoms.

In chapter 7, we show that the same model used to describe the fluorescence in Sr atoms
in chapter [6] predicts the emergence of Weyl quasiparticles in a dense array of frozen atoms in a
three-dimensional cubic lattice. Weyl excitations possess fascinating topological properties, and
remarkably, they are found in this implementation to be robust against dissipation, due to the
mechanism of subradiance.

The theoretical approaches developed here are applicable to general long-range interacting
systems, such as trapped ions, atoms trapped in photonic crystals, an ensemble of nitrogen vacancy

spin impurities in diamond, systems of Rydberg atoms, among others.

Publications summarized in this thesis:

Chapter 3:
Evaporative cooling of reactive polar molecules confined in a two-dimensional geometry

B. Zhu, G. Quémenér, A. M. Rey and M. J. Holland, Phys. Rev. A, 88, 063405, 2013.

Chapter 4:

Suppressing the loss of ultracold molecules via the continuous quantum Zeno effect

B. Zhu, B. Gadway, M. Foss-Feig, J. Schachenmayer, M. Wall, K. R. A. Hazzard, B. Yan, S. A.
Moses, J. P. Covey, D. S. Jin, J. Ye, M. Holland and A. M. Rey, Phys. Rev. Lett., 112, 070404,

2014.

Chapter 5:
Synchronization of Interacting Quantum Dipoles
B. Zhu, J. Schachenmayer, M. Xu, F. Herrera, J. G. Restrepo, M. J. Holland and A. M. Rey, New

J. Phys., 17, 083063, 2015.
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B. Zhu, J. Cooper, Jun Ye, and A. M. Rey, Phys. Rev. A, 94, 023612, 2016.

Collective atomic scattering and motional effects in a dense coherent medium
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Emergent Weyl quasiparticles in three-dimensional dipolar arrays
S. V. Syzranov, M. L. Wall, B. Zhu, V. Gurarie and A. M. Rey, Nature Communications, 7, 13543,

2016.



Chapter 2

Radiating dipoles

2.1 Dipolar interactions: origin and characteristics

The origin of electric dipole-dipole interactions can be formally derived by considering a
collection of atoms exposed to an electromagnetic field. Specifically, we consider an ensemble of
atoms exhibiting a J = 0 — J’ = 1 transition driven by an electromagnetic field. The Hamiltonian

governing this system is [94] 45] 110}, [187]

H = Hy+V, (2.1)
Hy = hwo ) b3T09 + 7 wpal e, (2.2)
ja ke
Vo= —Zﬁj.E(rj), (2.3)
D, = Z]éad(i;;”+z3;¥), (2.4)
E(r;) = igkek(eik'rdkeJrH-C-% (2.5)
ke

where the notation |«) is used to denote the three different excited levels, and j to label the atoms.
For convenience, the Cartesian basis is chosen, e = (z,y, 2), |a) = |z),|y) or |z). The latter are
related to the angular momentum basis by |z) = —(|+1) — |=1))/V2, |y) = —i(|+1) + |-1))/v2
and |z) = |0). l;;” = |a;) (g;] is the raising operator from the ground state to the state |a) of the
4 atom, and d is the atomic dipole moment. wy and wy denote the atomic angular frequency and
the photon angular frequencies, respectively. k (€) is the momentum (polarization) of the photon.

€o is the vacuum permittivity, and V' is the photon quantization volume.



The evolution of the composite system of atoms and photons is described by

dpat i
Pl 2V (0), (2.6)
V/(t) _ engt/hV(t)e—iﬁot/ﬁ (2'7)

— Z Z gkd(éa . é) [B(?é'fdkeeik-riji(wOfwk)t + BOff&l"'{ efik-rj+i(o.)0+wk)t
J 7 €
Jo ke
—i—i)?&keeik'rj —i(wotwg )t + B?T&;[“e—ikrj —i(wo —wk)t] ) (2.8)

Given the large number of photon modes, the above equation is not very useful. Instead, we look

for an equation describing the system of atoms only. To this end, we can formally integrate Eq.

(2.6)), and obtain

dﬁaf l/t 293 N
= —— [ dr[V'(t — af(t — 7)]. 2.9
Bl = [ V=)t =) (29)
Substituting this back to Eq. (2.6]) leads to

dﬁaf o _i t
a w2

dT[V/(t)7 [V/(t - T), ﬁaf(t - T)H (2'10)

This integro-differential equation gives the density matrix of the composite system via its depen-
dence on all its past history. To further simplify it, we adopt the Born-Markov approximation,
which assumes that the correlation between photon modes can be neglected, and that the atom-
field correlation time is short compared to the characteristic evolution time of the atomic system.
These assumptions are reasonable for many practical applications, considering that the large num-
ber of degrees of freedom of the photon field and the fact that the atom-field coupling is too weak to
significantly modify the field. In this thesis, we are only interested in cases where these assumptions
are valid. Thus we can factorize the density matrix as pa¢(t — 7) = p(t) ® |0) (0], where we also let
the photon field remain in the vacuum state |0), following from the above assumptions. p is the

reduced density matrix of the atomic system, which evolves as

dp 1

o = Tt [/OoodT[V'(t),[V’(t—r),ﬁ(t)®\O> onl, (2.11)
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where Tr¢ is the trace over the photonic degrees of freedom. Substituting the expression for V'(t)

into the above, we obtain

dp 1 [ S
@ = ), D e (Ea-9en-d
Jil ke a,a!
BT b o)
+(ﬁg?Ti)la/ B E?Tﬁglo/)efik-l‘leri(woerkq—)
aba/’( A B?‘/Tﬁl;?)eik'rﬂ_i(w0+wk7)

+(pby Tbg — b9 pbyy e eriiilwo )y (2.12)

where rj; =r; — 1.
The summation over k can be replaced by an integral # i k?dkdS). The angular part of

the integral [ dQ can be explicitly implemented

/ AN "N (e - €)(éar &) = 4Am Y [A(K)(en - €)(én - €) + B(k)éa - €u], (2.13)

Ak) = —Sink(fr) +3Si(rlig§g) —30(()2501;4), (2.14)
By — T ) B0, (2.15

These seemingly convolved forms come from the fact that photons have two different polarizations.

The integral over time can be performed using the following relations

oo
, 1
/0 dre @ — (W, £ wo) £ iP.V.Wk . (2.16)
o0
/0 dre{wotw)T 0 (wk £ wo) F iP.V.Wk o (2.17)
where P.V. denotes the principal value. Carrying out the correspondent integrals result in
dp 1,4
— = ——[Haqg, o)+ L[9]. 2.18
a h[ dd; p| + L[p] (2.18)

In the above expression, the dissipator £ comes from the integration over the Dirac Delta

function, which enforces w = wg. The Hamiltonian part comes from the principal value integral,
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which involves w # wq, accounting for the processes involving virtual photons. Explicitly, we have

Hyg = hY_ > gabsTop, (2.19)

j:l Ck,a/
Ll = DO by byt — {5 pyl, (2.20)
il el
with dipole-dipole interactions
gﬁa’ = Re[GS], (2.21)
a0’ — Tm[G9Y], (2.22)
where
oo ar PN PO
i = plalra)(@a i) (€ar - T52) +b(rj)(€a - €ar)], (2.23)
eikor eikor eikor
= 3i -3 2.24
o) = e P e 220
eikor eikor eikor
b = — —1 . 2.25
(r) kor Zk‘grz + kgrs ( )

2
In the above equations, I' = is the spontaneous emission rate, ky = wg/c is the wavevector

k3d
3mheg
of the dipole transition, and €, is the dipole polarization direction corresponding to the transition

lg) — |a). Note that although the above equations were derived for the case of a J =0 — J' =

transition, the procedure can be generalized straightforwardly to more general dipole transitions.

2.2 Near-field and far-field interactions

In this section we take a closer examination of the dipole-dipole interactions. In addition to
the dispersive interactions indicated by the real part of G, the coupling to radiation field results
in an imaginary part that represents the dissipative interactions. An illustration of these interac-
tions is shown in Fig. The structures and spatial dependence of the dissipative and dispersive
interactions are generally very different. For dipole-dipole interactions, I' sets the dominant en-
ergy scale, which depends on the dipole moment, and 1/kq sets the relevant length scale in these

interactions. When kgr < 1, namely, when the interparticle spacing is much smaller than the

aa’

photon wavelength, ¢ diverges as ~ I'/(kor)?3, while f&® approaches a constant I', thus becomes
Jl Jl
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negligible. Then in this limit the dipolar interactions reduce to the conventional electric dipolar

interaction, namely

Jmax ~ —100T

rap = 0.1
rap = 0.5\

Figure 2.1: Spatial dependence of dipole-dipole interactions. The diagonal parts of the imaginary
(f#*) and real (¢g**) dipolar interactions between two dipoles are plotted, for three different inter-
particle spacings. While both types of interactions depend on geometry, they are nonidentical, and
the elastic interactions are highly sensitive to the spatial separation and orientation of the particles.
The maximum value for imaginary and real interactions for fixed |rg| is denoted as fmax and gmax,
respectively. The cone illustrates the magic angle, ,, = arccos(1/v/3), along which the elastic
interactions vanish.

~ a2 e aratial
Vaa(r) = Z W[(ea “€y) — 3(€q - T)(&y - r)]bijl . (2.26)

aa!

An exemplary system of this regime is ultracold KRb molecules prepared in the lowest two rotational

states.

eikor‘
r ?

In the opposite limit, kgr > 1, the dominant term in the dipole-dipole interactions is
which shares the same behavior as the Green’s function of a photon propagating in free space. This
is the far-field regime. In fact, it is also possible to modify the form of the interactions by selecting
the photon mode to which atoms are coupled. By loading atoms inside a single-mode Fabry—Perot
cavity, a collective interaction that does not decay with r can be generated. Tunable power-law
long-range interactionscan can also be engineered by coupling atoms to photonic crystals [69].

In the case where kgr ~ 1, the near-field and far-field terms o< 1/73,1/72,1/r are of similar
magnitude. Neither the dissipative and dispersive part of the Hamiltonian, nor the near-field and

far-field components commute with each other, and thus this case corresponds to an interesting
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regime where all terms are relevant. Fig. lists the properties of dipole transitions in several ex-
perimentally relevant systems. For alkaline earth atoms, such as Sr atoms, it is possible to probe the
intermediate regime where the system is affected by the complex interplay between all components
of dipole-dipole interactions. While this complexity imposes a challenge to theoretical treatment, it
also enables extra control knobs and allows for new phenomena. In a recent experiment, Sr atoms
have been loaded into a three-dimensional lattice, and the clock transition (1S —3 Pp) has been
probed [38]. Even though the transition matrix element of the transition is ultranarrow (I' ~ mHz),
dipolar interactions might play an important role in the future performance of these 3D optical

lattice clocks.

Alkaline earth atoms

5

Polar molecules

L4

Rotational levels
N=0 - N=1 (KRb)

Vibrational levels
v=0 - v=1 (KRb)

Electronic orbitals
1S, = 3P, (*'Sr)

Electronic orbitals
3P, = 3D, (¥Sr)

koa ~ 2 x 107°

koa ~ 2 x 1072

koa ~ 3.6

koa ~ 0.5

d ~ 0.5Debye

d ~ 0.004Debye

d ~ 0.001Debye

d ~ 4Debye

Figure 2.2: Typical transitions relevant for dipolar interactions in several AMO systems. a is
the optical lattice spacing estimated from experimental realizations [260, 187, 249] 250]. Different
choices of internal states allow us to access different dipolar regimes .

In general, dipole-dipole interactions depend on the orientation of atomic dipoles. The off-
diagonal elements in Eq. , i.e., a # o, couple states with different angular momentum
projections. This coupling is a quantum analog of the Einstein-de Haas effect [73], and can be also
seen as an effective spin-orbit coupling. As will be discussed in Chapter 7, it gives rise to Weyl

quasiparticles in a three-dimensional array of dipoles [248].
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2.3 Superradiance and subradiance

To illustrate some of the interesting phenomena arising from long-range dipole-dipole inter-
actions, we first consider a simplified case. We include only two levels in the transition, |g) and
|z), thus we can define 6, = AJZ- = |g) (z|. We also consider the case where dipoles are very close to
each other kor <1 and thus f7* ~ f. We focus on the dissipative part of the interactions. Then

only the second part of Eq. (2.18) is relavant, and the dissipator becomes
LIp) = fRIpJT =TV I p—pJTI7), (2.27)

where J* = > j &j-c are collective angular momentum operators. Since the dissipator commutes with
the total angular momentum J, it is convenient to use a representation in the angular momentum
basis |J, M, (), where J = N/2,N/2 — 1,...(Nmod2)/2 is the total angular momentum, M =
—J,—J +1,...J is its projection on the quantization axis, and g is an additional quantum number
to label the states with the same J and M. Overall, the total number of states equals 2V, thus for
general J < N/2, there are multiple states with the same J and M. The manifold with J = N/2
is the symmetrized Dicke states. The above dissipator induces decay only within the same J
manifold. An example of three atoms is given in Fig. where the decay rates can be explicitly
calculated for all states. For states in the symmetrized Dicke manifold, the decay rate can exceed
the independent atom spontaneous emission rate. This phenomenon, known as superradiance, was
first theoretically predicted by Dicke in 1954 [67]. In fact, the decay rate of symmetrized Dicke
states is I'(J + M )(J — M + 1), which is maximal for the state |N/2,0) [67]. Physically this can be
understood from the fact that there are N indistinguishable decay channels, so the decay rate is
enhanced by ~ N. For states in other manifolds, the individual atomic states are not symmetric,
and the decay rates can be even smaller than the rate of independent atoms. These are the so-called
subradiant states, which are less affected by the dissipative environment.

Outside the near-field limit, dipole-dipole interactions are not collective, but superradiant and
subradiant states still exist, though consisting of a mixture of the above Dicke states and requiring

more sophisticated theoretical approaches. Superradiance, which was originally conceived for a
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Figure 2.3: Dicke states for three atoms. |e) and |g) denote the excited and ground state in the
individual atom basis. Also indicated are the decay rates under the dissipator JTJ~. States in red
colors decays at least at rate N I', while the decay rate for states in blue (or black) color is < N.I"
(or =0), where N, denotes the number of excitations in the system.

small dense sample, can be observed experimentally in large and dilute ensembles. A demonstration
of this phenomenon is performed in a recent experiment with bosonic Sr atoms. We show in
chapter 6 that using a microscopic theory derived from Egs. and , we are able to
quantitatively describe the experiment. Collective emission has also been observed in various
experiments performed using photonic crystal waveguides and in cavity systems [86], 29] [182].

In contrast, subradiant states are usually difficult to prepare or probe in experiments with
many atoms. In chapter [7], we propose a protocol to realize subradiant states in a dipolar array,
without requiring complicated control of external fields. We also show there, that subradiance

stabilizes Weyl quasiparticles.



Chapter 3

Evaporative cooling of reactive polar molecules confined in a two-dimensional

geometry

3.1 Introduction

Polar molecules that exhibit strong dipole-dipole interactions have tremendous applications,
ranging from quantum many-body physics [253], 14}, 136] and quantum information processing [66]
to precision measurements [282] and ultracold chemistry [4I]. The parameter regime of interest
is generally ultralow temperature and high phase-space density, where novel quantum features
can emerge. In practice, it turns out to be difficult to cool molecules into the desired regime
using standard methods due to their complicated internal level structure. In the past few years,
significant experimental progress has been made towards this goal through the demonstration of a
method for preparing a gas of fermionic KRb molecules in the lowest electronic, vibrational, and
rotational quantum state, with a temperature T" at the verge of quantum degeneracy (i.e. T /Ty ~ 1
where Ty is the Fermi temperature) [179, 189, [180]. From this starting point, one would like to
further increase the phase-space density by implementing evaporative cooling—demonstrated to be
one of the most useful cooling methods for quantum gases [32), 58|, [65].

A fundamental limitation to the effectiveness of evaporative cooling for polar molecules is
their fast losses. For KRb molecules, the losses arise mainly from exothermic chemical reactions,
i.e. KRb + KRb— Ky + Rbs. In such reactions, molecules prepared in different internal states
can undergo barrierless collisions, with a lifetime of only ~10 ms [I80, 201]. In contrast, identical

fermionic KRb molecules at ultra-low temperature are protected by the p-wave barrier, which
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potentially results in a much slower reaction rate [I80]. However, due to the anisotropic nature of
the dipole-dipole interaction, molecules of the correct orientation can be attracted towards each
other by experiencing “head-to-tail” collisions. As a result, the p-wave barrier can be greatly
suppressed. Such a loss mechanism is further facilitated by the application of a strong external
electric field that increases the dipole strength.

Significantly, these obstacles can be overcome by confining the molecules into quasi-two-
dimensional traps, which can be generated by a one-dimensional optical lattice. In this case, the
adverse collisions can be greatly suppressed and the reaction barrier effectively raised [60), 202,
200]. Furthermore, both the elastic and inelastic collision rates can be tuned by controlling the
applied external electric field and the trapping potential. Thus, while most previous experiments
implementing evaporative cooling were performed in three-dimensional geometries [123], here we
are explicitly interested in focussing on evaporative cooling in two-dimensions, with the anisotropic
collisions that arise from the dipolar interaction. A detailed understanding of this situation would
be beneficial for future experimental realizations.

Given this motivation, we theoretically investigate evaporative cooling of molecules. We use
both Monte Carlo (MC) simulations and models developed on the basis of kinetic theory to study
the efficiency of evaporative cooling with parameters applicable to current state-of-the-art KRb
experiments. This chapter is structured as follows. In Sec. [3.2] we explore the effect of anisotropic
collisions on evaporative cooling. In Sec. [3.3] we consider the effect of reduced trap dimension,
i.e. two-dimensional rather than three-dimensional traps. In Sec. [3.4 we apply the MC method to
determine the optimum evaporative cooling trajectory for KRb molecules. In Sec. we discuss

the potential anti-evaporation mechanism arising from the energy dependence of the inelastic loss.
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3.2 Evaporative cooling with anisotropic collisions

3.2.1 Anisotropic elastic collisions between polar molecules

Evaporative cooling relies on removing particles with above-average energy and redistributing
the residual energy among the remaining particles by elastic collisions so that the temperature falls.
For polar molecules, the characteristic parameters that encapsulate the elastic scattering process
can be dramatically modified by the application of external fields. In the presence of an external
electric field, the dipole-dipole interaction between polar molecules can mix different partial waves
and give rise to highly-anisotropic scattering. Moreover, for identical fermions, the lowest total
angular momentum partial wave that has the correct symmetry is p-wave, so the elastic collisions
are anisotropic at ultralow temperature even in the absence of applied fields [87].

Considering current experimental conditions [60], we adopt the differential and total scat-
tering cross-section computed for KRb molecules in two-dimensions at an induced dipole moment
d = 0.2 debye as a function of the collision energy E.. FIG. [3.1(a) shows the dependence of
differential cross-section on the scattering angle, ¢, which is the precession angle of the relative
momentum during the collision. Scattering is mainly forward (0 or 27) and backward (7). The
peak is more pronounced as the collision energy increases due to the larger contribution of higher

partial waves. This differential cross-section is well parametrized by the empirical function

(%)E — & (acosg)™ + (cosg)™) (3.1)

with a, @/, @ and o/ constants that are real and positive, and with the total cross-section given by

)
A= dp——=. .
[ a3 (32)

The dependence of A on collision energy is shown in FIG. (b) Our best parametrization for
various scattering energies is given in Table Note that at E. ~ 1 nK, the angular dependence
of the differential cross-section is well approximated by that of a p-wave collision, since a > a’ and

a~1.
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Figure 3.1:  (a) Two-dimensional differential scattering cross-section for elastic collisions as a
function of the scattering angle. Four collision energies are shown; E, = 1 nK (blue disk), 10 nK
(green diamond), 100 nK (red triangle), and 1 pK (black star). The induced dipole moment
is d = 0.2 debye and the harmonic frequency of the one-dimensional confinement potential is

= 23 kHz, The solid lines show the empirical formula Eq. . (b) Total scattering cross
section for elastic collisions (solid line) and reactive processes (dashed line) as a function of the
collision energy for an induced dipole moment of d = 0.2 debye and a one dimensional confinement of
v = 23 kHz. The ratio of elastic to reactive is indicated at four different collision energies; E. =1 nK
(blue point), 10 nK (green point), 100 nK (red point), and 1 pK (black point). (c¢) Number
of collisions k required for thermalization for different differential scattering cross-sections. The
magenta solid line shows Eq. . The purple circles are results from the MC simulations, and
are shown with their small statistical error bars. The four symbols (blue disk, green diamond, red
triangle, black star) correspond to the same energies as (a).

E.(nK) a a’ « o | A(10~%cm)
0.31 | 0.0005 | 1.00 | 2.19 0.38
10 | 0.27 0.06 | 1.00 | 2.09 3.67
100 | 0.24 0.21 | 1.19 | 7.03 5.99
1000 | 0.34 0.40 | 2.47 | 26.40 3.42

Table 3.1: Derived parameters from the fit of Eq. (3.1]) for the scattering energies shown in Fig.

3.2.2 Thermalization rate

The thermalization rate characterizes the timescale needed for a system to redistribute energy
after an evaporative cut. To quantitatively investigate the thermalization under anisotropic colli-
sions, we adopt the typical experimental procedure of cross-dimensional thermalization [173, 64].
In order to isolate the effect of anisotropic elastic collisions, we will neglect inelastic collisions
completely for these thermalization calculations.

Consider a gas of N molecules in a two-dimensional harmonic trap with a slight initial
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imbalance of temperatures along each axis. This initial condition can be prepared in experiment
by parametric heating of an equilibrium gas [I73]. We define an effective temperature T; in the
ith direction in terms of the total energy FE; by kpT; = E;/N = pTQ (2m) + mw € /2 where w;
is the trapping frequency, m is the molecule mass, and p; / (2m) and mw; 712 denote the average

kinetic energy and potential energy. We assume that the system is well described by the Boltzmann

distribution
2
fo(x,p) = no exp<f Z (m + mw?a? )/(ZkBT)) (3.3)
where ng guarantees normalization, i.e.
1 /d2:cd2p fo(x,p) =N. (3.4)
(2mh)? ’

Without loss of generality, we assume T, = (1 — &)T, with £ > 0. Elastic collisions lead to an
exchange of energy between the x and y directions and reduce the relative temperature difference.

The rate of such change is [205]

dE. dr. 1
T Nkp—=%— | 2ed®od2vodd
dt Bt 2m(27rh)4/ 2d"prd"prdo
d\(¢/
ol 1) o o)l — pal A (3.5)
This involves the energy change per collision given by
1
AE, = — _ 2 240 2 )
4m\p1 p2|“(cos“ ¢’ — cos @), (3.6)

where ¢ and ¢ are the angles between the relative momentum and the total momentum before and
after the collision respectively. The period of time it takes to thermalize, 7, can be defined as the

1/e decay time of the temperature difference, so that

dT; 1
—L = I (T,—-Tp), 3.7
dt 7'( 0) (37)

where Ty = (T}, +T,)/2 is the temperature at equilibrium. From Eq. (3.5) and Eq. (3.7)), we obtain
the average number of elastic collisions required for the system to thermalize, k, in the following

way. We begin by defining the collision rate ~

A

= W/decppldeQ fO(X, p1)f0(X, pg)’pl — p2‘7 (3.8)
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so that k = limg_,o(77), independent of the initial temperature and trapping frequencies [64, 207].
Combining Eq. (3.3)-Eq. (3.8) with the form of the differential cross-sections given in Eq. (3.1))

leads to the following result:

8 a TI'(a+1/2)
15ﬁ{2a+2 Fa+1)

a T +1/2))7"
. 3.9
+2a’—|—2 o/ +1) (3:9)
When o’ = 0 and o = 0, this reduces to the particularly simple expression
16
= —(2 2 1
K 15( a+2), (3.10)
which corresponds to the differential cross-section
dA
d(f) = a cos’®¢. (3.11)

In order to interpret these results, for each scattering energy F., we calculate k using Eq. , and
plot the result on the (a, k) line, as prescribed by Eq. , with markers (star, square, triangle,
diamond, and disk), as shown in FIG. B.1|(c). The use of the linear relationship between o and
is supported by results obtained from MC simulations, as described in Appendix utilizing
the differential cross-section form of Eq. directly (purple circles). The exception is at large
a, where the assumption adopted in deriving Eq. —namely that of a Boltzman distribution
parametrized by an effective temperature—becomes poor when the thermalization is too slow.
The calculations demonstrate a strikingly strong dependence on the anisotropy of the colli-
sions for rethermalization. For a = 0 the collisions are isotropic (s-wave like) and x ~ 2.1. This
compares with x &~ 4.3 at a = 1, which describes p-wave collisions. For F. = 1 uK we find x =~ 9.7,
which is many times that for isotropic collisions, implying a significant increase in the number
of collisions required for rethermalization. One may have anticipated this since the differential
cross-section is sharply peaked in the forward and backward directions and energy is not efficiently
redistributed. Also note that the outcome for the differential cross-section of KRb with E. =1 nK is
very close to that from Eq. with o = 1, indicating p-wave elastic collisions between identical

fermions at ultra-low temperature.
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3.2.3 Evaporation with anisotropic collisions

In evaporative cooling experiments, inelastic collisions compete with elastic collisions, and
thus a slow thermalization rate gives rise to a reduction in cooling efficiency. In this section, we
use MC simulations to quantify the efficiency of evaporative cooling in two ways: by the achieved
increase in phase-space density ¢/ at the expense of losing a certain portion of the molecules in
the trap (see FIG. , and by the time required for the temperature to go down and € to increase

by a given amount (see FIG. [3.3).
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Figure 3.2: Increase in phase space density vs truncation parameter 7 for different %(f). Here Qg

is the initial phase-space density, and the final phase space density, )¢, was calculated when the

ratio of molecule numbers was Ni/Ny = 0.1. Blue circles: %(f) =const; red crosses: (%(f)) Ee=1pK;

green squares: (%(f)) E,=100nK; black dotted line: critical phase space density {2, for quantum
degeneracy.

In these simulations, we assume an instantaneous removal of all particles with energy greater
than a cut-off energy. The cut-off energy, €, evolves during the evaporation trajectory with the
constraint that a truncation parameter, n = ¢/E, is kept constant, where E is the average energy
of the nonequilibrium distribution. The comparison between isotropic and anisotropic collisions is
made by calculating the evaporation trajectory for a variety of differential cross-sections, starting
with the same initial molecule number. To simplify the comparison, for both elastic and inelastic

collisions, we keep the total cross-sections constant while varying the differential cross-section for
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Figure 3.3: Trajectories of evaporation for (a): (dT¢)EC:1uK at n~ 3.4 and (b): =3~ =const at
n ~ 4.3, under the same initial conditions as in FIG. In comparison with (a), it is apparent
that in (b) the temperature T drops faster and the phase-space density ) increases much more
rapidly.

elastic scattering. We also assume the cross-sections to be energy independent.
The molecules are initially simulated from a truncated Boltzmann distribution utilizing the

cut-off energy [155] €;:

2

o) = mpexp(—(T 4 muw?a?)/(2kpT))
2
x@(et - (2p—m + %mw2m2)), (3.12)

where © is the Heaviside function, n, is the normalization, and 7' is the initial temperature, held
fixed for different simulations. Although the energy distribution of the molecules is intrinsically
non-equilibrium here, we may assign it a phase-space density, {2, as that of the corresponding
equilibrium distribution that has the same molecule number and average molecule energy.

In FIG. Q is plotted for the case of evaporation trajectories in which 90% of the initial
molecules are lost. For anisotropic collisions, we calculate evaporation trajectories for the differ-
ential cross-sections for F, = 100nK and FE, = 1uK given in the subsection The results

presented in FIG. show that the maximum efficiency achievable by varying 7 is much lower
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for anisotropic collisions than that achievable with isotropic collisions. In addition, the maximum
efficiency is reached at smaller 7. This suggests, for example, that if € is set by the trap depth
in an experiment, a shallower trap is desirable for evaporating a gas with anisotropic collisions,
compared with evaporating a gas with isotropic collisions, at the same temperature and collision
rate.

For these calculations, the inelastic to elastic collision rate ratio was held fixed at ¢ = 1/200.
This was chosen based on typical experimental conditions for KRb molecules (see Sec. . The
value of ( does not qualitatively change the above comparisons; it only changes the shape of each
curve [123], and as one would expect, the maximum efficiency and the corresponding 7 decreases
as ( increases.

In FIG. we plot the time-dependent trajectories of evaporative cooling for isotropic
collisions with nn = 4.3, and for anisotropic collisions for E. = 1 puK with n = 3.4. These values
of i were chosen such that Q¢/€Qp is maximum in FIG. and thus most efficient. It is evident
from this plot that to reach the same increase in €2 and decrease in 7', it takes much shorter time
with isotropic collisions (FIG. [3.3(b)). This indicates a lower efficiency with anisotropic collisions,

consistent with the results of FIG.

3.3 Evaporative cooling in 2D traps

Physics in two-dimensional geometries can often be quite different from that in three-dimensions.
Unlike many previous evaporative cooling experiments, KRb molecules need, in general, to be con-
fined in traps with reduced dimensionality to be stable. Such a configuration was also used to
evaporate Cs atoms [I05]. Here, we study the effect of reduced dimensionality on evaporative
cooling by comparing the efficiency in two-dimensional and three-dimensional traps.

The previous section showed that the existence of highly-anisotropic collisions slows down

thermalization and decreases the efficiency of evaporative cooling. A calculation analogous to Sec.
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but for a three-dimensional harmonic trap gives
5
K= 6(204 +3), (3.13)

which implies £ = 2.5 when o = 0 (isotropic collisions). This result may suggest a potentially
faster thermalization rate and more efficient evaporation in a two-dimensional harmonic trap when
compared with a three-dimensional harmonic trap with everything else held fixed. However, such
a conclusion based soley on Eq. would be premature, since the density of states depends
on the dimensionality. Specifically, it was found for the comparison between quadratic potentials
and linear potentials in three dimensions that changing the density of states can also change the
evaporative cooling efficiency [123].

To incorporate such differences, we use MC simulation and a truncated-Boltzmann (TB)
method based on kinetic theory (see Appendix to calculate the evaporation trajectories. Here,
we consider harmonic traps and isotropic energy-independent collisions in order to isolate the effect
of dimensionality. Following a similar procedure to that of the previous section, we calculate
In(Q2¢/p) at fixed N¢/Np, under equivalent initial conditions for both types of traps. As shown
in FIG. both the MC and TB approaches show a lower achievable increase in the phase-space
density for a two-dimensional harmonic trap. This suggests that evaporative cooling is intrinsically
less efficient in two-dimensional traps. The discrepancy between MC and TB, which increases for
smaller 7, is caused by the discrepancy between the form of the energy distributions, which for TB
is constrained. At smaller 7, the trucated Boltzmann distribution deviates significantly from the

actual distribution of molecules, as calculated in MC.

3.4 Evaporative cooling of KRb molecules

In a quasi-two-dimensional trap, the elastic and reactive collisions between KRb molecules
both depend on both the strength of the external electric field and the confinement induced by the
lattice. Under current trapping conditions in experiments, a favorable ratio between the elastic

and reactive processes can be reached at a moderate eletric field [60} 201]. We show in FIG. 3.1|(b)



IN(Qs/Q0)

26

2l e 2DMC ® 3DMC
1 — 2D TB —- 2D critical
-=3DTB == 3D critical
0 L L L
3 4 5 6
n

Figure 3.4: Comparison of the efficiency of evaporative cooling in two-dimensional (2D) and three-
dimensional (3D) harmonic traps. In(¢/0)’s are calculated at Nf/Np = 0.1, and ¢ = 1/200. Red
(blue) line: 3D (2D) harmonic trap from method in Appendix red squares: 3D harmonic trap
from MC simulation; blue disks: 2D harmonic trap from MC simulation; blue (red) dotted line: €.
for a 2D (3D) trap.

the total scattering cross-section for the elastic process and reactive process of KRb molecules at
d = 0.2 debye with the confinement along the lattice direction given by v = 23 kHz. In the ultracold
regime, the elastic cross-section scales as E: / 2, while the reactive cross-section scales as Fo /2 [146].
Furthermore, elastic processes are found to be generally faster than reactive processes, supporting
the potential for successful evaporative cooling [200] while the large elastic cross-section favors fast
rethermalization.

The quantitative knowledge of the elastic and reactive collisions between KRb molecules
allows us to apply MC simulation with realistic experimental parameters. In FIG. we show
evaporation trajectories in a 27 x 20 Hz two-dimensional gaussian trap. For this simulation, we
have assumed the instantaneous removal of energetic molecules above the cut, as in Sec.
and Sec. We also assume that the inelastic losses are only due to the reactive collisions that
are discussed above. The initial temperature was chosen to be within the accessible regime of
experiments. The results show that a considerable increase in phase-space density can be achieved
via evaporative cooling. We note that there are further experimental effects that can in principle

reduce the achieved phase-space density increase from that calculated here, such as the finite rate
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of removing energetic molecules and other sources of loss and heating. On the other hand, progress
towards realizing deeper lattices ( i.e., v > 23 kHz), can potentially reduce ¢ and thereby enhance

the cooling efficiency.

0 05 10 15 20
time (s)

Figure 3.5: Evaporative cooling trajectories for KRb molecules inside a 2D trap of 27 x 20 Hz,
with scattering cross-sections as computed in FIG. (b) The initial temperature was ~ 200 nK,
with an initial-phase space density Qg ~ 0.1, and n = 3.8.

3.5 Anti-evaporation in quasi-2D

Fast inelastic collisions are disadvantageous for evaporative cooling, since they not only reduce
the molecule number, but can also cause heating known as “anti-evaporation” [180]. Since the
ability to identify the relative importance of different heating mechanisms is important in the
design of experiments, in this section we quantitatively investigate heating due to two-body inelastic
collisions.

Anti-evaporation arises from the fact that inelastic collisions are more frequent in the high
density region of the trap (density-selection). Molecules there have on average total energies that
are less than the ensemble average. Thus one may anticipate evaporative heating rather than

evaporative cooling to occur. In competition with this, however, is the effect that the inelastic
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collision cross-section is dependent on the collision energy, i.e., molecules with energies higher than
the average are more likely to engage in a reactive collision and be removed (velocity-selection). In
three-dimensional harmonic traps, the density-selection mechanism wins over the velocity-selection
mechanism and consequently there is net heating caused by p-wave two-body losses [I80]. In two-
dimensional trapping potentials, however, this is not necessarily true as we now show.

We consider a two-dimensional harmonic trap and assume a Boltzmann distribution as given

in Eq. (3.3, for which the number loss rate is

dN

yT 2/d2$d2p1d2p2>\(Ere1)’Urelfo(&P1)f0(X, P2), (3.14)

and the corresponding energy loss is

dE
P d*xd®p1d®pa\(Bye)vrel fo(%, P1) fo (%, P2) (E1 + E2), (3.15)
where F,o and v are the relative energy and velocity between the two coliding molecules, and
Fy + E5 is the total energy. From Eq. 1' and Eq. 1) with A(Epe) EY/2 for p-wave
collisions (Sec. , which dominates for ultracold identical fermionic KRb molecules [60], one can

derive the energy loss per molecule, which is given by

dE
— = 2kgT. 1
N kp (3.16)

This is precisely equal to the average energy per molecule. Thus we have a remarkable result that
there is no net heating or cooling in a pure two-dimensional harmonic trap due to reactive loss. In
contrast, a similar argument leads to heating for three-dimensional traps, as shown in Ref. [180]
(heating rate there ~100 nK/s).

However, we emphasize that Eq. to Eq. only takes into account the two-body
inelastic collsions and assumes a Boltzmann distribution, which implies sufficiently fast rether-
malization. Note that at zero electric field, the elastic collisions that lead to thermalization are
infrequent and can generally be neglected in experiments with KRb molecules [I8(0], thus a Boltz-

mann distribution is not guaranteed.
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To study possible effects caused by the deviation from a Boltzmann distribution during the
evolution, we use MC simulations to calculate the molecule loss and temperature change in a
two-dimensional harmonic trap, assuming only two-body inelastic processes between molecules.
The results are plotted in FIGs. [3.6(a) and (b) respectively. The reactive collision rate is taken
from FIG. (b). The heating rate is found to be very small, illustrating a drastically different

quantitative behavior from that seen in three-dimensional traps.
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Figure 3.6: Heating due to two-body losses in a two-dimensional harmonic trap. Here (a) and (b)
show the MC result in a two-dimensional harmonic trap where all molecules are in the lowest band
of the lattice potential. The results for (c) and (d) are obtained with the master equation approach.
The blue line assumes only 1 band along the lattice direction is populated. The red dashed line
(green dots) assumes 2 (3) bands are populated. Ny is the initial total molecule number. The initial
temperature is chosen to be around 800 nK, so that when two bands are included, there are ~25%
of molecules on the second band, and when three bands are included, there are ~19% of molecules
on the second band and ~6% on the third band.

The periodic array of two-dimensional pancake traps for confining KRb molecules is generated
by a one-dimensional optical lattice [60]. This forms energy bands separated by ~ hw,, where
w, = 2mv and v is the frequency of the harmonic approximation of the lattice potential. When the
temperature is sufficiently low, the longitudinal degree-of-freedom along the lattice axis is effectively

frozen out and one may consider solely the lowest band. However, as the temperature increases,
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higher bands can be populated. For example, at T ~ 800 nK in a lattice of v = 23 kHz, about 25%
of molecules occupy higher bands.

With multiband population, collisions between molecules can occur as inter-band or intra-
band, as shown in FIG. The inter-band collisions involve additional degrees-of-freedom along
the longitudinal direction (see FIG. [3.7(b)), and thus do not satisfy the assumptions leading to

Eq. (3.16]) and can give rise to anti-evaporation heading [180].

\ | L ]
— e

(b)

Figure 3.7:  Collisions between molecules in a quasi-2D trap. (a) intra-band collisions, occuring at
rate "), (b) inter-band collisions, occuring at rate T'®) (see Appendix [A.3)).

We adopt a many-body Hamiltonian to describe these p-wave inelastic collisions [119] 243,

162
H, = 3?2 (V) ¥ (r) — 1 () (VI (1))
((VEE) () — T(e)(VE()], (3.17)

where U(r) is a fermionic field operator that annihilates a molecule at position r, and bf’, is the
inelastic p-wave scattering volume. The value of b, for KRb molecules can be found from the
reactive cross-section calculated in the previous section. In a trap with transverse confinement w;,
and longitudinal confinement w,, the field operator can be expanded in the basis of non-interacting
harmonic oscillator eigenstates ¢; and ¢Z as:

U(r) =) éndy, (@)0), (1)97. (2), (3.18)

n
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where n = (ng,ny,n,) enumerates the mode number along each dimension, and ¢, annihilates a
fermion in mode n.

Considering elastic collisions to be negligible, we assume there is no change of modes during
the losses, i.e., a molecule initially in mode n remains in mode n. With such an assumption,
each molecule can be labeled with its mode indices, and for identical fermions, there are no two
molecules with the same indices. The two-body losses can then be accounted for by jump operators
fln’m = \/m&ném, which remove two molecules in mode n and m at a rate I'y , determined by
the corresponding p-wave two-body inelastic collisions Eq. (see Appendix for details).
When n, = m., these correspond to the intra-band collisions (FIG. [3.7(a)); when n. # m., these
correspond to the inter-band collisions (FIG. [3.7(b)).

The dynamics can then be described by the quantum master equation

dp 1 N L N N . N
dit) = ) Z@An,mpAIn,m - AJrrn,mAn,mP - PAJrrl,mAn,m)' (3.19)

n,m
Since we have assumed that the molecules do not change modes during evolution, in order to solve
Eq.( , we can use p = [[; >, phnd(n — n')|n)(n|, where i = 1,2,3...N represents the ith
molecule that initially is in mode n’, N is the initial total number of molecules. Since the quantum
jumps here correspond to the reactive loss of pairs of molecules, the off-diagonal coherence terms
have been dropped. The relevant equation of motion under these assumptions is

d’b;m = _P;i,ni Z;;Fni,mjpilj,mj- (3.20)

i

The total molecule number at time ¢ is thus

N =3 e (0 (3.21)

and the average temperature can be found from

T(t) = N(tl)kB Z heor (nly + nj) pii i (1) (3.22)

Furthermore, the initial population in different bands can be determined by

N 6—(1/2+ahwz)/kBT
N S e~ (1/2+ahw:) [kpT’

(3.23)
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where @ = 0,1, ... is the band index. For the initial condition, the density matrix is simulated
such that N® molecules are assigned to band index ni = «a, and the transverse modes n’, n; are
randomly generated from a Boltzmann distribution with given initial temperature 7. The final
result is averaged over many different simulations. In order to show the effect of including different
number of bands, we assum a cut-off in the highest band index. In our calculation, if a total of 7,4,
bands are taken into account, the population of the lower 1,4, — 2 bands is determined according
to Eq. . All of the reminder molecules are assigned to the highest populated band, 7,,4: — 1.

In FIG. 3.6[c) and (d), we show the result with temperature T = 800 nK and lattice fre-
quency v = 23 kHz, which are typical for KRb experiments. While the small amount of multiband
population does not lead to a significant change in the loss rate for molecules (FIG. (c)), there
can nevertheless be significant heating. In consequence, it is necessary to greatly suppress the

population outside the lowest band for evaporative cooling experiments to be effectively performed

in quasi-two-dimensional geometries when reactive loss of the form considered here is present.

3.6 Conclusion

Motivated by recent experiments of KRb molecules, we have applied MC simulation meth-
ods and semianalytical approaches to perform a detailed study of evaporative cooling properties
in two-dimensional traps with anisotropic collisions. We have quantitatively analyzed the depen-
dence of the thermalization rate on the anisotropy of the elastic collisions. Specifically, for our
calculations of the differential and total scattering cross-section for KRb molecules confined in a
quasi-two-dimensional trap, we were able to investigate the efficiency of evaporative cooling for the
practical parameter regime of recent experiments. The dipole-dipole interactions resulted in highly
anisotropic elastic collisions which were disadvantageous for evaporative cooling when compared
with isotropic collisions.

The reduced dimension of the trapping potential further decreased the efficiency of evapora-
tive cooling when compared with conventional evaporation procedures for three-dimensional traps.

Nevertheless, we showed that the phase space density of KRb molecules can potentially be increased
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using evaporative cooling with parameters that are accessible under current experimental condi-
tions. Although this could be limited by further complicated real-world experimental details that
we have not considered, it is also the case that future experimental progress in increasing the ratio
between the elastic and inelastic collision rates could lead to more efficient evaporative cooling of
KRb molecules.

We also developed theoretical models to investigate the anti-evaporation induced by two-
body losses. Our results highlighted the distinctions between the evaporation processes in two-
dimensional and three-dimensional geometries through the role of multiband excitations in a quasi-
two-dimensional trap. We point out that the importance of multiband physics has also been

addressed in recent literature [233, 161, 267].



Chapter 4

Suppressing the loss of ultracold molecules via the continuous quantum Zeno

effect

Fast inelastic two-body losses, induced for example by the exothermic chemical reactions
discussed in the previous chapter for KRb molecules, impose a severe limit on molecule life-
times [188] [180, [59]. For the use of ultracold molecules as a quantum resource for the exploration
of rich physical phenomena, it is crucial to find appropriate means to overcome losses. Recent
experiments with KRb molecules [278] have reported an inhibition of losses when the molecules
are confined in an array of one-dimensional tubes with a superimposed axial optical lattice along
the tubes (Fig. . Similar loss suppression by strong dissipation was previously observed in
bosonic Feshbach molecules [244]. Extending the molecules’ lifetime over timescales much longer
than those determined by tunneling opens a path for the exploration of itinerant magnetism and
other many-body phenomena arising from the interplay between dipolar interactions and motion,
even in these in highly reactive systems.

In Chapter 3] we have shown that free KRb molecules react rapidly. In a lattice, the two-body
inelastic collision rates are larger than all other lattice energy scales, including the band separation
energy. Consequently, this system is an example of a strongly correlated system that defies simple
treatment in terms of single-particle physics. As such, description of the loss suppression based
on the assumption that inelastic interactions do not affect the single-particle wave-functions is
incorrect [I61]. Evidence of this issue was reported in Ref. [278] where a heuristic “single-band”

treatment of the losses was found to significantly overestimate the molecule filling fraction f.
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Figure 4.1: (a) A 50:50 mixture of fermionic KRb molecules in two rotational states, |0,0) (red)
and |1, —1) (blue), is prepared in a deep 3D lattice, which is suddenly made shallow along one
dimension (y). Along y, molecules tunnel with a rate J/h and have a large on-site loss rate I'g
because of chemical reactions. (b) In the Zeno regime, Ail'g > J, doubly occupied sites are only
virtually populated, and the loss occurs at a significantly slower rate I'ug < I'g for molecules on
adjacent sites. For KRb, a multiband analysis of this process is required for all experimental lattice
parameters.

Here, we develop a theoretical description of the dissipative dynamics that non-perturbatively
includes three dimensional multi-band effects. Our analysis allows us to attribute the observed loss
suppression to the continuous quantum Zeno effect [170, 109, [76, 99, [82] — a suppression of coherent
transitions due to strong dissipation — and to generalize previous single-band treatments [82], [16]
to the strongly dissipative regime. We perform systematic measurements of the KRb lifetime
under controlled and reproducible lattice conditions that allow us to validate the calculations. The
observed dependence of the loss rate on lattice parameters is consistent with Ref. [278] and is
fully reproduced by the multiband theory. Moreover, the inclusion of multiple bands reduces the
determined filling f by a factor of ~5, giving results consistent with the filling predicted by Ramsey
spectroscopy measurements of molecules pinned in a 3D lattice and prepared under similar initial
conditions [278], [100].

The multiband calculations are first applied to derive a simple rate equation (RE) for two-
body losses, which assumes instantaneous redistribution of molecules between collision events. We
show that the RE can describe the measured dissipative dynamics fairly well over a broad range
of lattice parameters, but fails for the deepest lattice configurations. We develop a simple and

unified theory capable of describing the loss dynamics in all parameter regimes based on a mean-
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field (MF) approximation of the many-body master equation. We validate the MF formulation by
comparing it to a numerically exact time-dependent density matrix renormalization group method
(t-DMRG) [259, [55], 266], which we combine with a quantum trajectory technique [39] [172] [72].

The MF, t-DMRG, and experimentally observed loss dynamics quantitatively agree.

4.1 Experiment with KRb molecules

The experiment begins by loading ~10% fermionic KRb ro-vibrational ground-state molecules,
IN = 0,my = 0), into the lowest band of a deep 3D cubic optical lattice with lattice constant
a = 532 nm. Here, N is the principal rotational quantum number and my is the projection onto
the quantization axis, which in our case is determined by an external magnetic field angled 45°
between the = and y lattice directions. We next apply a 7/2 microwave pulse to rotationally
excite half of the molecules to [N = 1,my = —1). We consider |0,0) and [1,—1) as []) and [1)
components of a pseudo-spin 1/2 system. We choose the lattice polarizations so that the tensor
AC polarizabilities of |0,0) and |1, —1) are similar [I78]. However, a residual differential AC Stark
shift introduces single-particle dephasing that results in a spin-coherence time for the entire sample
of ~1 ms. This dephasing allows us to prepare an incoherent 50:50 spin mixture of ||) and [1) by
holding the molecules in the deep lattice for 50 ms. Losses are then initiated by quickly ramping
down the lattice depth in the y direction (within 1 ms) to allow tunneling. We measure the number
of remaining molecules ||), i.e., N|(t), as a function of the subsequent holding time in the lattice.

We experimentally determine the initial loss rate x by fitting N|(¢) to the solution of a

two-body loss RE of the form

e AIAHOI (1)

with N|(0) the initial number of ||) molecules. A typical experimental fit is shown in Fig. |4.2(a).
To avoid the saturation of the losses that originates from the finite number of molecules per tube
(~6 per tube on average), which cannot be captured by the RE, we fit only up to times when

~ 25% of the molecules are lost.
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Figure 4.2: (a) Measured number loss of ||) molecules for an axial (transverse) lattice depth of
Vy =5ER (VL =25 ER) (circles) and best fit using a rate equation (RE), Eq. (black dashed
line). (b) Number loss rate, x, as a function of I'y (fixing J ~ 570 Hz and varying the bare on-site
rate via V). (c) Number loss rate, x, versus J for fixed I'g ~ 87 kHz (varying V,, and adjusting
V| accordingly). V, (V) was varied from 5 to 16 Er (20 to 40 Eg). Black circles are experimental
measurements (error bars represent one standard error). Green short-dashed lines show solutions
of the RE Eq. using an effective loss rate T'eg (single-band approximation). The blue long-
dashed line shows the multiband RE using Leg in Eq. . The multiband and single-band RE
results were obtained by fixing the filling fraction to be 6%, and 25% respectively. Panels (b) and
(c) directly manifest the continuous quantum Zeno effect: in (b) the measured loss rate x decreases
with increasing on-site I'g; in (c) a fit to the experimental data supports x o J2, with a x? (sum
of the squared fitting errors) several times smaller than for a linear fit.

The loss rate k in general depends on the tunneling rate J/h and the on-site “bare” loss rate

[y. If a single-band approximation is used, the on-site bare loss rate I'g is given by [82]
Lo = B8P [ W (x)[*d*x, (4.2)

where W (x) is the lowest-band single-particle 3D Wannier orbital. The two-body loss rate coeffi-
cient for molecules in |0, 0) and |1, —1), B3P, was measured to be B3P) = 9.0(4)x 10710 cm? s ! [278].
To experimentally extract the dependence of k on I'g and the single-particle hopping energy
J, we perform similar measurements to those reported in Ref. [278]. However, here we ensure
reproducibility of the initial conditions to fix f for all lattice conditions. To measure the I'g-
dependence we set V, = 5 Eg, which fixes .J, and then tune I'g by modifying V, [Fig.[£.2(b)]. Here,
Egr = h?m?/2ma? is the recoil energy and m is the KRb mass. To study the .J-dependence, we vary
V, while simultaneously adjusting V| to keep Iy fixed [Fig. (C)] The loss rate x is found to

depend quadratically on J for fixed I'g and to decrease with increasing I'g for fixed J. This scaling
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is consistent with the continuous quantum Zeno effect, as we now explain.

4.2 Theoretical description

4.2.1 Single-band rate equation

A simple way to understand the loss suppression is to consider two opposite spin particles in
a double well, |1,]). Left and right sides in this notation represent left and right wells [Fig. [4.1|(b)].
When two molecules occupy the same site the singlet component decays with rate I'g, while the
decay of the triplet component is suppressed by the centrifugal barrier in odd partial-wave chan-
nels [59]. Consequently, the loss rate is determined by .J; = v/2.J, which is the tunneling computed
after projecting the initial wavefunction into the singlet state |s) = (|1,1) — [{,1))/v/2.

When Al'g > Js, second-order perturbation theory can be applied and gives a net ||) loss

2
rate of 4I'eg with I'eg = %. This loss rate can be connected to number loss dynamics with a
RE, dzgl = —4qTegnji14mj), where nj| is the number of ||) molecules at site j and g is the number

of nearest neighbor lattice sites (¢ = 2 for tunneling along the tube direction) [16]. Assuming a

uniform distribution, the 50:50 mixture implies n;;14 = n;, = n  and

dn,

= 8l ()] or (4.3)
R OO (4.0

where kgp = 8Tegn | (0). All parameters are known except the filling fraction f = 2n,(0). The RE
assumes that the loss rate depends only on the average density. This assumption is valid when
the redistribution of density after a loss process occurs faster than the typical time between losses
(J>Ten)[].

This simplified single-band model qualitatively reproduces the measured dependence of k on
lattice parameters [green-short-dashed line in Figs. (b)—(c)]. However, since Iy is larger than the

band gap (e.g., 4 times larger for a V, =5 Er and V| = 40 Ep, lattice), this single-band theory is

! Note: Although a transition dipole matrix element exists between |1) and ||), we neglect dipolar interactions
because of the lack of spin coherence in our 50:50 mixture
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known to be inadequate. Moreover, in order to fit the experiment, the single-band theory requires
f ~ 25%, which is known to be inconsistent with estimates of the filling f < 10% from Ramsey
spectroscopy procedures [100] 49]. Resolution of this discrepancy requires including multiple single-

particle bands, which are admixed by strong two-body losses.

4.2.2 Multiband rate equation

A single-band model overestimates I'g, predicting it to be larger than the band gap. Incorpo-
rating higher bands decreases I'g and hence decreases the f estimated from experiment (since the
effective loss rate is inversely proportional to I'y). We extract a renormalized effective loss rate by
numerically computing the loss of two molecules trapped in a double well along y. We expand the
non-Hermitian Hamiltonian H = Hy — ih33P) 6 (1) /2, where g (r) = 6 (r) (0/07) 7 is a regu-
larized pseudopotential [104] and Hy the single-particle Hamiltonian, in the 3D Wannier function
basis. This model accounts for interaction-mediated band excitations in all three dimensions. We
initialize the system with two molecules in the singlet |s) and infer the effective loss rate by fitting
the norm decay to exp(—4fegt). Convergence is achieved with 6 bands in each dimension.

Surprisingly, as shown in Figs. (bfc), both effective loss rates Teg and Teg scale similarly
with I'g and J. This similarity explains why qualitative experimental signatures of Zeno suppression
expected from a single-band model survive even though such a model is invalid. However, the
multiband f‘eﬁ" is ~b times larger than I'eg. Once these effective loss rates are calculated, the only
free parameter to fit the experimental measurements is the filling f, which was fixed to be the same
for all data shown in Figs. (bfc). The ~ 5 times faster loss rate from the multiband model leads
to a ~ 5 times smaller filling fraction of f = 6% [Figs. (bfc), blue-long-dashed line| compared to
the grossly overestimated 25% extracted using ey [Figs. 4.2(b—c) green-short-dashed lines]. The
inadequacy of the single-band model to extract the correct filling fraction, and the success of the

multiband model, are key results of this work.
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4.2.3 Mean-field and DMRG

The RE, with parameters extracted from the multiband model, describes the experimental
observations fairly well at intermediate V| , but deviates from them for the largest V| . We attribute
these deviations to the suppression of tunneling at the cloud’s edges due to the energy mismatch
between adjacent sites in the harmonic potential generated by the lattice beams. By inhibiting
transport, this effect invalidates the assumption that molecules are redistributed rapidly between
loss events, and therefore the losses are not determined exclusively by the average density but
depend on the detailed dynamical redistribution of molecules.

Although this redistribution is absent from the RE, it can be accounted for by solving a master
equation with a density matrix, p, projected into the states with at most one molecule per site
after adiabatic elimination of doubly occupied states. We keep terms up to order I'eg [82], and we
simultaneously account for multiband effects by replacing the single-band I'cg by the renormalized

loss rate extracted from the multiband double well solution, obtaining

d i s
== b h. 4.

Here Hy = —J 5, (65010 + heo) + X5, Vi el bjo, £0 = §5, [24;041 - pATA; - A1 4;5]
, and Vj" = %mng2a2 is the parabolic trapping potential felt by molecules in state o at site j.
The average trap frequency (wy + w))/2 varies between ~ 27 x (15 — 40) Hz for the experimental
range of V. The o-dependence is due to residual differential AC Stark shifts between the two
rotational states. £ is a Lindblad superoperator that accounts for losses, and the jump operators
are flj = m[(éﬁéﬂu +¢jréj—1y) — (€j1Cj411 + €1 ¢j—14) |- We have checked the validity of the
renormalized single-band model by confirming that it reproduces the dynamics of the multiband
problem for the case of two molecules in four wells.

To solve Eq. we map the hardcore fermions onto hardcore spin-1/2 bosons [255], and

then use a mean-field ansatz p = [[; p; with p; =3, 514 | 0 p?’ﬂ\a) (B|. Here, p; is the reduced

projected density matrix at site j, and T, ], 0 label the three possible local states of spin up, down,

2 Note: The sums run over all lattice sites, operators acting outside the bounds are implicitly ignored.



41
and the vacuum, respectively. This ansatz leads to closed equations of motion for ,0?’6 [see Appendix
. Due to the rapid dephasing of spin coherence resulting from wy # w,, we set p;’”/?éa = 0, which
simplifies the equations further. Although the MF treatment predicts no coherent tunneling for a
pure Fock state, we initiate it by assuming non-zero particle/hole coherence | p§’0| =1/2.

Fig. a) shows the dynamics for the largest V|, where the coherent tunneling is strongly
suppressed by the large parabolic potential wy/ . We see that the dynamics is poorly described
by the RE, and the MF solution better describes the data. Admittedly, the MF assumption is an
extreme approximation precluding entanglement between parts of the system. In order to test its
validity, we also solve Eq. numerically by combining t-DMRG algorithms [259] [55] 266] with a
stochastic sampling over quantum trajectories [39] 172, [72] 220]. The results, shown in Fig. 4.3(b),
are converged in the matrix product state dimension xyps and are therefore numerically exact. The
differential stark shift for the lattice parameters of Fig. (wp/wy ~ 0.9) gives rise to an effective
spatially dependent magnetic field that disrupts spin correlations generated during the dynamics.
In this case the data, t-DMRG, and MF (which explicitly ignores spin-correlations) agree up to the
times used to extract loss rates from the data, when the contrast has decayed by ~ 20%. However,
in the absence of a differential Stark shift (w, = w;), we note that the density calculated from

t-DMRG saturates at a higher value than predicted by the MF theory, which we attribute to the

growth of spin correlations in the absence of dephasing [77].

4.3 Comparison with experiment measurement

4.3.1 Mean-field vs. experiment

With the validity of the MF established, we use it to model the experiment. In the MF
calculation, we assume that molecules are initially uniformly distributed within a shell with inner
(outer) radius of 20 (50) lattice sites. The shell distribution is expected because molecules are
created from a Mott insulator of Rb and a band insulator of K. Assuming only sites with one Rb

and one K can yield molecules during STIRAP [188], [49], sites in the trap center initially doubly
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Figure 4.3: Comparison of experimental loss dynamics for the deepest considered lattice to MF
and t-DMRG calculations. (a) Molecule loss vs. time for V| = 80 Er and V,, = 5 Er [Identical
conventions/conditions to Fig. 4.2(b)]. The MF matches the experimental data better than the
RE (experimental fit). (b) Comparison of t-DMRG simulations (xmps = 128, 2000 trajectories)
to MF, for two different cases: i) an identical trap for the two spin states with trap frequency
w) = wy = 27 x 38 Hz; and ii) slightly different trap frequencies w = 2w x 38 Hz, wy = 27 x 34.2 Hz.
Shaded areas indicate the standard error of the mean.

occupied by Rb atoms are lost [I88]. We then average over random initial configurations, since
the experiments measure an ensemble of 1D tubes. Figures [£.4(a-b) show the MF results (red
line), where we used f = 9% to match the experiment. This is slightly larger than that from the
multiband RE (dashed blue line in Figures , f = 6%, since the RE overestimates the loss rate
by assuming instantaneous redistribution of the molecules.

Since the molecule distribution in the experiment is known only approximately, we vary the
shell width and find that the estimated MF filling fraction that best fits the experimental loss has
a range [ ~ 9+2%. The MF accounts better for the dependence of the loss rate on V. Remaining
deviations between MF and experiment are seen only for the shallowest V), where the transverse
tunneling rate is only three times smaller than the axial one, which may indicate the breakdown of

1D dynamics.

4.4 Conclusion

The understanding of the underlying physical mechanism responsible for the loss suppression

in KRb opens the path for laboratory explorations of iconic models of quantum magnetism com-



43
V. [Er]

10 20 40 60 80

| @ ®
I @__ multiband RE, f~6% 15?( :

-- multiband RE, f~6%

v _ 1 — mean-field, f~9% — mean-field, f~9%
= 200 | O experiment [ O experiment +
I i

<§ I 10:

& 10t i

o S5

30107 6x10F 9x10° 12x10° D 100 200 300 400 500 600
Io [1/s] J/h[1/s]

Figure 4.4: (a) Number loss rate, s, as a function of I'y (same data as Fig. 2(b)). (b) Number loss
rate, k, versus J for fixed I'g (same data as Fig. 2(c)). Black circles are experimental measurements.
Blue long-dashed and solid red lines show RE and MF solutions, respectively, using Lot (multiband
model). The shaded area accounts for 2% variations around the MF estimate of f ~ 9% arising
from the uncertainty in the initial molecule distribution.

bining motional and spin degrees of freedom, previously believed to be inaccessible due to losses.
These include the extended t-J model, predicted to exhibit itinerant ferromagnetism, d-wave su-
perfluidity [90, 129], and topological phases [136, [13]. Our findings also extend to other dissipative
systems, such as alkaline earth atoms [152, 23] 252), [149] and other chemically reactive molecular

species [285].



Chapter 5

Synchronization of Interacting Quantum Dipoles

5.1 Introduction

Arrays of synchronized oscillators [197] are ubiquitous in biological [277, 236], physical [52]
and engineering [210] systems and are a resource for technological advances [145]. Although
there has been significant progress in the study of synchronization in classical systems [§], the
understanding of the same phenomena in the quantum realm remains limited. A major obstacle
so far is the general problem of the exponential scaling of the Hilbert space with system size which
makes calculations dealing with quantum arrays very challenging. In fact, current investigations
have been limited to the exact treatment of arrays of a small number of coupled quantum oscillators
[262, 2206, 283, 163, 85, 84, 199] [3| 106, 2611 159], and large ensembles at the mean field level or
by including quantum corrections perturbatively [154] 140} 141]. Highly symmetric situations with
collective coupling mediated, for example, by a cavity mode [9, 273, [160], have also been studied.

Ensembles of radiating dipoles are a natural platform to study quantum synchronization,
where coherence can be generated from an incoherent source. One might regard laser systems,
where radiation is amplified by the stimulated emission of photons, as a prototypical example.
However, lasing is fundamentally a distinct phenomenon from quantum synchronization. This can
be seen from the fact that lasing is possible even in the absence of coupling between the atomic
dipoles, as is clear in the single atom laser [164], or in atomic beam lasers where only one atom is
present in the cavity at any given time. A more relevant situation is the quantum synchronization

that takes place in the context of superradiance [94] [158]. It has recently been understood that,
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in contrast to lasers, steady-state superradiance can produce spectrally pure light [94] [I58] 29|
166, 96l 272 241), 97] without stimulated emission. So far this has been demonstrated using a
cavity mode as a communication channel that spatially selects an optical mode and enhances the
coupling (through the cavity finesse). A more generic and relevant scenario, with great potential and
applicability, is the emergence of spontaneous macroscopic quantum synchronization in radiating
dipole arrays without a cavity but naturally coupled by the intrinsic anisotropic and long-range
dipolar interactions. This is the situation considered in this chapter.

Here we demonstrate that in the presence of an incoherent repumping source, dipole induced
cooperative emission can dominate over spatial inhomogeneities and quantum fluctuations and lead
to a resilient steady-state that exhibits macroscopic quantum phase coherence and intrinsic quan-
tum correlations. An iconic example of a macroscopic coherent state is a Bose-Einstein condensate,
achieved in ultra-cold gases at thermal equilibrium. In our case, however, the macroscopic order is
reached in the steady-state of an interacting and driven-dissipative system. Moreover, the cooper-
ative behavior can be detected by measuring the spectral purity of the emitted radiation. We note
that in clear distinction to previous studies [106], 154 262, [3, 261], T41], our proposal does not rely
on an external coherent source or externally generated nonlinearities to seed the collective phase.
In our model synchronization emerges as a spontaneously broken symmetry driven by incoherent
processes in naturally coupled dipole arrays. As we show, and somewhat counterintuitively, an
incoherent drive is sufficient to generate phase coherence in these systems.

Specifically, the systems we consider are dense arrays of frozen quantum dipoles modeled
as quantized two-level systems. By dense arrays of frozen dipoles we mean arrays separated by
a distance much closer than the wavelength of the emitted photons and with motional degrees of
freedom evolving at a much slower rate than their internal dynamics (Fig. . These conditions
can be readily satisfied in a variety of quantum systems found in atomic, molecular and optical
physics (e.g., Rydberg gases [257, [1, [5], alkali vapors [122], alkaline-earth atoms [I87], and polar
molecules [278]), chemistry (e.g., J-aggregates of dye molecules [28|, [192] 234]), and biology (e.g.,

light-harvesting complexes [193], 222]). In cold vapors, one possible way to freeze the motion and
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tightly trap the particles is via an optical lattice potential (Fig.|5.1)). In this case a sub-optical-

wavelength transition must be used in order to reach the tight-packing regime [278| [187].

Cold atoms in a crystal of light

Wattice

Tepumping W

Figure 5.1: Arrays of quantum dipoles spontaneously emit and absorb photons at rate I'. The
photons mediate dipolar interactions between dipoles separated by a distance r,, with both dissi-
pative, f(rq), and elastic, g(rqp), components. A repumping source at a rate W provides energy
to maintain the oscillations and can be implemented using additional internal states that are not
shown. A possible implementation can be realized with cold atoms in an optical lattice.

To fully understand synchronization in the complex dipolar system, we analyze each of the
ingredients that compete and affect synchronization in a step-by-step procedure: the interplay
between repumping and collective emission, inhomogeneity in the coupling constants, quantum
correlations, and the competition between elastic and inelastic interactions. This chapter is orga-
nized as follows: In Sec. we introduce the system in consideration and the master equation we
use to describe the dynamics. In Sec.[5.3]we first provide a simple mean-field description and discuss
connections to the classical Kuramoto model—the iconic model used to describe synchronization
in non-linear coupled oscillators. In Sec. we discuss the phase diagram for the quantum system
assuming collective (all-to-all) coupling in the absence of inhomogeneity and elastic interactions,
and compare it with the mean-field solution. For this exactly solvable case we are able to explicitly

quantify the entanglement and correlations present in the steady state. In Sec. we study how
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inhomogeneity in the inelastic couplings affects synchronization and focus on the case of power-law
decaying interactions. In Sec. we study the emergence of quantum synchronization in radiating
dipoles taking the full long-range and anisotropic dipolar interactions into account. Specifically,
we consider a one dimensional geometry, where both the elastic and inelastic interactions can vary
significantly accross the dipoles and can be easily adjusted. In Sec. we discuss experimental

implementations of our model, and in Sec. we provide a conclusion and an outlook.

5.2 Dipole-dipole interaction and master equation

In this work we consider arrays of quantum dipoles with two accessible levels, which we

denote as ||) and [1). The interactions between two dipoles a and b, can be explicitly written as

3Ly 5 COSCap oS Cqp . Sin (gp
2 {Sln f Cab (Cab)?) * (Cab)Q]}’

3F . i Ca ] <a Ca

9(rap) = +(3cos?0—1)]

In the above, (4 = ko|res|. Both g(rap) and f(r.p) depend on the dipoles’ separation, |rgp|, and the
angle 6 between the mean dipole moment and the vector joining the dipoles. As noted in Chapter
when (4, < 1, the elastic g interactions with a strong angular variation are dominant except
close to the magic angle ,, = arccos(1/v/3), at which they are greatly suppressed [!|. In contrast,
f(rap) is almost isotropic in the near-field regime.

The spatially uniform behavior of f(r,;) at short distance is what gives rise to cooperative
effects and superradiant emission [94]. Under generic conditions, however, superradiance is a tran-
sient effect that substantially limits the lifetime of dipole excitations. To compensate for the fast
decay here we add an incoherent repumping driving term at a rate W. This term is needed to gen-
erate a synchronized steady state where long-lasting coherence persists. An incoherent repumping

drive is commonly used in laser systems to maintain population inversion. It can be implemented

! For generic cases, the pathological divergence of g(r) at r = 0 can be removed by introducing an additional term
into the expression of g(ras), — 5 0(ras) [175, 43]. This gives rise to the so called Lorentz-Lorentz shift [80]. For the
discrete arrays we consider in this work, there is always a cut-off distance and thus no divergence. For example, in
the suggested implementation using Sr atoms that is discussed in Sec. the cut-off distance is determined by the

optical lattice spacing.
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by coherently driving, at a rate 2, the ||) state to an excited level that spontaneously decays,
at a rate v > ), to the state |1) [224]. Due to the fast depletion of the excited state, it can be
adiabatically eliminated and thus the net process is just an incoherent transfer of population from
I1) to [1) at a rate W = Q2 /~.

The evolution of IV dipoles is modeled by a quantum master equation for the reduced density

matrix p of the dipoles [94]:

dp 1,4
= —= ol + L#p] + Lw|p 5.1
o - [Ho. p + Ly[p] + Lw (4], (5.1)
BN N
Hy = 3 {5,1&5 + Z 9(rap)d, oy |, (5.2)
a=1 b=1,b#a
Lelp] = 1 26, po 656 p— potor 5.3
A = 53 Fa) 26y 4ot — 656y p - 5oy, (53)
a,b
. w A aa A aba aa s
Lwlp) = 5> (26565 — 6,67 p—po67) (5.4)
a
The Hamiltonian Hy generates the coherent evolution of the dipole array where (7,(1 =% are the

Pauli spin operators for dipole a, §, denotes its oscillation frequency in the rotating frame defined
by the mean frequency of the dipole ensemble, and & is the reduced Planck constant. The Lind-
blad operator functionals, Ly, describe the inelastic photon emission and incoherent repumping

processes, respectively.

5.3 Mean-field treatment and connection to the Kuramoto model

To obtain a qualitative picture of how synchronization can happen among the dipoles, we first
perform a mean-field treatment and show the close connection between our quantum model and
the prototype models for classical synchronization. The mean-field approach assumes uncorrelated
dipoles, i.e., p = @), Pa, Where each p, = Za,a':’m pg’g/]cr><a’| is a 2 X 2 matrix in the pseudospin
1/2 basis {|1),|{)}. The components of the single-dipole density matrix, j,, can be visualized as
a Bloch vector {S-(t) cos ga(t), S (t)sin @a(t), S(0)} = (1/2){pl + ok, —i(pht — p1), ol — b}
(Fig. . The mean-field solution yields a system of coupled nonlinear differential equations for

pg’a/. For each a = 1,2,..., N the parameters evolve as
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Figure 5.2: (a) Mean-field phase diagram calculated from the order parameter 0 < Z < 1/+/8.
The insets show snapshots of the tips of the Bloch vectors (red points) for dipoles prepared with
random initial phases and then evolved to steady-state in both regimes. (b) Quantum phase
diagram calculated from 0 < Zg < 1/v/8. (c) The time evolution of the conditional QFI exhibits
entanglement (dashed line: single trajectory, solid line: mean value of a few trajectories). Panel
(d) shows the steady state QFI vs W/T' after averaging over many trajectories. The solid line
corresponds to the conditional case, and indicates entanglement over the repumping range where
synchronization exists. Upon computing the ensemble average one recovers the reduced density
matrix which leads to a calculated QFI below the entanglement witness threshold (dashed line).
(c) and (d) are shown for fog = 15T". For all panels, d, = g(rq) = 0 and f(rep) = ferr/N.
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where d¢p,(t) = ¢dp(t) — Po(t). The term proportional to f(rq) in Eq. (5.7)) that contains the sine

function can be identified with a similar term in the Kuramoto model (KM) [130]:

d¢a
dt

N
=00+ K Y _sin[0¢), (5.8)
b=1

where K, the coupling strength per oscillator, must be large enough and positive for synchroniza-
tion to occur. The term proportional to g(r,,) that contains the cosine function appears in the
Sakaguchi-Kuramoto model [216]—a more general but similar synchronization model to the KM.
Compared to the basic KM, the situation here is more complex. This is due to the fact that in
Eq. the coupling constants are nonuniform and effectively time-dependent, since Si-(¢) and
SZ(t) are dynamic variables.

To investigate whether the mean-field model admits spontaneous synchronization we consider
first the simplified case where §, = 0 for all dipoles, impose g(ry,) = 0 for all pairs, and assume
a constant collective decay rate N f(rqy;) = fog. We define a global order parameter Z as Z e'? =
% >, Sae® and look for a solution in which Z is time-independent and synchronized oscillators
possess a collective frequency @, and thus a macroscopic phase ® = wt. These conditions lead to

two equations for the order parameter Z and the collective frequency @ (see |C.1)):

w = 0, (5.9)
VFet (W —T) — (W +T)?
\/ifeff ‘

Z

(5.10)

The solution is shown in Fig. |5.2(a). The insets show the phase distribution in the steady-
state for an array of oscillators initially prepared with a random distribution of phases for two
different values of the repump rate W. For a slow repumping rate (bottom inset), the system
remains unsynchronized. As the repumping rate is increased beyond a threshold value, the system
enters a synchronized state, as can be seen by the appearance of phase locking and the resulting
narrow phase spread (top inset). This can be explained by the fact that one necessary condition for
synchronization in the KM is K > 0, which translates to the requirement S? > 0 on average in our

model and thus the need to have sufficiently large repump rate. In the limit feg > I' (e.g., for large
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N), maximum synchronization is achieved at Wopt = fef/2, where the order parameter Z reaches
a maximum value Zy.x ~ \/1/78 For this optimal condition for synchronization the quantum
dipoles are ordered with the same phase and radiate with atomic inversion S? ~ 1/4. Note that
the maximum order parameter is smaller than 1/2 even when fully synchronized because of this
required finite value of the atomic inversion. One intriguing aspect is that repumping, which is the
process that builds up synchronization, is itself an incoherent process. It is crucial that repumping
does not preserve the norm of the collective Bloch vector, allowing it to extend or contract. For
large W > Wqpt, Z decreases again reflecting a suppression of synchronization. In this limit the
dipoles are repumped so fast that they are all driven to the [1) state (S? — 1/2 and S — 0) and
phase coherence between them cannot build up.

The cases of a heterogeneous distribution of J,’s can be treated at the mean-field level in a
simple way. The results, summarized in the are qualitatively similar. In general, the inclusion
of a finite spread A in J, decreases the value of the order parameter Z. For instance, if §, is sampled
from a Lorentzian distribution p(6,) = A/[r(A2 + 62)],

; VfeiP — Q2 + 202 — 20 /AT g P
B \/éfeff ’

(5.11)

where Q =T'+ W and P = W —I'. Optimal synchronization is obtained at a smaller repumping
rate, Wopt ~ fert/2 — A/+v/2. We note that for given f.g and W, synchronization is destroyed (that
is, Z =0) at A, = (Q* — fegP)/(2Q).

For the case with finite g(ry,) # 0, Eq. predicts dephasing caused by different g(r,;) # 0,
and a global rotation that does not affect synchronization if all g(ry) are identical [see [C.1].
However, the mean-field ansatz is not appropriate for treating the case where elastic interactions
are present since it neglects quantum entanglement between dipoles. The case with finite g(ryp)

will be discussed in Sec. by exactly solving the many-body problem.
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5.4 Quantum synchronization for the collective system

In the simplified case where §, = 0 for all dipoles, g(r,,) = 0 for all pairs, and a constant
collective decay rate N f(rqp) = fest, it is possible to exactly solve Eq. , i.e., the full quantum
dynamics, even for many particles, allowing us to benchmark the validity of the mean-field solution.
This is due to the invariance of the master equation under individual dipole permutations that

reduces the scaling of the Liouville space from exponential, 4", to polynomial, of order N3 [275].

5.4.1 Phase Diagram

Quantum fluctuations can lead to phase diffusion and to decay of single particle coherences
in the steady-state (it is possible for (6) — 0 even in a synchronized state), so Z cannot be
used as a measure of synchronization in a beyond mean-field treatment. However, phase locking
in quantum mechanics can be quantified by the degree of spin-spin correlations Zg, defined by
72 = (ﬁ% where the bar indicates an average over all pairs of different dipoles a and b. For an
unsynchronized state Zg is 0 and for a completely synchronized state Zg is Z5** =1 /V/8 [166,29).
The corresponding phase diagram, shown in Fig. [5.2(b), closely resembles the mean-field one.

To demonstrate that Zg can be used to quantify the emergence of quantum synchronization,
regardless of the inherent non-equilibrium and dissipative character of our system, we have also
computed pairwise two-time correlation functions (see Appendix . The decay rate of these
correlations encodes information about the spectral coherence of the emitted radiation. The range
of W/I' values where the emitted light is maximally coherent agrees with the regime where the
system is optimally synchronized according to Zg. Moreover, we have also confirmed the mod-
erate importance of higher order correlations in the synchronized steady-state by comparing the
exact solution with a cumulant expansion calculation (which includes lowest order corrections to
the mean-field result). We find the cumulant expansion agrees well with the exact solution (see
Appendix . The only limit where there are important deviations is at very weak pumping

W < T where the system favors subradiant emission arising from strong atom-atom correlations
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[indicated by the purple region in Fig. [5.2b)] [275].

5.4.2 Quantum correlations and entanglement

The robust macroscopic quantum coherence exhibited by the synchronized state leads to the
natural question of whether or not entanglement can be present in the steady-state even in this
dissipative environment. Most previous studies that attempted to address this question have been
limited to small systems [84] 141l 159, 160] and focused on the entanglement between a pair of
synchronized oscillators. Here, to determine the non-separability of the many-body steady-state,
we compute the average of the quantum Fisher information (QFI) and use it as an entanglement
witness [237, [107]. Any N particle state with (N2 + 2N)/3 > Fp(p) > 2N/3 is entangled (non-
separable) and a quantum resource for phase estimation (see Appendix for details).

Due to dissipation, the density matrix of the system is reduced to a mixed state, as obtained
from Eq. , which describes the dynamics of the system after a statistical average over many
experimental trials. However, the evolution of the system for an individual experimental realization
can be quite different. We consider a Gedanken experiment in which one monitors the system
evolution and keeps a measurement record of the emitted photons. The evolution of the system
is then conditioned on the measurement record [40)], 198]. This type of conditional evolution has
been widely studied in quantum optics and utilized together with quantum feedback control in
examples such as the optimal generation of spin squeezed states (See Refs. [251] [08]). It should
be emphasized that the conditional evolution based on the measurement record gives a quantum
trajectory that should not be regarded simply as a numerical tool to allow the efficient assembly
of ensemble averages. Each quantum trajectory is a potentially realizable physical outcome (even
if hard to perform in practice) as allowed by the quantum dynamics of the open quantum system
under consideration.

We calculate Fg(p.) (with the ¢ in p. meaning conditional) for each conditional trajectory
and in Fig. [5.2(d) we show its average over a sufficiently large set of trajectories at steady state (see

Appendix |C.3|). For this conditional evolution we observe entanglement in a parameter regime that
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correlates with Zg > 0 [see Fig. [5.2(c) and (d)]. On the other hand, if we discard the information
present in the measurement record, by using the ensemble averaged p obtained from directly solving
Eq. , and then computing Fg(p), the QFI falls below the entanglement witness threshold [see
Fig. 52(d)].

To differentiate quantum effects from classical ones, we further calculate the quantum discord
D [see Appendix|C|, which can be considered as a measure of quantum correlation more general than
entanglement and more robust in a dissipative environment [I86] [54]. Separable states with nonzero
D are intrinsically nonclassical, since local measurements performed on a subsystem inevitably
disturb the whole system [I86, [I71]. We measure classical correlations of the steady state by the
difference between the mutual information Z [see Appendix [C| and D. We find the mixed steady-
state contains nonzero quantum correlations in the synchronized regime Fig. [5.3(a). Moreover we
observed that although both D and Zg exhibit a similar dependence with pumping rate W, they

do not exactly peak at the same value [3].
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Figure 5.3: Quantum correlations and total correlations. The total and quantum correlations
in the steady state are quantified by the mutual information 0 < 7 < 2 and quantum discord
0 <D < 2. (a) In the synchronized phase, there are nonzero quantum correlations and classical
correlations (Z — D), and both show a dependence on W that qualitatively agree with Zg. (b)
Even in the thermodynamic limit, quantum correlations remain a significant fraction of the total
correlations. For both panels, §, = g(rq) = 0 and f(rqp) = fog/N.

Although the existence of a nonzero D has been reported to exist in several quantum syn-
chronization studies [159] [I71], we want to emphasize that those have been always limited to small

systems. To our knowledge our calculations are the first to consider D in macroscopic samples. In
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Fig. [5.3(b) we show the dependence of D with system size. Our calculation shows that quantum

correlations remain a significant fraction of Z even in the thermodynamic limit.

5.5 Synchronization with finite-range interactions

Up to this point we have only considered all-to-all interactions; now we consider the effect
of finite range interactions on synchronization. In the dipole array both f(rm,) and g(ry,) are
nontrivial functions of ry, and contain terms decaying as a power-law with distance, o< 1/|rqp|*
with @ = 1,2,3. Instead of dealing with all these terms together, to gain insight on how spatial
inhomogeneities affect quantum synchronization, we first study a simpler case assuming a power-
law cooperative decay f(rqp) o< |rgp| ™%, with the exponent « as a variable parameter and set both
g(rqp) =0 and §, = 0.

In the classical regime [53, 238 [50} 256], analytical calculations and numerical simulations
considering arrays of oscillators interacting via power law interactions on a one-dimensional lattice
had identified oo = 3/2 as the critical value of the power law exponent below which long-range phase
order is possible [50]. For o < a, a transition to a state in which a finite fraction of the oscillators is
entrained takes place for a sufficiently strong but finite coupling strength in the large system limit.
Generalizations of these results to oscillators in D dimensions [50] have also identified three different
regimes for synchronization: perfect phase ordering for o« < D, entrainment with long-range phase
order for @ < 3D/2 and a crossover to exponential decay of correlations at o = (3D + 1)/2.
Reference [256] has also suggested that in the regime o > D global synchronization is absent but
local synchronization persists for arbitrary weak coupling with a slowly decaying order parameter.

To quantify the effect of finite-range interactions on synchronization in the quantum regime
we compute spin-spin correlations within linear clusters that contain d dipoles, (Zglg)2 = (ﬁm,
using a cumulant expansion method as described in Appendix B. Here the bar followed by a
subscript d indicates an average over the pairs of different dipoles a and b contained in a linear
cluster of size d. The linear clusters start at the central spin as shown in Fig. We have confirmed

that the cumulant expansion method reproduces well the correlation functions by performing direct
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comparisons with the exact solution (see Appendix B). Fig. (a) shows the behavior of Zg) as
a function of cluster size d and power-law decay exponent « in arrays of dimension D = 1 and
2. Clear global synchronization with an order parameter Zg2 independent of d is observed for
a < D. For 0 < a < D/2, the local order parameter Zé is almost independent of o and d and
the system behaves almost like the all-to-all system. For D/2 < a < D synchronization remains
global and almost independent of d, but the order parameter slowly decreases with . For a 2 D,
synchronization becomes local and correlations quickly decrease with cluster size. The magenta
contour provides an indicative scale of the boundary between global and local synchronization.
The white contour lines also provide information about the decrease of the order parameter with
increasing « and d. We observe that, as in the classical case, a ~ D roughly marks the transition
between global and local synchronization, although a more quantitative comparison would require
far larger systems.

An alternative way to characterize domain formation and the fact that it can persist even
when there is a variation in the local detunings, d, # 0, is to examine pairwise two-time correlation
functions, Z, 5(7) = limy 0o (67 (t + 7) + 64 (t + 7)) (64 (t) + 65 (t))), which can be related to the
emission spectrum of the pair of atoms [40]. The oscillations in Z,(7) encode information about
the relative precession rate between different dipoles. By parameterizing Z,,(7) as Z, (1) =
A cos(vgpT) exp(—vT) we can extract the relative precession frequency v, between dipoles a and b,
where entrainment of dipoles a and b corresponds to v, = 0. To explore the entrainment of dipole
pairs in our system, we assign random detunings distributed uniformly in [-T'/2,T'/2] to a linear
chain of N = 200 dipoles and calculate v, for b = 1,2,...,100 with a = 101 corresponding to
the central dipole in the chain. Synchronization regimes similar to those shown in Fig. [5.4(a) are
observed for this D = 1 system, which we illustrate in Fig. ﬂ(b) by plotting a histogram (top panel)
and the distribution of frequencies v (bottom panel) for three values of a. For global coupling,
a = 0 (dark blue symbols), all the dipoles become entrained with each other (v = 0), indicating
complete synchronization; for &« = 0.65 (red symbols) dipoles split into entrained (v = 0) and

drifting (v # 0) groups. While not all dipoles are entrained, the entrained dipoles are distributed
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along the whole array, and thus synchronization is still global; and for o = 2 (light blue symbols)
the majority of dipoles are not entrained. These observations of relative precession frequencies
between pairs of oscillators are consistent with the regimes obtained from the order parameter

plotted in Fig. [5.4(a).
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Figure 5.4: (a) Spin-spin correlations, Zgé, in linear clusters containing d dipoles at optimal

repumping W for power-law couplings f(r.) = g ( % >0‘ with lattice spacing a. We set 0, =
g(rap) = 0 and consider N = 900 dipoles arranged in both linear (D = 1) and square lattice (D = 2)
geometries. For a < D global synchronization is observed and the order parameter is independent
on cluster size d. For D < « the order parameter starts to clearly decay with increasing d. The
magenta line (Zg? = 0.14) provides an indicative scale of the boundary between global and local
synchronization. The white contour lines provide an indication of the decrease of the synchronized
domains with increasing a. (b) Pair wise two-time correlation functions in the steady-state are
parametrized by Zg (1) = Acos(v7)exp(—y7) where a is chosen as the central dipole of a linear
chain of N = 200 dipoles. The dipoles are assigned random detunings §, distributed uniformly in
[-I'/2,T/2]. The dark blue, red, and light blue symbols correspond to a = 0, 0.65 and 2 respectively.

The histogram of frequencies v exhibits similar synchronization regimes than those seen in (a).

5.6 Synchronization of dipoles with elastic interactions

We now treat the full problem of radiating quantum dipoles incorporating elastic interactions
g(rqp) and the intricate competition of spatially-dependent and anisotropic couplings [both g(ras)
and f(rq) have terms with power law dependence o = 1,2, 3 on distance] (Fig. . We solve the
full master equation without any approximation [40] for systems of up to twenty dipoles in a chain

using the actual spatial dependence of both f(rs,) and g(rq), and set §, = 0. We observe a robust
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synchronized state that exists in a wide parameter space. Aslong as fog = N f(rgp) is large enough,
we find that synchronization takes place and is only weakly affected by substantial differences in
g(rep), €.g., variations in the dipole array that modify g(ry) by two orders of magnitude only

decrease the order parameter by a factor of two (Fig. 5.5 in the steady state. This is in striking
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Figure 5.5: (a) Synchronization in dipole arrays is demonstrated for N = 12 dipoles on a line when
subjected to incoherent pumping (optimal rate). In this geometry, regardless of the strong angular
variation of ¢ with the lattice spacing a (see contours) the order parameter, Zg, (normalized
by Zg* =1/ V/8) exhibits a weak dependence on 6 and a and reaches a maximum at = 6,,.
(b) The order parameter is computed for N = 16 dipoles on a line with § = 6,, and fog =
>apra f(Tap)/(N — 1) (symbols), and for a system with constant f(re) = fer/N and g(rep) =0
(dashed line)s. Similar dependence on W is found for these two different systems. Here the order
parameter for dipoles is always smaller in the presence of elastic interactions.

contrast to the situation in a system without dissipation, where the elastic interaction is known
to generate entanglement between spins and to cause a decay of the order parameter during time
evolution [I57].

For the orientation 6,, = arccos(1/v/3), the order parameter reaches a significant fraction

of Z5™, indicating the emergence of macroscopic spontaneous synchronization of the radiating
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quantum dipole array (Fig. [5.5). To further emphasize the relevant role played by the inelastic
term, in Fig. [5.5(b) we compare a solution of the master equation [Eq. } for two cases: a
system of coupled dipoles arranged in a 1D chain and oriented at the magic angle (symbols) and an
array of identically coupled dipoles with the same f.g but experiencing only inelastic interactions
[9(rap) = 0, dashed lines]. The calculated order parameters agree well for the two different cases.
The similar behavior demonstrates that in spite of the complex geometry of the dipolar interactions,

the capability of the dipole system to synchronize can be characterized to great extent by the

quantity fes.
5.7 Experimental implementation

Our calculations above demonstrate the potential for synchronization in a dense array of
dipoles. The flexible and precise control exhibited by ultracold atomic systems make them ideal
platforms to experimentally investigate the synchronization phenomenon predicted here. Atomic
systems operate with a large number of quantum oscillators and also allow for the tunability of the
interaction parameters over a broad range.

One possible set-up to observe synchronization consists of arrays of ultracold ®7Sr atoms
prepared in two electronic internal states that form the two-level system. The |]) could then
correspond to the long-lived 5s5p 3Py state, with an intercombination line narrower than 1073 s=!
. This is the state used to operate the most precise atomic clocks [27]. The |1) could correspond
to the 5s4d 3Dy state with a natural linewith I' = 290 x 10% s~!. Both states can be trapped in
an optical lattice at the magic wavelength a = 0.2 pum [I87], that generates the same trapping
potential for both states minimizing Stark shifts and inhomogeneities in the coupling constants.
The dipole-dipole interactions are mediated by photons at the wavelength A = 2.6 ym and thus,
as shown in Fig. the ratio a/A < 0.08 falls in the parameter regime where dipoles can be
synchronized.

By changing the angle between the laser beams used to form the lattice potential, the lattice

spacing can be varied allowing tunability of the interaction strength between dipoles. The incoher-
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ent pumping can be realized by coherently transferring the 5s5p 3Py population to one or several
appropriate intermediate states that decay rapidly to the 5s4d 3Dy state [I67]. An example would
be the 4d5p 3Py state [217].

The polarization of the dipoles can be oriented in an arbitrary direction by an electromagnetic
field. Although all the dipoles cannot be oriented at the magic angle in a 3D geometry, one may still
suppress the elastic interactions by dynamical decoupling techniques adopted from NMR [71]. Those
have been already demonstrated in ultracold polar molecule systems [278]. Another possibility is
to use a spatial configuration of external fields that induces an ‘averaging out’ of the dominant
elastic interactions [I84]. Moreover, by slightly departing from the magic-wavelength condition,
the dipoles can be subjected to onsite inhomogeneities that generate different detunings d,.

The phase synchronization can be probed by measuring Zg, which experimentally can be
directly obtained from the fluorescence intensity. As suggested in Sec. phase locking can also
be extracted from two-point correlations which can be determined by analyzing the fluorescence
spectrum [167].

An intriguing but also more speculative and less controllable realization of our quantum
dipole model is the case of fluorescent organic molecules. A possible two-level configuration in
those systems consists of a vibrational level of the ground electronic potential chosen as ||) and the
lowest vibronic level of the first excited potential chosen as [1). Incoherent pumping can be realized
by driving an optical transition to a higher excited vibronic level |¢) in the first excited potential,
which decays on picosecond timescales to the state f) via non-radiative transitions [127]. Typical
values of the fluorescence wavelength A¢ and lifetime 7t for organic chromophores under a variety
of environmental conditions put these systems in a regime of near optimal synchronization. For
instance, pseudoisocyanine chloride (PIC) and merocyanine derivatives commonly used in organic
light-emitting diodes (LED) [68, 17, 120, [6] typically form low-dimensional molecular aggregates in
liquid solution with a =~ 0.5 — 2.0 A, and ratios a/)¢ on the order of 1073, The typical fluoresence
decay rate for these organic chromophores is I' ~ 0.1 — 1 GHz [127]. In order to achieve W/T' =1

and enter the synchronized phase, the required pumping laser intensity is Iy ~ 1 — 10 kW /cm?,
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which is lower than the theoretical lasing threshold intensities I, ~ 0.1 — 1 MW /em? of dye lasers
[127]. Therefore, it should be feasible to achieve steady state synchronization of organic dipoles via

incoherent optical driving.

5.8 Conclusion

We have demonstrated that a system of radiating quantum dipoles can be synchronized in
the presence of repumping. Our analytic mean-field approach provides a direct analogy between
synchronization of quantum dipoles and synchronization of classical phase oscillators. Using exact
solutions of the master equation and a cumulant expansion approach, we determined the necessary
conditions for synchronization, and the entanglement properties in the steady state of macroscopic
ensembles under different measurement protocols. We also analyzed the effect of finite-range inter-
actions in large arrays. To our knowledge those have been previously explored only in the classical
regime. These calculations, although restricted to g(rq,) = 0, emphasize how the interplay between
incoherent repumping and cooperative dipole decay can give rise to robust quantum synchroniza-
tion. For treating the general case of dense packed dipoles, we numerically solved the master
equation exactly for up to twenty dipoles, and studied the effect of elastic interactions. The one
dimensional geometry chosen allows us to tune the dipolar interactions accross a wide range of
parameters by simply adjusting the spacing and polarization angle, and investigate the competing
roles of the elastic and inelastic interactions. One dimensional systems are amenable for theoret-
ical investigation since they help us to minimize finite size effects. They can be implemented in
current experiments using ultra-cold gases and are relevant for the suggested implementation using
organic molecules. There are several organic species such as PIC molecules [I7] that are known to
form quasi-one dimensional arrays both as single crystals and in liquid solution. These systems are
typically modelled as 1D arrays of two-level dipoles with energetic disorder to match spectroscopic
data [75]. For this configuration, we found synchronization in the presence of a large variation of
elastic interactions. We expect that in more general geometries, similar degree of synchronization

could be achieved provided the collective dissipative coupling f.g dominates over the elastic pair-
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wise couplings, g(rqp). These conditions might be easier to be satisfied in higher dimensional dense
packed dipolar arrays given the anisotropic character of the elastic terms which fluctuate both in
sign and magnitude across the array. In higher dimensions, geometric effect becomes more impor-
tant. Nevertheless, whether or not spontaneous synchronization in dipole arrays can be observed
under more generic high dimensional geometries remains an open question.

Our results show that the intrinsic macroscopic coherence of the superradiant steady state is
inherently resilient to single particle decoherence, spatial inhomogeneities, and noisy environmen-
tal effects. This observation could have relevant application to the development of low-threshold
organic lasers, highly efficient solar cells, materials with enhanced chemical reactivity, as well as
ultra-precise quantum devices, where these effects are anticipated to play an important role. More-
over, since quantum synchronization is imprinted in the spectral purity of the emitted radiation
[166], the generated light may potentially serve as a direct diagnostic tool of quantum coherences

in generic systems beyond cold gases such as organic molecules.



Chapter 6

Light scattering from dense cold atomic media

6.1 Introduction

Light-matter interactions are fundamental for the control and manipulation of quantum sys-
tems. Thoroughly understanding them can lead to significant advancements in quantum technolo-
gies, quantum simulations, quantum information processing and precision measurements [124, 51,
62, [69, 24], 118, 25]. Over the past decades, cold atom experiments have provided a clean and
tunable platform for studying light-matter interactions in microscopic systems where rich quantum
effects emerge, such as superradiance and subradiance, electromagnetically induced transparency,
and non-classical states of light [30} 95 214] 191], B4]. However, in spite of intensive theoretical
and experimental efforts over the years, long-standing open questions still remain regarding the
propagation of light through a coherent medium, especially when it consists of large and dense en-
sembles of scatterers [110] 142, 213| 113| 223] 242] 22|, 122], 232], [112], 231, 185], 115}, 111, 114} [7, B31].
In fact, by studying small systems where analytical solutions are obtainable, it has been realized
that atom-atom interactions can significantly modify the spectral characteristics of the emitted
light. These effects yet need to be understood in large systems [187, 158, 281], 284] [19] where finite
size effects and boundary conditions become irrelevant. The situation is even more complicated
when the coupling with atomic motion is non-negligible [18| [144]. It is timely to develop theories
capable of addressing these questions, given the rapid developments on cold atom experiments and
nanophotonic systems. The experiments are entering strongly coupled regimes, where atom-atom

and atom-photon interactions need to be treated simultaneously and sometimes fully microscopi-
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cally [187, 116, [88].

A widely adopted approach to describe light scattering consists of integrating out the atomic
degrees of freedom and treating the atoms just as random scatterers with prescribed polarizability
[63] 258, [134] [36]. While this approach can successfully capture some classical properties of the
scattered light, it does not fully treat the roles of atom-atom interactions and atomic motion [I3T],
133,227, [132]. An alternative route consists of tracing over the photonic degrees of freedom. In this
case the virtual exchange of photons induces dispersive and dissipative dipole-dipole interactions
between atoms, which can be accounted for by a master equation formulation [I10, 142]. This
approach has been used to study systems of tightly localized atoms where the dynamics only takes
place in the atomic internal degrees of freedom. It has been shown to successfully capture quantum
effects in light scattering [242], 48], 280), 22], 21], 240]. However, due to the computational complexity,
it has been often restricted to weak excitation and small samples [169, [165], 281], 284], and a direct
comparison with experiments containing a large number of atoms has been accomplished only
recently [33] 212]. In general, most theories have not properly accounted for atomic motional
effects and atomic interactions on the same footing and many open questions in light scattering
processes remain.

Here, we present a unifying theoretical framework based on a coherent dipole (CD) model
(see Fig. [6.1f(a)) to study the light scattering from cold atoms with possible residual motion. In
the low intensity and slow motion regime, we use the CD to investigate the collective effects in the
light scattered by a large cloud and show the interplay of optical depth (OD) and density. These
results are compared with the random walk (RW) model (see Fig. |6.1{a)) that only accounts for
incoherent scattering and thus ignores coherent dipolar interaction effects. To address the role of
atomic motion, we perform different levels of generalization of the CD model. With these modified
models, we show that atomic motion not only reduces phase coherence and collective effects, but also
impacts the line shape and line center of the spectral emission lines via photon recoils. Motivated
by a recent experiment at JILA (see Fig.[6.1{(b)) [33], we focus our discussionsona J =0 — J =

transition, but the methods presented here can be extended to more complicated level structures
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without much difficulty.

Figure 6.1: Scheme. (a) Microscopic models: random-walk model (left) and coherent dipole model
(right). In the random-walk model, a photon is randomly scattered by the atoms. Scattering events
are characterized by the incident and outgoing wavevector of the photons and their corresponding
polarization. In the coherent dipole model, atoms are coupled by dipole-dipole interactions (Ggp)
and all atoms contribute to the fluorescence. (b) Experimental setup for measuring the fluorescence
from a cloud of atoms. An incident laser drives an atomic transition with a spontaneous emission
rate I'. Atoms absorb and emit light. The detectors collect scattered photons at an angle 6
measured from the incident beam direction.

This chapter is organized as follows. In Sec. 6.2, we provide the mathematical description of
the CD model, which treats atoms as coupled, spatially fixed dipoles sharing a single excitation.
Its predictions on the collective properties of the emitted light such as the light polarization and
density dependence of the line shape and peak intensity are discussed. In Sec. 6.3, we introduce
the RW model and compare its predictions on the linewidth and peak intensity of the scattered
light to the ones obtained from the CD model. Those comparisons allow us to explore the role of
phase coherence in the atom-light interaction. In Sec. 6.4, we present extended models to study
motional effects on atomic emission. We first include motion in the CD model by assuming that
its leading contributions comes from Doppler shifts. Those are accounted for in the frozen model
approximation when we introduce local random detunings for atoms sampled from a Maxwell-

Boltzmann distribution. Then we go beyond the frozen model approximation and explicitly include
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atomic motion by means of a semi-classical approach. This treatment also allow us to go beyond the
low excitation regime. In Sec. 6.5, we apply the CD model to a recent experiment measuring the

fluorescence from an ensemble of 88Sr atoms. We finish in Sec. 6.6 with conclusions and outlook.

6.2 Coherent dipole model

6.2.1 Equations of motion for coherent dipoles

As derived in chapter [2], for an ensemble of N atoms with internal dipole transition J =0 —

J' =1, the master equation is

ZAQ baTbl ,P 4 ZQ&[(eiko-ril;?T 4 HC),ﬁ]

1,0
+ Z g’L] baTbavA]
i£j,a,00
+ Y by bt {6Th . o),
,]aa

(6.1)

where we have added the term describing the effect of an external driving laser with polarization
a, wavevector kg, and Rabi frequency Q%. The Hamiltonian is written in the rotating frame of the
laser, with A% denoting the detuning between the laser and the transition |0) — |a&). The dipole-
dipole interactions include both the far-field (1/r) and near-field (1/72,1/r3) contributions. The
terms described by f; O‘O‘ encapsulate collective dissipative process responsible for the superradiant
emission in a dense sample. The terms described by gfj‘/ account for elastic interactions between
atoms which can give rise to coherent dynamical evolution. These elastic interactions compete with
and can even destroy the superradiant emission [79] 284].

When the atoms’ thermal velocity v satisfies kgv < I', atoms can be assumed to be frozen
during the radiation process. Moreover, in the weak driving regime, 2 < I', to an excellent ap-
proximation, the master equation dynamics can be captured by the 3N linear equations describing

the atomic coherences b = <ZA)?> of an excitation propagating through the ground state atomic
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medium. The corresponding steady state solution can be found from:

b = Q%0 ™03 /2

J A% 1 il/2 nz Aa+zF/2 b+ (62)

where we have specified the polarization of the driving laser to be along . For obtaining Eq. ,
we have assumed there is only one excitation in the system, and ignored multi-atom coherences
(see Appendix . This assumption is justified in the weak driving field regime [21], 234]. The
fluorescence intensity measured at the position ry in the far-field can be obtained by the summation

[110]

Ze hemin S (Gar — FEIB (6:3)
« a

where b;," is the complex conjugate of by, and rj, =r; —rp.

6.2.2 Collective effects in fluorescence

For dilute samples the dipolar interactions are weak, G = > |G§"ja/ |/(NT) < 1, and Eq.

i#jal

li can be solved perturbatively using G as an the expansion parameter, b5 = b;-”o —i—b?’l _|_b;?472 +
(03" oc G") which results in

[ 1 W (03K D) Qn—10n )y iko-r;
boc,n _ 2 : Gjll Glllg : Gln 1ln Q 504n7'Y€ "
J Py in(AY +i% )(Ao‘l +z§)...(Aan —l—zg)
127511
clnFEly—1
a1,09...00

(6.4)

In the expansion, terms of order n account for n*® order scattering events. For simplicity, in the

following we assume the atomic sample has a spherical shape, with density distribution n(r) =

—r2/2R?

nge , unless otherwise specified. However, the conclusions can be generalized to other ge-

ometries. Here, ng = is the peak density.

_ N
2w/ 21T R3

To the zeroth order, the atomic response is driven by the external field only and is not

modified by the scattered light:

Qaé‘ eiko-rj
o0 oy
bj T AX —i—ZT/Q : (6'5)



68

Substituting it into Eq. (6.3]), the intensity of scattered light is
I & N + N2 [ks—kol?R?, (6.6)

There are two contributions to the intensity, the first term oc IV represents the incoherent con-
tribution, and the second term oc N? is the collective emission resulting from coherent scattering
processes[223] 33]. The phase coherence is restricted to a narrow angular region around the incident
laser direction, with d6 ~ 1/kgR. The enhanced emission arises from the constructive interference
of the radiation from N dipoles [2I]. Along other directions, the random distribution of atom posi-
tions randomizes the phases of the emitted light, smearing out the phase coherence after averaging
over the whole sample [33].

Including first order corrections, the intensity of the scattered light is given by

) N ©.)
rs) o — — , .
(A —=TR[G])? + (' 4+ 2I'S[G])? /4
for transverse directions, where we have denoted 2 = Q7 and A = A7, and
G = Y Ge ™ /(NT). (6.8)

i
For the forward direction, the intensity has the same form, except that the factor N is replaced by
N2, due to the phase coherence. Therefore, the line shape of the scattered light is Lorentzian, with
its line center frequency shifted by the elastic interactions [211], 2T1], and the linewidth broadened
by the radiative interactions. If we temporarily neglect the effect of polarization, when the atom-
atom separation is large, the dipole-dipole interaction is dominated by far-field terms, i.e., G?jv ~

—E(l - )eiko”j

1 i) Forg In this limit analytical expressions for the linewidth broadening T, and

density shift, A, can be obtained: T' = 2I'S[G] = 3NT/(8k§R?) = 7T, with 7 = 2132]\}[%2 being the
0

OD of the sample, and A = T'R[G] = —T'nokq 3 /4/2. Therefore, while the collectively broadened

linewidth depends on the OD of the atomic cloud, the frequency shift depends on the density.
In a dense medium dipolar interactions are strong, G = 1, higher order scattering events
become important, and the interplay between the radiative interactions and elastic interactions

becomes non-negligible. As a consequence the above perturbative analysis is no longer applicable.



69

In Fig. and Fig. we show the numerical solution of Eq. (6.2]), which takes into account

all the scattering orders. As shown in Fig. a), most of the scattered light is distributed
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Figure 6.2: CD model: on-resonance intensity. (a) Angular distribution: due to the constructive
interference along the forward direction (@ = 0), the intensity is drastically enhanced within a small
angular region. (b)-(c) The intensities for three different directions (6 = 0,7/10, 7/2) are shown as a
function of atom number, each normalized to the value at NV = 50. All are calculated for a spherical
cloud of fixed size. The right vertical axes label the intensity for § = 7/2,7/10. In (b) the OD
and the density are relatively low (when N = 500, 7=2,n0k; 3:0.0015). The transverse intensity
increases ~ N, while the forward intensity increases ~ N2, showing a collective enhancement for
small window of 8 around zero. Outside this narrow angular window the enhancement disappears
and the intensity becomes almost 6 independent as indicated by the identical behavior observed
for two different angles, § = 7/10 and 7/2. In (c) the OD and density are relatively large (when
N = 500, 7=10, noky 3:0.017). The rate at which the intensity increases with N slows down in
both the forward and transverse direction: with I ~ N*! for § = 0 and I ~ N%5 for 6§ = 7/2,
respectively. (d) On-resonance intensity as a function of OD: it is highly suppresed at large OD.
Here, the intensity is normalized to the corresponding value at 7 = 25 for each direction.

within a narrow peak around the forward direction (laser direction). Outside this narrow region

fluorescence is almost uniformly distributed among other directions E| . The forward emission is

! Note: Around the § = 7 direction there is a small enhancement ~ 2 due to the coherent backward scattering

[134].
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Figure 6.3: CD model: collective broadening. (a) FWHM linewidth as a function of OD. At small
OD, the FWHM increases linearly with OD, but as OD increases density effects set in, multiple
scattering events become relevant and the linewidth dependence on OD is no longer linear. Two
different atom numbers are used for the blue (N=1000) and black lines (N=200), and the OD is
varied by changing the cloud size. For the blue line, noko_g = 0.14 at 7=25, 0.003 at 7=2. For the
black line, the density at the same OD is doubled. With smaller density, the linewidth increases to a
larger value in the large OD regime. (b) The line shape at small OD values (7=2, noky > = 0.002) for
different angles 6 (6 is defined in Fig. a)) is mainly Lorentzian. Here the intensity is normalized
to the on-resonance intensity for each 6. (c) At large OD (7=20, nok;® = 0.06), the fluorescence
line shape significantly broadens and stops being Lorentzian. The brown dots for § = 0 show the
Lorentzian fit, which fails to describe the line shape. At intermediate 6, a double-peak structure
shows up. For all panels, the cloud shape is spherical.

collectively enhanced. For low OD it increases as ~ N2 (Fig. [6.2] (b)) while the transverse intensity
increases as ~ V.

Dipolar interactions tend to suppress the rate at which the intensity grows with N (Fig.[6.2{c)).
This can be qualitatively understood from Eq. , which predicts that the intensity is reduced as
OD increases. Despite the fact that the perturbative analysis is only valid in the weak interaction
limit, this tendency remains and becomes more pronounced in the large OD regime as shown by
the numerical solution presented in Fig. [6.2d). Broadly speaking, multiple scattering events tend
to suppress collective behavior [112, 135]. Similar physics is also observed in the behavior of the
linewidth. At small OD, the FWHM linewidth increases linearly with OD (Fig. [6.3|a)) and the
line shape is well described by a Lorentzian (Fig. |6.3|(b)), as expected from Eq. . However,
when OD is large and the density is high, in addition to a significant broadening, the line shape
becomes non-Lorentzian (Fig. [6.3|c)) and the FWHM increases slowly with OD (Fig. [6.3|(a)). To
further illustrate this, in Fig. a) we plot the FWHM for the same OD but with smaller density

(by using a larger atom number). The figure shows that the linewidth indeed keeps increasing
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until saturation at a larger value of OD. Another interesting feature is the double-peak structure
observed only at intermediate angles #, which arises from the interplay between the stimulated
photon emission driven by the probe field and the scattered photons emitted via dipolar exchage
processes (Fig. [6.3(c)).

The drastic modifications of the perturbative expectations from multiple scattering are also
present in the frequency shift of the scattered light. From a mean-field point of view, the linecenter
of scattered light is shifted according to the Lorentz-Lorenz shift mnok; 5T [80]. As shown by
the numerical calculation in Fig. (blue line), at small density, the frequency shift is indeed
linear with nok, 3 but as density increases, the shift is quickly suppressed [112]. For atom density
~ 5 x 10¥cm™3 (reached for example in cold 8" Rb atom experiments [12]), the calculated density

shift is approximately a factor of two lower than the mean-field prediction.
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Figure 6.4: CD model: frequency shift. For small density, the shift calculated from the coherent
dipole model (blue line) increases linearly with density as predicted by the mean-field theory.
However, when density is large, there is a significant deviation from the mean-field result. When
motional effects are taken into account (red line, Doppler width = 5I", see Sec. , the non
linear suppression of the frequency shift with density is less severe.

The interplay between the imaginary and real part of the dipole-dipole interaction has to
be carefully accounted for to compare numerical simulations with experimental measurements by
doing finite size scaling. For typical computation resources the numerical solution of Eq. is
limited to ~ 10 atoms. On the other hand experiments usually operate with ensembles of tens of

millions of atoms. To theoretically model these large systems a proper rescaling in the cloud size is
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necessary. Equation implies that in order to characterize the effect of radiative interactions
one should aim to match the experimental OD, which scales as ~ N'/2. On the other hand, to
properly reproduce the effect of elastic interactions it is better to match the dimensionless number
noky 3 which scales as N/3. Therefore, there exist two different ways of rescaling the cloud size,
either by keeping the same OD or the same density. In Fig. we show the effect of finite N for

a moderate range of atom numbers. Indeed, except from small deviations seen at very low atom
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Figure 6.5: CD model: finite size scaling. (a) The linewidth is calculated for different number of
atoms at the same OD (7=4 for N=3000) by varying the density (blue line with circles). From
N = 1000 to 5000 the linewidth is not obviously changed. In contrast, by keeping the same density
(noky® = 0.0037 for N=3000) while varying the OD (magenta line with triangles), the linewidth
keeps changing. (b) The frequency shift is calculated for different number of atoms. By keeping
constant density (magenta line with triangles), the frequency shift remains almost constant, while
for constant OD (blue line with circles), there is a significant variation of the frequency shift with
N. Here the cloud aspect ratiois Ry : Ry : R, =2:2:1 [33].

number (< 1000), the linewidth broadening can be well captured by keeping the OD constant,
while the frequency shift is well described by using a constant density. In contrast, if a constant
OD is used to compute the frequency shift, the result would considerablly overestimate the shift,
e.g., by a factor of 10 when the N in numerical simulation is 1/100 the atom number in experiment.
The interplay of multiple scattering and density effects is more prominent for larger IV values. To
deal with the OD vs density scaling issues in comparing with experiments the most appropriate
rescaling procedure that we found is the following: when computing the linewidth or peak intensity,
the theory is rescaled accordingly with the experimental OD. However, the actual OD value is not

exactly matched to the experimental one but to a slightly modified value, 7 = 57 to account for
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density effects [33]. For a moderate window of 7 values, for example achieved experimentally by
letting the cloud expand for different times, 1 should be kept fixed. For the frequency shift the

theory should be rescaled according to density.

6.2.3 Anisotropic features of scattered light

For independent atoms radiation along the polarization of the driving laser is forbidden.
However, dipole-dipole interactions can generate polarization components different to the driven
ones if the atoms exhibit internal level structure, e.g., degenerate Zeeman levels in the excited
state. This is the case of a J = 0 — J' = 1 transition, where, as shown in Fig. the fluorescence

emitted along the laser polarization direction (z-direction, §# = 7/2 ) is nonzero. It is, however,
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Figure 6.6: CD model: effect of laser polarization. (a) Intensity distribution in the plane perpen-
dicular to the laser propagation direction, i.e., § = /2 for all ¢’s (inset). ¢ = 0 is the z-direction.
Here, the incident laser is polarized along z. The intensity detected along the laser polarization is
suppressed compared to other directions. (b) and (c) show the line shape and linewidth of light
detected at = 7/2,¢ = 0. (b) At small OD, the FWHM linewidth is below the natural linewidth.
(c) As OD increases, the linewidth is collectively broadened due to multiple scattering processes
(Fig.[6.3((a)). For all panels, degeneracy in excited levels has been assumed.

much weaker than the intensity emitted along other directions. On the contrary, for two-level
transitions the polarization of the scattered light is conserved and thus the emission parallel to
the laser polarization is completely suppressed. The strong dependence of the scattered light on
polarization and atomic internal structure is most relevant along the transverse direction. Along
the forward direction those effects are irrelevant, as verified by our numerical simulations. From Eq.
, the lowest order contribution to the intensity detected along the laser polarization direction

comes from the first order scattering processes, thus I m, which lead to a “subradiant”
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line shape (i.e. the full width at half maximum (FWHM), Trwam = mf‘ < T, is smaller
than the one for independent particles). The analytic result agrees perfectly with the numerical
simulation at low OD (Fig. [6.6(b)). As the OD increases and interactions become stronger, higher
order scattering contributions lead to a collective broadening (linewidth larger than I') even along

this “single dipole forbidden” direction, as shown in Fig. (c)).

6.3 Random walk model

In this section we use the random walk model to investigate the role of incoherent scattering
processes in collective emission. We focus on the low-intensity regime. Classically, light transport in
a disordered medium can be described by a sequence of random scattering events experienced by a
photon (see Fig. [6.1|(a)) [134] 133], [135]. The expected number of scattering events is roughly given
by (7,)?, where 7, is the peak optical depth, which depends on detuning A as 3N/[k3 R*(1+4A2/T?)]
. For simplicity here we also assume a spherical cloud. The transmission of light is given by e~
[44]E|. For the J = 0 — J' = 1 transition (degenerated J’ = 1 states), the differential scattering

cross section that defines a scattering event is given by [134] [135]

do 30
dig(kina €in — kouta €out) = 877'((')

*

|€in : 6out|2> (69)

where Kiy, oyt is the incident /scattered wavevector, € oyt is the polarization of the incident /scattered
photon [134] 135, 203] and o = 3A2/[27m(1 + 4A2/T?)], with A the wavelength of the driving laser.
To simulate the polarization dependent scattering events as dictated by Eq. , it is con-

venient to use the Stokes-Mueller formalism [I03]. A photon in a given state of polarization can be

2 Note: For a cloud with a Gaussian distribution, the size of the incident laser beam needs to be taken into
account, since a broad beam experiences fewer scattering events at the edge of the cloud and the actual optical depth
depends on the transverse coordinates. The finite beamsize is not taken into account in the CD presented here. In
RW we choose the beamsize to be 5 times the Gaussian width of the cloud.



75

described by a Stokes vector [35]

So |E 2 + | B |?
S1 || — |Er|?
S = = , (6.10)
So El*Er + E B
Ss Z(EZ*ET — EZE;’,‘)

where Fj, E, are the electric field components projected onto the two orthorgonal axis é; and
é, in the plane perpendicular to the wavevector k. For example, S = (1,1,0,0) represents a
photon linearly polarized along the reference axis é;. A scattering event ki, €in — Kout, €out can be
determined by two angles: 6 and ¢ [see Fig.[6.7]. The change of polarization can be obtained from
the transformation S” = M(0)R(¢)S™, where S™ is the incident Stokes vector, S” is defined with
respect to the axis €/, €/ and &, and then S°"* = R(¢)S” transforming back to the original frame
é1, 6, and é3 [15], with S°" the scattered Stokes vectors. The scattering matrix that we use, M, is
the scattering matrix that describes Rayleigh scattering [103, [I35]. It is given by

1"
€ €3 = Kout

Figure 6.7: RW: transformation of Stokes vectors. In the random walk model, a scattering event is
determined by two consecutive transformations of local coordinates: {es, e, e;} — {e}, e}, e[} via
rotation ¢, and {e}, e}, €]} — {e}, e/, e/} via rotation 6 [15].

cos?0+1 cos?6—1 0 0
cos?0 — 1 cos?0+1 0 0
M) = (6.11)
0 0 2cosf 0
0 0 0 2cos6

The matrix, R(¢), is the rotation matrix that rotates the incident axis é, to €. (perpendicular to

the scattering plane),
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1 0 0 0

0 cos(2 sin(2 0
o) (26) sin(20) 612)
0 —sin(2¢) cos(2¢) 0

0 0 0 1
and R(v) is the rotation matrix that transforms the coordinate system &), €/ and é5 back to the
original coordinate system é;,é, and €s, and can be found from 6 and ¢. The polarization of the
photons is encoded in the Stokes vector. The probability of a scattering event can be directly
calculated from S§/Sit. Complete trajectories of the photons can be found from Monte Carlo
sampling of scattering events. As the phase information of photon is not kept in this approach, it is
more suitable for describing classical media or hot atoms where phase coherence is not important.

The polarization of the incident photon is randomized after multiple scattering events. Since
the intensity detected along the polarization direction of the incident photon requires at least two
scattering events, it is suppressed compared to other directions but nonzero (Fig. (a)) and the
linewidth at small 7, also drops below the natural linewidth (Fig. [6.8]c)) along this direction. For
the other directions, the intensity distribution is roughly homogeneous and does not exhibit the
collective enhancement along the forward direction observed in the coherent dipole model. The
FWHM linewidth for different directions increases linearly with OD up to a moderate value of
OD (see Fig. [6.8(b)), and displays a polarization dependence similar to the prediction of CD.
Under this classical treatment more scattering processes are expected to occur with increasing 7,
and those processes tend to inhibit the transmission of light. As the scattering becomes more
frequent, forward scattering decreases and more light is scattered backwards [133]. Since 7, is
maximum at resonance, A = 0, the linewidth develops a “double-peak” profile as the medium
becomes denser (Fig. [6.8(c)). Before the distortion in line shape develops, the FWHM linewidth
also linearly increases with 7,. We note that a similar “double-peak” structure also appears in the
coherent dipole model. However, there, it only happens at specific small angles (see Fig. c)), and

never happens along the forward direction, where the stimulated photon emission dominates or the
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Figure 6.8: RW Model. (a) Distribution of on-resonance intensity in the plane § = 7/2. Along
the direction where single scattering events are forbidden (¢ = 0), the light intensity is suppressed.
(b) The FWHM linewdith increases linearly with 7, in a dilute medium. The linewidth along the
direction parallel to the laser polarization can drop below I' for small (purple squares). (c) Lin
eshapes for different 7,s and angles of observation. The line shape is Lorentzian for low 7, but gets
distorted and develops a double-peak structure as the 7, increases. Here, for all angles, the signal
is collected within a small angular region 660 = 5°. The intensity is normalized to the value at zero
detuning for § = 0 and 7,=0.3, and the width of laser beam is 5 times the Gaussian width of the
atomic cloud. Here all 7, are labeled as the value at A = 0.

transverse direction, where the photons scattered via dipolar exchange dominate. We attribute the
appearance of the “double-peak” structure to the interplay between these two types of emission. In
summary, despite of the fact that the RW model does not include coherent emission mechanisms,
it is able to reproduce the collective broadening observed with increasing optical depth and the
sub-natural linewidth present in the direction parallel to the laser polarization at relatively small
optical depths. The RW model on the other hand ignores coherent elastic dipolar interactions and

thus does not predict a density shift.
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6.4 Role of atomic motion

An assumption made in Sec. [6.2] is that the position of the atoms remains fixed. This
assumption is only valid when atoms move at a rate slower than the radiative decay rate. When
motion is significantly faster, e.g. hot atomic clouds, the coherence during radiation is smeared
out and classical approaches, such as the RW model, are usually satisfactory [258] B6] to describe
collective light emission. However, many experiments operate in an intermediate regime where
coherences cannot be totally disregarded and it is not a good approximation to treat atoms as
frozen. For example, for the 'Sy — 3Py transition of 83Sr atoms, the Doppler boadening at ~ 1 uK,
Ap = 6I', and recoil frequency w, = hk‘g /2m =~ 0.6T", both comparable to the natural linewidth
[108], 254]. Consequently for a proper description of light scattering one needs to account for both
photon coherences and atomic motion on an equal footing. Below we present two approximate

ways to accomplish this:

6.4.1 Modified frozen dipole model

In this section, we discuss a simple way to include the effects of atomic motion on light
scattering via a modified CD model. For a single atom, to leading order, a major modification
from motion in the emitted light intensity is the Doppler shift, a velocity dependent modification of
the effective laser detuning experienced by an atom (see Appendix . We include this effect in
the many-body system by introducing random detunings for each atom, i.e., A — A + v, and by

sampling them according to a Maxwell-Boltzmann distribution P(6v) = ——~—exp (— b2 > that

T V2rAp 242

accounts for the Doppler shifts [I12]. Here KD = Ap/v8In2. We denote this approximation as the
modified frozen dipole model. The random detunings modify atomic coherences as (for simplicity

we assume a single beam illumination):

Qeik()'rj
P o= . 1
b (A = bv;) +il'/2 (6.13)
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Using Eq. (6.13)), the intensity along a generic direction becomes

1 / 2 —6u2/2A2
Lincon = = dov;|b;|“e™ " D, 6.14
h 57 J| J‘ ( )

On the other hand, the coherent scattering in the forward direction which takes into account

pairwise atomic contributions, becomes
1 e 2 0R2 5,2 JOA2
Teoh = —— /daujddyj,bjb;,e 0} /28h ¢~V /28D, (6.15)
27rA]2)
The on-resonance enhancement factor is thus

1
Iincoh QAD/F ’

where erfc is the complementary error function. This induces an exponential suppression of the

forward interference that depends on Ap /T [33], as shown in Fig. (a).
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Figure 6.9: Modified frozen dipole model: peak intensity. (a) Collective forward enhancement: for-
ward intensity normalized by the transverse intensity as a function of Doppler width. (b) Intensity
detected along different directions at Doppler width Ap = 6I" as a function of atom number for
fixed cloud size (when N = 500, 7=2,n0kg *=0.0015). I ~ N1 for § = 0, and I ~ N°7 for § = 7 /2.
The right vertical axis labels the intensity for = 7/2,7/10.

The reduced light scattering probability, on the other hand, competes with dephasing since it
suppresses multiple scattering, and as a consequence promotes collective enhancement. Effectively,
it brings the system closer to the small OD regime (Fig. b)) The motion induced suppression
of multi-scattering processes is also signaled in the frequency shift (Fig. [112], [1T4], which keeps

increasing until a larger value of density in the presence of motion.
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6.4.2 Semi-classical approach

Laser light mediated forces on atoms are a fundamental concept in atomic physics and lay the
foundations of laser trapping and cooling [196, [44]. They can be accounted for at the semiclassical
level by explicitly including the position r; and the momentum p; degrees of freedom of the atoms,
and solving for their dynamics while feeding those back into the quantum dynamics of the internal
degrees of freedom. An explicit description of this procedure is presented below.

For simplicity we will assume a two-level transition. This condition is achievable in exper-
iments, for example, by applying a large magnetic field to split apart (|A* — AY| > GI') the
excited state levels and thus energetically suppressing population of the ones not directly driven by
the laser. For driving the atoms we will consider the case of two counter-propagating lasers with

wavevector +kg, propagating along z, and Rabi frequency 2. The internal atomic variables evolve

according to (see Appendix |D.1|)

db; ) r . . .
5 = Qcos(kory)si—(5 + ZA)ij;Sjbz(gjl—%sz),
(6.17)
de .
pral 2iQ cos(kg-r;)(b; — H.c.) = I's;
=20y (g1 — if0)b5b+ 20> (gj+ i f)bfb;,
7] 7]
(6.18)

where A = A®, and the last terms describe the effect of dipole-dipole interactions g(r) and f(r)

(see Appendix [D.1)). In general the position of atoms can also change with time as

drj _ Pj

= 6.19
dt m’ (6.19)
so the response to the local driving field and dipole-dipole interactions in Eq. (6.17)) and Eq. (6.18))
change accordingly. The momentum changes not only due to the force exerted by the driving

laser, but also the long-range forces g;; = —Vyg;; and §; = —Vf;, which originate from the

dispersive and dissipative dipole-dipole interaction, respectively (see Appendix |D.1]), and depend
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on the instantaneous atomic coherences and positions:

% = —2hkoOsin(ko - 1) R{bi(t)}
+ lgu(bsb; + Hee.) —if (b} — H.e)]. (6.20)
I#j

The atomic coherence and external motion are now coupled together, so Eq. NEq.
need to be solved simultaneously to obtain the dynamics. In deriving Eq. , we have ignored
the role of momentum diffusion (see Appendix . We have verified in our numerical simulations
that it can be safely ignored for the parameters of interest presented in this work.

From previous sections, it has been shown that except for a narrow cone around the forward
direction, the fluorescence intensity is I(rg) oc >, s; (also see Appendix . Since we expect
motion to further reduce the effect of coherence, we will focus on the transverse scattering, and
compute ) . s;. Fig. shows the line shape of a single atom for different §2 calculated from the

semi-classical approach.
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Figure 6.10: Semi-classical model: single-atom line shape. The excitation line shape is calculated
for three different driving strength, each normalized by Q2. The atomic motion is allowed to be
one-dimensional and parallel to the laser propagating direction. Here we used w, = 0.6I" (the value
of the 'Sy — 3Py transition of Sr [108]).

As a result of atomic motion, the laser-atom system is not in a stationary state. We show the
results for driving time ¢ = 5/I'. When Q < T, the line shape is a Voigt profile with the Doppler
width determined by the velocity. When €2 ~ I, there is a distortion in the line shape, with more

intensity at A < 0. This is because for A < 0 the laser force decelerates the atom, while for A > 0
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the atom is heated up. With reduced/increased velocity, the atom is on average more/less excited,
resulting in a distorted line shape. The center of the line is therefore shifted to the red.

Motion can significantly modify the interactions between atoms [57]. We study the effect
of motion on the frequency shift in Fig. [6.11] Dipolar induced frequency shifts were previously
discussed in Sec. Since we focus on low driving fields, again we neglect momentum diffusion
in these calculations. The calculations show that unless Ap is very small, atomic motion leads to
a fast suppression of the frequency shift. Only when Ap < I', the frequency can be increased by
motion and this is the regime where the modified frozen dipole model is qualitatively valid; recall,
it predicts always an increase of density shift with Doppler broadening. We note that at Ap — 0
the frequency shift obtained using the modified frozen dipole model, is slightly smaller than that
one obtained from the semi-classical approach. This is a consequence of the distortion caused by
laser cooling/heating which additionally shifts the spectral line. For Ap 2 I' motion needs to be

properly accounted for and the modified frozen dipole model is not reliable.
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Figure 6.11: Semi-classical model: effect of motion on frequency shift. Two atoms are driven by a
pair of counter-propagating lasers, with QQ = 0.1T", w,, = 0.6I". The red dashed line shows the result
of semi-classical model where motion is allowed in three dimensions. The blue line shows the result
from the modified CD. The center of excitation line shape is calculated at t = 5/T" for different
Doppler width, for both models.
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6.5 Comparison with experiment

In this section, we describe an experiment that measures the collective emission from coher-
ently driven ultracold 83Sr atoms. 88Sr atoms have both a strong ' Sy—! P; blue transition (A = 461
nm) and a spin-forbidden weak 1So—3 P} red transition (A = 689 nm), with a strict 4-level geometry
(Fig. (a)). When the atoms are cooled to a temperature of ~1 pK, Doppler broadening at 461
nm is about 55 kHz, which is almost three orders of magnitude smaller than the blue transition
natural linewidth, I' =32 MHz. To an excellent approximation atomic motion is negligible for
atomic coherence prepared by the 461 nm light. To the contrary, the red transition with a natural
linewidth I' = 7.5 kHz is strongly affected by atomic motion. By comparing the behaviors of the
same atomic ensemble observed at these two different wavelengths (Fig.[6.12(b)) we can thus collect

clear signatures of motional effects on coherent scattering and dipolar coupling[112], 132].

—— — |m)=0), | £ 1)

\o"\" A= 461 nm A =689 nm |
= 66"5“ | 1=32MHz [ ] 175k !

Figure 6.12: (a) The experimental scheme and concept. We weakly excite the strontium atoms
with a linearly polarized probe beam and measure the fluorescence with two detectors, one in
the forward direction, &, and the other almost in the perpendicular direction, Z. We probe two
different J = 0 to J’ = 1 transitions. The first transition is a 1Sy—!'P; blue transition with a
natural linewidth of I' = 32 MHz and the second is a 'Sy—2P; red transition with I' = 7.5 kHz.
(b) In the coherent dipole model photons are shared between atoms. When the Doppler broadened
linewidth becomes comparable to the natural linewidth, dephasing must be considered. At our
~ 1uK temperatures the Doppler broadening is ~ 40 kHz meaning motional effects are important
only for the red transition.
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We use the experimental scheme shown in Fig. [6.12(a) to perform a comprehensive set of
measurements of fluorescence intensity emitted by a dense sample of 88Sr atoms. The sample is
released from the trap and then illuminated with a weak probe laser. We vary the atomic density,
cloud geometry, observation direction, and polarization state of the laser field, and we report
the system characteristics using three key parameters: the peak scattered intensity, the linewidth
broadening, and the line center shift. For example, along the forward and transverse directions we
observe different values of intensity and linewidth broadening, as well as their dependence on light
polarization (see Fig. . We also observe motional effects on the red transition in contrast to

the same measurements on the blue transition.

Blue fluorescence intensity
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Figure 6.13: The 3D intensity distribution predicted for a blue probe beam. The coupled-dipole
model predicts a strong 10% enhancement of the forward intensity compared to other directions
and a finite fluorescence along a direction parallel to the incident polarization. The speckled
pattern is due to randomly positioned atoms and can be removed by averaging over multiple atom
configurations.

In the experiment, up to 20 million 3 Sr atoms are cooled to ~1 K in a two-stage magneto-
optical trap (MOT), the first based on the blue transition and the second on the red transition.
The atomic cloud is then released from the MOT and allowed to expand for a variable time of flight
(TOF), which allows us to control its optical depth and density. They are subsequently illuminated
for 50(100) ps with a large size probe beam resonant with the blue (red) transition (Fig. [6.14{a)).
The resulting scattered light is measured with two detectors far away from the cloud (see Fig.

(a)). One detector is along the forward direction & (detector Dp), and the other transverse direction
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Z (detector Dy, offset by ~10°). For a short TOF, the atomic cloud is anisotropic and has an
approximately Gaussian distribution with an aspect ratio of R, : Ry : R, = 2 : 2 : 1 , where
Ry y,-y are r.m.s radii.

The coherent effect manifests itself most clearly in the forward direction (Fig. |6.14). To
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Figure 6.14: Forward Scattering. (a) Comparison of forward scattering intensity versus angle using a
red and blue probe beam. The inset shows the setup used to block the probe beam. After interacting
with the atoms the probe beam is focused using a lens, which also collimates the fluorescence from
the atoms. We block the probe beam using a beam stopper, which we translate perpendicular to the
probe beam to change the angular range of fluorescence collected by the detector, characterized by
the angle (0) between & and the edge of the beam stopper (see Ref. [33]). The measured intensity,
I (0), for each probe beam is normalized to the intensity at fpnax = 7.5 mRad. The dephasing
caused by motion reduces the forward intensity peak for the red transition. (b) Comparison of
intensity in the forward direction, I, versus intensity in the transverse direction, I,. Both are
varied by changing N. All measurements are made at § = 2 mRad (arrow in (a)) and normalized
to the intensity, I, for the atom number used in (a). (c) Linewidth broadening in the forward
direction measured by scanning the blue probe beam detuning, A, across resonance. Example
lineshapes for different optical depths (ODs) are shown in the inset. Two different atom numbers
are used, N = 1.7(2) x 107 (blue squares) and N/4 (cyan triangles). The dashed line represents T’
for reference. All solid curves are based on the full theory of coupled dipoles and the band in (c)
is for a +20% atom number uncertainty. All errorbars are for statistical uncertainties.

separate the forward fluorescence from the probe beam, we focus the probe with a lens (L) after it
has passed through the atomic cloud and then block it with a beam stopping blade, which can be
translated perpendicular to the probe beam (Fig. [6.14|a) inset). The same lens (L1) also collimates
the atomic fluorescence so that it can be imaged onto Dg. The position of the beam stopper can
be used to vary the angular range of collected fluorescence, characterized by the angle (6) between

Z and the edge of the beam stopper (See Ref. [33]). Using the maximum atom number available in
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the experiment, the measured intensity I, o (¢) is normalized to that collected at fyyax = 7.5 mRad.
Both the blue (square) and red (triangle) transition results are displayed in Fig. [6.14{a). For the
blue transition a thousand-fold enhancement of the normalized intensity is observed for 6§ < 0.5
mRad. We note that this enhancement as a function of 6 far exceeds the diffraction effect by the
beam stopper. The latter effect becomes significant only when 6 < 0.1 mRad, and is also suppressed
in our differential measurement scheme which compares measurements with and without atoms.
The enhancement is also present for the red transition, but it is reduced by nearly two-orders of
magnitude at small 6 due to the motional effect. On the other hand, the wider angular area of
enhancement is attributed to the longer wavelength of the red transition. The forward intensity
strongly depends on the atom number. Fig.[6.14(b) shows measurements of the forward intensity I,
versus the transverse intensity I, at a fixed # = 2 mRad for different atom numbers. The intensities
are normalized to those obtained at the peak atom number as used in Fig. [6.14(a). To the first
order approximation, the transverse fluorescence intensity scales linearly with the atom number.
Hence, the forward intensity of both the blue and red transitions scales approximately with the
atom number squared. These observations are consistent with the conclusions obtained in Sec. 6.2.
The solid lines in Figs. a) and (b) represent the full solution of the CD model, which agree
with experiment for both transitions.

In the forward direction we have also investigated the linewidth broadening of the blue
transition as a function of the atomic OD. By scanning the probe frequency across resonance we
extract the fluorescence linewidth, which is found to be determined primarily by the OD of the
cloud (open squares in Fig. [6.14]c)). For the range of 0 < OD < 20 the lineshape is Lorentzian (see
insets); however, the observed lineshape starts to flatten at the center for OD>20. We have also
varied the atom number by a factor of four, and to an excellent approximation the linewidth data
is observed to collapse to the same curve when plotted as a function of OD (open triangles). It is
also evident that the scaling of the linewidth vs. OD turns nonlinear at large values of OD. The
experimental data falls within the shaded area in Fig. |6.14)c), which represents the full solution of

CD model with a 20% uncertainty in the experimental atom number.
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For independent emitters the forward fluorescence should have no dependence on the probe
beam polarization; however, the transverse fluorescence (along Z) should be highly sensitive to the
probe polarization, and it is even classically forbidden if the probe is Z-polarized. However, multiple
scattering processes with dipolar interactions can completely modify this picture by redistributing
the atomic population in the three excited magnetic states and thus scrambling the polarization
of the emitted fluorescence, with an intensity that increases with increasing OD. Consequently,
even for a Z-polarized probe there should be a finite emission along z. This is consistent with the
theoretical prediction of the CD model, as shown in Fig. The experimental investigation of the

fluorescence properties along the transverse direction is summarized in Fig. Under the same
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Figure 6.15: Transverse Scattering. (a) Linewidth broadening for the blue transition in the trans-
verse direction for g-polarization (open squares) and Z-polarization (open triangles). (b) Intensity
ratio, Iypol/Iypol, of g-polarization to Z-polarization measured in the transverse direction when a
blue probe beam is used. For low optical depths single particle scattering is dominant, and for single
particle scattering almost zero intensity is predicted for 2-polarized fluorescence as this polarization
points directly into the detector. (c) Linewidth broadening for the red transition in the transverse
direction for g-polarized light showing a similar trend to the blue transition. This transition is
more sensitive to magnetic fields so a large magnetic field is applied to probe only the m = 0 to m’
= 0 transition. All solid curves are based on the full theory of coupled dipoles and the band in (c)
is for a +20% atom number uncertainty. All errorbars are for statistical uncertainties.

OD along Z, the g-polarized probe beam (square) gives rise to a much more broadened lineshape
for the blue transition than the Z-polarized probe beam does (triangle), as shown in Fig. |6.15|a).
Meanwhile, the peak intensity ratio of Iypo1/Ipol decreases significantly with an increasing OD,

indicating the rapidly rising fluorescence with a Z-polarized probe when OD increases (Fig.|6.15(b)).
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For both intensity and linewidth broadening observed in the transverse direction, under either g or
% probe polarization, the full solution of the CD model (shown as shaded areas in both Fig. [6.15)a)
and (b)) reproduces well the experimental results on 1Sy—1P;.

For the red transition, the existence of Doppler broadening requires the lineshape data to be
fitted to a Voigt profile. With the Doppler linewidth Ap fixed from the thermal velocity measured
in free expansion, the Voigt profile determines the line center as well as the Lorentzian linewidth
with the Gaussian linewidth determined by the temperature. Fig. [6.15(c) displays the Lorentzian
linewidth obtained with a g-polarized red probe showing a strong increase of the linewidth with OD.
Taking into account motional dephasing (see Sec. 6.4.1), the transverse broadening for 1.Sy—3Py is

also well reproduced as shown in Fig. c).

6.6 Conclusion

We theoretically studied the propagation of light through a cold atomic medium. We pre-
sented two different microscopic models, the “coherent dipole model” and the “random walk model”,
and analyzed how the light polarization, optical depth and density affect the linewidth broadening,
intensity and line center shift of the emitted light. We showed that the random walk model, which
neglects photonic phase coherence, can fairly capture the collective broadening (narrowing) of the
emission linewidth but on the other hand does not predict a density shift. Due to the limitation of
computation capacity, the numerical simulation of CD is usually restricted to ~ 10* atoms, which
is much smaller than that in some cold atom experiments [95] [12]. Nevertheless, the understanding
of the underlying physics allowed us to perform an appropriate rescaling in the cloud size to com-
pare with experiments. We further developed generalized models that explicitly take into account
motional effects. We showed that atomic motion can lead to drastic dephasing and reduction in
the collective effects, together with a distortion in the line shape. While the modified frozen dipole
model predicts a monotonic increase of the density shift with increasing motion, the semiclassical
model, which properly accounts for recoil effects, predicts that this behavior only holds at slow

motion Ap < I'. Instead, as atoms move faster, motional effects start to become dominant, the
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cloud expands and the frequency shift decreases. We show, as an explicit example, an experiment
done with #Sr atoms [33], and apply the CD model to explain all the experiment observations for
the strong transition, where motional effects are weak. The modified frozen dipole model is also
shown to capture the fluorescence intensity and linewidth broadening measured for the weak tran-
sition, where motional effects are significant. None of the presented theoretical models, however,
can explain the large density shift measured in the 'Sq — 2P; transition of 3Sr atoms [108]. It

will be intriguing to determine what are the actual physical processes that cause this large shift.



Chapter 7

Emergent Weyl excitations in systems of polar particles

7.1 Introduction

Recent predictions [263, [37] and experimental observations [276] 156, [151] of Weyl semimet-
als in solid state systems have instigated intensive studies of their properties, such as non-local
electrodynamics and chiral anomaly [194], topologically protected Fermi arcs on the surfaces [263),
270, [156], non-Anderson disorder-driven transitions|78, O] 246l 245], 219, 174, [125] and unusual
dependencies of transport properties on doping and temperature [218], 228, 209]. In parallel, enor-
mous research efforts are now directed at finding Weyl excitations in new systems. A promis-
ing platform for exploring Weyl physics is tunable and fully controllable ultracold atomic gases
[139, 117, (4] [70, 8T, 150]. However, henceforth proposed cold-atom realisations of Weyl quasipar-
ticles have focussed mostly on non-interacting systems, and all have required implementations of
externally imposed spin-orbit coupling through laser assisted tunneling schemes [139, 117, 4! [70} 1],
other optical means [271), 89 225], or external rotating fields [150].

In this chapter we demonstrate that excitations with Weyl dispersion generically emerge in
three-dimensional (3D) arrays of dipolar particles in the presence of a weak magnetic field, as a result
of the dipole-interactions-induced transitions between their internal angular-momentum J = 0 and
J =1 states. These excitations exhibit the same single-particle physics as Weyl fermions [265] but,
similarly to other non-fermionic Weyl excitations [I51], their many-particle properties are expected
to be different, opening alternative research directions, new functionalities and applications beyond

those accessible with solid-state systems [276], [150].
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We also show that, experimentally such excitations can be observed, for instance, in trapped
alkaline-earth atoms (AEAs) in a 3D optical lattice with lattice spacings smaller than the wavelength
of the electronic J = 0 — J = 1 transition. The simple and unique internal structure of these atoms
has already lead to record levels of precision and accuracy in atomic clocks [27]. Taking advantage
of the well developed spectroscopic tools to interrogate and manipulate AEAs, we propose to
probe the Weyl quasiparticle dispersion and non-trivial chirality by means of momentum-resolved
Ramsey spectroscopy. Our proposal opens a path for a feasible experimental realisation of Weyl
quasiparticles in clean and controllable atomic systems. Moreover, it lays the groundwork for the yet
unexplored regime of topologically protected sensing, owing to the topological robustness of Weyl
quasiparticles that could be used to push the stability and accuracy of optical-lattice AEA-based

clocks.

7.2 Phenomenological argument

We assume that the system has long-lived excitations (quasiparticles) with (integer) angular
momentum J. Due to the translational invariance, the (quasi)momentum k is a good quantum
number. In the long-wave limit the effective quasiparticle Hamiltonian is insensitive to the details
of the potential of the periodic lattice that the particles may be placed in. To preserve rotation and
inversion symmetries in the absence of magnetic field the Hamiltonian has to be an even function
of (k-J) and a function of |k| and J2. In the presence of a sufficiently weak uniform magnetic field,
w, that creates a perturbation —w - J independent of k in the limit k — 0, the most generic form

of the quasiparticle Hamiltonian is given by

~ N

h(k,J) = F [|k|,(k.j)2,32 —w-J, (7.1)

where F' is an arbitrary function of three arguments.
The small quasimomentum k can be measured from any high-symmetry point in the Brillouin
zone characterised by an isotropic dispersion & = £(|k|) of non-interacting particles in the limit

k — 0.
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For the particular case of J = 1, the Hamiltonian has nodes at momenta K || w, such
that F(|K|,|K|?,2) £+ w = F(|K|,0,2), corresponding to two intersecting branches with angular
momentum projections J, = 0 and J, = 1 or J, = —1 on the direction of magnetic field. We
note that such nodes always exist for weak magnetic fields and Hamiltonians that are regular as a
function of k.

The excitation Hamiltonian near a node is obtained by expanding the function F' in small

momentum p = k — K. For a 3D system, it has Weyl dispersion of the form (see Appendix

heff(p) = C(p) + UJ_a—XpX + vj_a—ypy + ’UHa-zpz (72)

with Pauli matrices 4; acting in the space of the respective two angular-momentum projections.

7.3 Model

In what follows we confirm the above phenomenological argument by microscopic calculations
for a 3D system of dipolar particles described by the Hamiltonian
N N 1 N A
H = ZHO (I‘l) + ngdip (di,d]’,ri —I‘j) , (73)
t i,J

where (512 is the dipole moment operator of the i-th particle, and

22
A V. A A
Hy (r;) = fﬁ +U(r))+B;J?-J;-B (7.4)

is the single-particle Hamiltonian that includes the particle kinetic energy — QVWZL (hereinafter A = 1),
the periodic potential U(r;) of the lattice that the system may be placed in, the energy BJj? of
internal levels with J; being the angular momentum of the i-th particle, and the interaction -J;'B
with magnetic field (measured in units of the gyromagnetic ratio) that splits the J = 1 levels.

The most generic form of the dipole-dipole interaction, which accounts for retardation effects,

is given by E|

Hgip(di, dj,v) = a(r)(# - i) (F - dj) + b(r)d; - d; (7.5)

! See chapter 2. d = > égd(b;ﬁ +b7). Terms like b;’Tb;T and b7 b7 do not play an role, since they are enegetically
suppressed. See Appendix for further explanation.
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where # = r/r; a(r) = 38 [ys(kor) — ij2(kor)] and b(r) = 33 21 (—=1)"[yn(kor) — 4jn(kor)]/ (kor)
for r # 0, with y, and j, being the n-th-order spherical Bessel functions of the second and first kind
respectively and kg— the wavevector of the J = 0 to J = 1 transition. The terms proportional to y,
describe elastic interactions between dipoles a distance r apart, while the terms with j,, account for
the inelastic collective photon emission (radiation). In this chapter we use 7o to denote the natural
linewidth of the transition to distinguish it from the high symmetry point I'. If the dipoles are much
closer to one another than the wavelength of the dipole transition, kor < 1, retardation effects can
be ignored, and one recovers the more familiar form of the dipolar interactions, a(r) oc —3/r3,
b(r) < 1/r3, common for NMR solid-state systems [47], polar molecules [278] and Rydberg atoms
1264, 208].

We note that the above phenomenological derivation of the dispersion of Weyl-type quasi-
particles carries over straightforwardly to other dimensions. For example, a 2D system of dipolar
particles with an in-plane magnetic field hosts 2D Dirac excitations with the dispersion of mono-
layer graphene [I83]. We emphasise that such 2D excitations are distinct from the 2D “chiron”
excitations [247] that exist in a perpendicular magnetic field and resemble electrons in bilayer

graphene.

7.4 Atoms in a deep lattice

While the above phenomenological argument demonstrates the existence of Weyl quasiparti-
cles in a generic 3D system of dipolar particles in magnetic field, below we focus on the experimen-
tally important case of particles pinned in a deep unit-filled cubic lattice (Fig. [7.1] (a)) with small
lattice spacing a; aky < 1.

We assume that all particles are initially prepared in the J; = 0 state and that the energy Bj
of internal levels significantly exceeds the interaction strength (usually in dipolar gases [278] [187]
|Haip|/ By < 1079), leading to the conservation of the number of sites excited to the J = 1 state to
a good accuracy (cf. Appendix [E]).

If an excitation with the angular momentum J = 1 is created on site ¢, the dipole-dipole
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Figure 7.1: Weyl quasiparticles in 3D dipolar arrays. (a) Schematics of the 3D lattice potential
that traps an array of dipolar particles. The lattice is deep enough to pin the particles, most of
which are prepared in the J = 0 ground state (blue spheres). Only a few particles are excited to
the J = 1 states. Dipolar interactions between the J = 0 and J = 1 states give raise to Weyl
excitations. (b) Schematics of dipole mediated interactions: An excited J = 1 state of one particle
can be transferred to another particle in the J = 0 state by dipole-dipole interactions (virtual
photon exchange is shown with a yellow wiggly line). Three types of allowed processes include
|00),; |10>j < |lo); |00>j, |00),; |10>j |1, £1), ]OO>j, and [00), |1,j:1>j < |1,F1), |00>j.

interaction can transfer it to another site j, possibly changing the projection of the angular mo-
mentum on the direction of the magnetic field; [1o); — |1¢”);. The quasiparticles in the system are
thus hard-core bosons corresponding to the angular momentum-degrees of freedom that hop from
site to site as described by the effective Hamiltonian (see Appendix [Effor a detailed derivation)
Hy= > M bl bjer = M7b] by, (7.6)
i,J,0,0" oo’k
Mg = (100 Haip (i, s, vs = xy) [00)s1107);

- chgaléijB. (77)

Due to the translational invariance, the single-excitation Hamiltonian can be diagonalised in the
basis of momentum states k, with the results shown in Figs. [7.2h,c. In accordance with the above
general phenomenological argument, for B # 0 the dispersion has Weyl nodes (six in the first
Brillouin zone, Figs. [7.2p,c).

To demonstrate the chiral nature of Weyl quasiparticles we show in Figs. [7.2ld,e,f the pseu-

dospins (6) (with the Pauli matrices ¢; acting in the space of the J, = —1 and J, = 0 angular-
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Figure 7.2: Weyl quasi-particle dispersion and eigenstates. (a) Brillouin zone for the simple cubic
lattice. (b) Dispersion along high-symmetry lines in the absence of magnetic field (all energies are
measured in units of (3/4)7y0/(koa)?). (c) Dispersion in the presence of magnetic field B = 7o/ (koa)?
demonstrating the existence of Weyl nodes (red points) with linear quasiparticle dispersion near
them. Each node is characterised by the monopole charge +£1. In agreement with the fermion
doubling theorem [I8T] (the Nielsen-Ninomiya no-go theorem), there is an even number (six) of
Weyl points in the first Brillouin zone. (d) Dispersion in the horizontal (k, — k) plane (shown by
blue color in panel (a)) containing the Weyl node near the R point. Quasiparticles in this plane are
similar to quasiparticles in graphene and are characterised by a non-trivial Berry phase of w. The
arrows show the pseudospin (&) (the Pauli matrices 6; act in the space of the angular-momentum
projections J, = 0 and .J, = —1). (e) Dispersion along the (yellow in panel (a)) plane consisting of
vectors k = (1 + kq/V/2, 7+ ky,0.71m + ky/+/2) containing the Weyl point. Color shows the weight
of the |1 — 1) state in the quasiparticle eigenstate, and arrows represent the pseudospin (6). (f)
Dispersion along the (green in panel (a)) vertical plane (k, — k,) containing the Weyl point near
the R point. For each momentum k the color represents the weight of the |1 — 1) state .

momentum projections) for the eigenstates with momenta k in the horizontal (p, = 0), tilted
(p, = px), and vertical (px = 0) planes (Fig. (a)) that contain a Weyl node. Excitations in these
planes are equivalent to quasiparticles in graphene, the 2D counterpart of a Weyl semimetal, and
are characterised by the non-trivial Berry phase 7. Figs. [7.2l,e,f demonstrate that the pseudospins

o of these states are linked to their momenta p, measured from the Weyl node, in agreement with

the effective Hamiltonian ((7.2)).
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7.5 Effects of quenched disorder and dissipation

In general, quasiparticles in interacting systems have finite lifetimes due to elastic and inelastic
scattering processes. Indeed, deep optical lattices under consideration are ususlly not completely
filled by particles and thus inherently disordered due to the randomness of the particle disptribution.
Also, spontaneous and dipolar collective emission from the internal J = 1 levels to the ground state
can lead to the decay of the excitations.

To analyse the effects of dissipation in a unit-filled lattice we compute numerically the quasi-
particle dispersion for retarded dipolar interactions, Eq. , with parameters of the J = 1 to
J = 0 transition of the electronic 2Py — 3Dy levels of bosonic 384Sr atoms trapped in a magic
optical lattice with a = 206.4nm considered in Ref. [I87]. The wavelength and the dipole moment
for this transition are 2.6um and d = 4.03D, leading to the linewidth o = 290 x 103s~! and the
dissipation parameter akg ~ 0.5. Albeit quasiparticle damping in this regime is rather strong, it
is significantly suppressed (by more than three orders of magnitude) near the Weyl nodes, as our
simulations show, Fig. [7.3| (a) (b). Our results indicate that the quasiparticle scattering in such
a system would be dominated by quenched disorder rather than by collective radiative decay or
spontaneous emission.

To account for the effects of disorder we evaluate numerically the quasiparticle dispersion for
a lattice filling of 93%. This filling fraction could be achieved by preparing a cold bosonic Mott
insulator using moderate atom numbers that allow one to suppress doubly occupied states at the
trap centre. Mott insulators have already been realised with bosonic AEAs in in the ground 'S
state [239, 235]. These atoms can be excited to the desired 3Py state by laser pulses [2].

As our simulations demonstrate, the characteristic energy scales of Weyl excitations signifi-
cantly exceed the elastic scattering rate, demonstrating that the excitations could be conveniently

observed in current experiments.
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Figure 7.3:  Effects of disorder and dissipation on Weyl quasiparticles. (a) Real part of the
quasiparticle dispersion in the presence of dissipation (including spontaneous emission and collective
radiative decay). The parameters of the J = 1 — J = 0 transition correspond to those of the
electronic 2Py —2 Dy levels of bosonic 884Sr atoms, trapped in a magic optical lattice potential
with @ = 206.4nm [187] at unit filling. Momentum k is measured in units 7/a. (b) The upper bound
on the inelastic scattering rate estimated from simulating the full quasiparticle spectra including
all allowed elastic and inelastic dipolar processes. The dissipation is significantly suppressed near
the Weyl node (blue line). In striking contrast, the dissipation is enhanced close to the I" point (red
line) due to the enhanced collective emission (superradiance). (c) Disordered case: Quasiparticle
dispersion for a lattice with filling fraction f = 0.93 in the limit of small dissipation kpa < 1 (the
energy is measured in units 7o/(koa)?). The line thickness shows the inelastic scattering rate.

7.6 Proposal for experimental observation

For probing the Weyl character of the excitations we propose a Ramsey protocol illustrated
in Fig.[7.4] (a). After preparing a Mott insulator of particles in the J = 0 state, a pulse of interfering
Raman beams is used to create excitations in the |1, —1) angular-momentum state with translational
momentum k. Here we consider the case when k is set to be close to the Weyl point with intersecting
J, = 0 and J, = —1 branches. For the proposed 3Py — 3Dy electronic levels in Sr, two intermediate
states |e), |¢/) could be used to create the Raman pulses, imparting a net momentum to the atoms
proportional to k = k; + kg + ks (see Fig. [7.4] (a)). A possible excitation level scheme consists on
using 5s6s 35 and 5s6p 3Py as the intermediate |e) and |¢/) levels respectively. After a waiting time
t, another pulse is applied to measure the fraction of particles in the J, = 0 angular-momentum

state. Because of the interference of the two branches, this fraction oscillates with the frequency
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Figure 7.4: Observation of Weyl quasiparticles. (a) Momentum-selective Ramsey spectroscopy:
interfering Raman beams create an excitation with the angular momentum projection J, = —1 and
with translational momentum k near the Weyl node (see text). After a waiting time ¢ the second
pulse is applied to measure the fraction of particles in the J, = 0 angular-momentum state. (b)
Six quasimomenta near the Weyl node. (c) The fraction of particles in the J, = 0 state oscillates
as a function of time ¢ with the frequency (E} — E2)/(2m), where El — EZ is the energy splitting
between the two branches of the quasiparticle dispersion. (d) The oscillations in the presence of
dissipation for kga ~ 0.5. (e) The oscillations in a 99% randomly filled lattice. (f) The oscillations
in a 93% filled lattice. For (c) and (d) a 3D cubic lattice of 100 x 100 x 100 sites was used and we
took advantage of the translational symmetry. For (e) and (f) a 3D cubic lattice of 10 x 10 x 10
was used.

(EL — E2)/(2m), where the energy splitting Ei. — EZ between the two branches is linear in k and
vanishes near the Weyl node.
Another signature of the Weyl node is the strong dependency of the amplitude of such

oscillations on momentum k near the node, as the amplitude is determined by the projection of
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the Bloch vector on k, (the magnetic field direction).

In Fig. [7.4] (c-f) we show the fraction of particles in the J, = 0 state as a function of time at
the end of the above described Ramsey protocol, for the six different quasi-momenta in the k, — &y
plane near the Weyl point indicated in Fig. [7.4] (b). Panel (c) shows the dynamics for an ideal unit
filled lattice in the dissipationless limit kga < 1. Panel (d) shows the dynamics in the presence
of dissipation for the experimentally relevant scenario discussed above. The population dynamics
in disordered systems is shown in panels (e) and (f) for 99% and 93% filled lattices respectively.

Quasiparticles scattering on empty sites in a disordered system leads to the decay of the oscillations.

7.7 Conclusion

We demonstrated that Weyl quasiparticles generically emerge in 3D systems of polar par-
ticles in magnetic field. This opens intriguing prospects of observing chiral anomaly, non-local
electrodynamics, non-Anderson disorder-driven transitions, and other fascinating phenomena in
the realm of fully controllable atomic systems. We showed that observing Weyl excitations is cur-
rently possible in arrays of AEA in 3D lattices, in particular, using the 2Py — 3D levels of bosonic
Sr atoms. Other experimentally convenient schemes, that deserve further exploration, include using
metastable levels of Sr or Yb atoms that can be trapped in magic lattices with spacings smaller
than the wavelength [215] or arrays of polar molecules with the rotational levels dressed to avoid the
splitting of J = 1 levels in the presence of hyperfine interactions [278]. The long lifetimes and the
topological character of Weyl excitations in interacting dipolar systems also open new possibilities
for implementing optical-lattice clocks with sensing capabilities beyond those of non-interacting

systems.
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Appendix A

Theoretical approaches for evaporative cooling with long-range interactions

Al Monte Carlo simulation for evaporative cooling

With its stochastic nature, the Monte Carlo method is capable of simulating the individual
collisions that are intrinsic to evaporative cooling phenomena [270} 64, 269], and this leads to a flexi-
ble algorithim in which it is easy to incorporate a variety of different conditions in a straightforward
way. The detailed simulation algorithm consists mainly of the following steps:

1. Preparation of an ensemble of particles with coordinates and velocities generated from a
given probability distribution, e.g. an initial equilibrium Boltzman distribution.

2. Evolution of the particles between collisions that follows the classical Hamilton’s equations

of motion, i.e.

—_— :V’

—  =-VV(x), (A.1)

where V' (x) is the external potential. The time step is chosen to be both small enough to guarantee
numerical convergence for the computed trajectory, as well as much less than the time between
adjacent collision events.

3. Checking every pair of particles to decide if there is a collision. Since we are interested
in two-body collisions, the collision events are determined by the distance between particles. This

distance is characterized by the scattering length as;. In three-dimensional collisions, there is a

2

collision cross-section with units of area, 0 = ma;. In two-dimensional collisions, there is an
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analogous cross-section with units of length, A = 2as,.

4. Changing the state of the pair of paticles if they collide. For an elastic collision event, the
velocities after collisions are determined from the conservation of total momentum and energy. The
scattering angle is simulated from a probability distribution determined by the differential cross-
section. For instance, in two-dimensional s-wave scattering, the outgoing angles ¢ are uniformly
distributed in the interval [0,27), while for p-wave scattering, the distribution of the outgoing
angles follows the distribution cos?¢. In three-dimensional isotropic scattering, there are two
random angles: an azimuthal angle ¢ uniformly distributed in the interval [0, 27) and a polar angle
0 from uniformly distributed according to cosf. The non-uniform distribution of the scattering
angles does not affect the collision rate that is determined by the total cross-section, but the rate
of redistributing energies does vary. For an inelastic collision event corresponding to two-body
reactive collisions, the two particles are lost from the trap after the collision, and thus deleted from
the simulation when such processes occur.

5. Averaging over many initial samples and trajectories. The physical quantities such as the
total number of particles, temperature, collision rate and phase space density can be computed

statistically from the simulation ensemble.

A.2 Kinetics of evaporative cooling in 2D

An alternative algorithm which is partially analytic can be derived by assuming that in the
process of evaporative cooling, the energetic particles can be efficiently removed from the trap. The
system is assumed to follow a truncated Boltzmann distribution f(x,p) (Eq. , with a cut-off
energy €; [155] 102], meaning that there is no particle with energy E > ¢;. Then similar to the
description of an equilibrim ensemble, the measured quantities of the system can be expressed by

averaging over this distribution function. For example, the collision rate is

AA?
v o= = | dadpdp
m €1,€2

x f(x,p1)f(x,p2)|P1 — P2l (A.2)
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in which A = 1/(27h)%, €12 = p%72/2m + V(x12) are the energies of the incident particles. For
simplicity, here we have assumed isotropic energy-independant elastic and inelastic collisions, so A
in Eq. is constant. We also assume the two-body inelastic collisions happen rate (. During
forced evaporative cooling, €¢; decreases with time, so does the temperature T', and the distribution
function f = f(x,p). As a result, the evolution of the system from ¢ to t can be modeled via
three steps: the change due to f when €; decreases to €; (dN1,dE1), the change due to evaporation
(dNy,dFE5), and the change due to the inelastic losses (dN3, dE3). These can be represented by the

following equations:

€t
dN1 = A / dzd’pf, (A.3)
e=¢,
€t
dEy = A / d?xd?pef, (A.4)
e=¢,
dN: AA?
d7t2 — d*xd’p1d®padd’ fi1 fo|P1 — P2l (A.5)
s
dE AA2
o [ ety shplp - pales (A.6)
=
dN: A2
7: = <W - d*xd®p1d®ps f1 f2|P1 — P2l, (A7)
dE A2
73 = (= | dad’pid’pa(e + ) f1folp1 — p2l,
t m s
(A.8)

where f1, fo are the distribution function for each of the two colliding particles, ¢’ specifies the
scattering angle, € = ¢(x,p) is the energy of a particle and is a function of the coordinate and
momentum of the particles, €3 and ¢4 are energies after collision, which are determined once p1, p2
and ¢ are known, and ¥ = {€1,€2,€3 < €},€e4 > €} and X' = {e1, €2 < €}} specify the integration
region. These contributions add up to give the total changes: N(t') = N(t) — dN; — dN2 — dN3

and E(t') = E(t) — dEy — dEy — dE3. The new temperature T'(') is found from

N({)= A2 / " Rodpf(x,p), (A.9)
0

E(t)= A? / " Radpf(x, p)e. (A.10)
0
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Then the trajectory of evaporative cooling in two-dimensional traps can be solved from the above
equations. Similar calculations also apply to three-dimensional harmonic traps, and the results are
equivalent to solving the rate equations following the method developed by Walraven et al., as

long as the truncated Boltzmann distribution is a good approximation [155].

A.3 Master equation approach for losses in a quasi-2D trap

Represented in the basis of harmonic oscillator eigenstates, the rate coefficients I'y, i, defined
in the jump operators in Sec. can be written explicitly for intraband collisions (n, = m,,

FIG. [37(a)) [162]

— @
3V Qng‘/wTwz

= VI
(aﬁo):g S(n27m27n2)mz)
X Z Is(novmmnmmo)Ip(na’ama/vno/7ma’)a
o#o’!
(A.11)

and for interband collisions (n, # m., FIG.[3.7(b))

I‘n,m = f(Q)
3V27b3 \Jworw w
= +3H Z 2 I5(Ngy, Moy s Moy s Mgy )
(ap,) w
ho o1£02Fos

XIp(n0'27m0’27no’27mUQ)IS(nU;gumO'g?nO'g?mO’g)u

(A.12)
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where o,0" = {z,y}, 01,092,038 = {z,y, 2}, a] , = \/h/muwr,

e H, () Hy () Hy () Hy ()
77\/2”+m+1’+‘1n!m!p!q!

)

Is(n,m,p,q) = /du

(A.13)
6—2u2
Ip(nm.p.q) = /duﬂ'\/2”+m+p+qn!m!p!q!
X [0Hy, (u) Hp(w) — Hy(u)0Hp, (u)]
x[0H)(u)Hg(u) — Hp(u)0Hg(u)],
(A.14)

and H,, H,,, H,, H; are Hermite polynomials.



Appendix B

Modeling dissipative dynamics

We model the dissipative dynamics by means of a master equation for the density operator

>

., i
a’ = n

[Ho, ] + Lp, (B.1)
with Hy describing the unitary evolution and £p = %Zj(ﬁé;réj + C’;C']ﬁ — 2C'jﬁé;r) accounting
for dissipation. In a 1D tube with a superimposed lattice potential, Hy = —.J Zjva(é;[géjﬂg +
h.c.) + Vtmp, where J represents the hopping of molecules between sites, and f/trap represents the
parabolic trapping potential. The two-body losses that occur between KRb molecules are described
by jump operators C'j = /Téj1+¢;,, which destroy a pair of molecules in different rotational states
(I7) or |[{)) at the same site j, and T'y is the on-site loss rate. In the regime I'g > J/h, the
doubly occupied states can be adiabatically eliminated [82], projecting the Hilbert space to states
with at most one molecules per site. As a result, the jump operators C'j are replaced by flj =
Ve |Gty + Et51y) — (E3é501 + G4&1r)|, and Teg = 2(J/B)*/To. These new jump
operators Aj effectively remove spin singlet states formed in neighoring sites, and account for
second order tunneling processes. Even within the reduced space, the above master equation
is generally difficult to solve for experimentally relevant lattice sizes. In 1D, however, various

numerical techniques can be applied. In the following we provide the details of the numerical

methods utilized in this paper for solving the above master equation.
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B.1 Mean-field treatment (MF')

The above master equation can be significantly simplified by adopting a MF ansatz that
allows for efficient numerical treatment of realistic system sizes. Under this ansatz, p = Hj Pj
with p; =5 B={1.1,0} pjo-"5|a> (B]. 1,1,0 label the three possible local states of spin up, spin down,

and the vacuum, respectively. Solving the master equation reduces to solving a set of coupled and

non-linear differential equations for p b,
dpga i o0 Oc 0o o0 o'oc oo’ oo’ o'a' o'oc’ oo
o= I D 0 = 7050 + e Y (of TR+ o7 S 4Fefpr P77, (B.2)
l l
dp‘?"l i
—— = (2 =207 5 + J Z P70 — ) p7%) + e ZZ P77 P35 = Py ),
(B.3)
dpj? 2 0 0 00 ,00) 0 0
= 0, + JZ sz"pﬁ“’ P73 +2Feffz 7o) e eY), (BA)
dp?o i 2 a0 i o0 00 a0 Ua oo’ o'o’ o0
o= e T Y (o7 Zp +2Feffz O—p77p5%),  (BD)
l
dp?o i Oa a0 a0 Oa af 065/
= DD e = ey AT DY Y (1) (B.6)
I« I aza/B#p’

where o,a, 0/, 8,8 € {1,]}, 0 # ¢/, the summation of [ is over the nearest neighbors of j, and
Q) = %mw%( UaQ with a the lattice spacing. In deriving the above Egs. -, we have
neglected terms such as ﬁjgéj.ﬂg,cj 107p and ¢ +1acjgcjg/cj 1o/p in Lp, which correspond to the

correlated hopping processes involving three sites. We have performed calculations to confirm the

contributions from these terms are small for the systems we treat in this paper.

B.2 Rate equation (RE)

A further simplification can be obtained by neglecting the dynamical redistribution of molecules
and the effect of inhomogeneity, as well as coherences. This is equivalent to dropping the unitary
evolution terms in Eqgs. —, and setting all off-diagonal terms of the density matrix p; to

0. With these approximations, for a 50:50 mixture of molecules, pj =ny = pﬂl ny, Eq. 1’
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simplifies to

% = —8Tg[ny ()%, (B.7)

which is the same as the RE Eq. (3) in the main text. The RE gives a fairly good understanding of
the loss dynamics at short times, as discussed in the main text. However, a quantitative estimate
of the filling fraction requires going beyond these approximations. This can be accomplished by

using the MF treatment.



Appendix C

Phase coherence and correlations in interacting dipoles

C.1 Mean-field approach

The mean-field ansatz, p = &), fa, reduces the dynamics to 3N coupled nonlinear differential
equations presented in the main text. In the most generic case we define local order parameters to
take into account the effect of the inhomogeneous couplings:

Xo€'® =" fray)Spe'®, Yae' = g(ra)S; e,
b#a b#a

If the local order parameters vary slowly over the system size, and can be approximated to be the
same for all dipoles one can define X, =~ fogZ, Y, = gegZ, where the global order parameter Z is
defined as Ze'® = 1 >° S+e'@e and the effective couplings are given by fer = >, >, za f(Tap)/(N—
1) and g = 3, s 9(r) /(N — 1).

The steady-state solution Z = 0, ® = @t leads to two self-consistent equations for the order

parameter Z and the collective frequency w

— N Z P[feft Q+28est (90 +w)]

Z =220 NQUG. o) + QL% 2420, 7407 (C.1)
_ N ZP[QCHQ_Q]CCH(JQ‘FE)]

0=20 NQMA(Sa+w)2+(2f2: 22 +2924 Z2+Q?]’ (C.2)

which can be evaluated in the N — oo limit as integrals when the detunnings 6, have a known
distribution.
We note that in this treatment, when g(ry;) # 0, the elastic couplings simply induce a global

frequency shift @ = geg@/(2fefr) that can be eliminated by moving to a rotating frame. However, as
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discussed in the main text the role of elastic interactions is not just to introduce a simple rotation.
In fact the elastic terms tend to generate entanglement and correlations which can not be capture
by a simple mean-field treatment. Therefore the applicability of the mean-field solution is restricted

to regimes where elastic interactions are highly suppressed.

C.2 Cumulant expansion approach and two-time correlation between dipoles

The cumulant expansion method is a useful theoretical tool for including correlation effects

beyond the mean-field approximation [166l, 274, T01]. We keep two-point correlations such as

(64776, %), but factorize three-point correlations and higher [128]:
raaBayy ~aaBy Ay ~a JaB Ay ~oay\ /AP
<Uaab Uc) - <0a0b><0c> + <Ua><o—bac> + <Uagc><0b>
—2(62)(6, )(52)- (C3)

This factorization closes the set of dynamical equations of motion for all single particle observables
<6;{ ") and equal time two-point correlations. Two-time correlation functions can be computed

by solving [40]:

d{og (t+1)5, (1))
dr

= [ T ot 4y )

5 TG (4 )5 (1)
5 3 FulorO)E; 4 oy ()

J#ab
where we have introduced the approximation (67 (t + )57 H(t+T1)6, (t) ~ (67 (t))(&;-“(t +7)a, (t)).
Comparisons with exact numerical solutions show that the cumulant expansion captures well the
steady-state behavior for inhomogeneous couplings f(ry;), provided the elastic couplings g(rq) are
sufficiently small. In Fig. we compute the pair-wise two-time correlation function, Z,,(7) =
limy oo (67 (t47) + 6 (t+7)) (64 (t) + 6, (1)), using both the cumulant expansion and the exact
solution. The decay rate of these correlations, Z,(7) = Ae™"7, encodes information about the
spectral coherence of the emitted radiation (note that here v = 0). The result shows that I'/y

exhibits the same dependence on W/I' as Z.
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2.5¢F — exact 1r — exact
e cumulant e cumulant

hdd

30 40

w/T w/T

Figure C.1: Pair-wise two-time correlation functions in the steady-state parametrized by Z; o(7) =
Aexp(—~7). The correlations are calculated for a pair of dipoles in an ensemble of N = 70 dipoles
identically coupled with f(rs) = fer/N. The cumulant expansion solution agrees with the full
calculation except at W < I" where subradiant behavior dominates (purple region) [166].

C.3 Conditional evolution, entanglement and quantum correlations

An individual experimental realization can be considered as a single trajectory, whose evolu-
tion can be quite different from the ensemble averaged solution of the master equation. Tracking
the evolution of an individual trajectory is equivalent to performing continuous measurements that
collect the record of the emitted photons, for example homodyne measurements. The conditional
evolution of the system subject to continuous measurements can be modeled by the method of quan-
tum state diffusion [40], 268]. For a single run the state of the system remains pure, p. = |[¢) (],
but the average over many trials reduces the system into a mixed state and recovers the density
matrix obtained from the master equation.

To probe the entanglement of the dipoles, in Fig. 2 we calculate the average quantum Fisher

information for each individual trajectory [107, 237]

. 1 . . .
Fo(pe) = g(FQ(pc; Jz) + FQ(pe; Jy) + FQ(pe; J2)),

where Fg(fe; H) = 4((p| H? [¢) — (| H [40)?), and jxw’z are collective angular momentum operators.
States with zero entanglement can still be nonclassical. Two systems are correlated if they

share information with each other. The total amount of correlation can be quantified by the quan-
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tum mutual information Z = Sp4+Sp —Sap, where S; is the von Neumann entropy of the subsystem
i € {A, B, AB} (AB is the total system spanned by A and B together) , S; = —Tr[p;logyp;], with
p; the reduced density matrix of the subsystem i. A value varying between 0 and 2 is obtained
when A and B are pure states or maximally correlated respectively. The mutual information can be
separated into a classical and a quantum part. The classical part is Jp|4 = max{Sp —Spg|a}. Here
Sp|a is the von Neumann entropy of subsystem B conditioned on the measurement performed on
A and max represents maximum value obtainable over all local measurements on A. The quantum
part, known as the quantum discord, D4 = Z — Jp|4, measures the amount of correlations that
exceed the classical part and characterizes the “quantumness” of the system [I71]. A state with
nonzero quantum discord behaves in a way intrinsically non-classical, since a local measurement
performed on one of its subsystems can disturb the whole system. In order to calculate Jp4, we
consider a set of von Neumann measurements fl;?:m = 1(1 £ - 3) with |ix|> = 1, made on the
subsystem A and minimize the corresponding conditional entropy Spja = 22:1 TrlpkS ([)B‘H?)],
where py, = Tr[fl‘,?ﬁ], ﬁB\H;‘ = TrA[f[j?ﬁ]/pk [I71]. In Fig. 2(e) we calculate the mutual information
from Z and the quantum discord from D using as subsystems A and B a pair of dipoles, a and b

respectively.



Appendix D

Combining dipole-dipole interaction and motion

D.1 Long-range dipole-dipole interaction, force and diffusion

In Chapter [2| we presented a derivation of dipole-dipole interactionsbased on a direct fac-
torization of the atomic and photonic density matrices. Here we adopt an alternative approach,
and derive the form of dipole-dipole interactions and the corresponding forces for two-level moving
atoms, with w, = kgc the frequency of transition and d the dipole moment. We include motion
in the dipolar coupling after eliminating the electromagnetic vacuum modes. The Hamiltonian,
including the atoms and free-space electromagnetic field is

H = hw, Z 6}@ + ZWk&JLG&ke - Z ng
J k,e k,e

J
x(d - &x)[(e™ % aye + Hoe.) (] + Hoc.)). (D.1)

The atomic dipoles and the field modes evolve according to

d;:e — _iwk&keJr%ng(dj.ek)[e—ik.rj(ngrH_C_)]’
J (D.2)
@ B _M“b +1Z d; - &)l krjdke§j+H.C.],
dt
(D.3)

X TGy by 4 e~k akebT] (D.4)
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where §j = Z);f[;j - Z)ji);[,

and s; = (3;) gives the inversion of the j atom. We have assumed
that internal operators commute with external operators, and neglected the diffusion of the atomic
wavepacket. Eq. (D.2) can be formally integrated to obtain
A A . 9k S 1 ikerjtiwg (H'—t
ake(t) = ake(())—zzj:h(dj-ek)/dt elkeritiwn(t'=1)
x (b + H.c.). (D.5)
Assuming the external motion is much slower than the internal dynamics relevant inside the integral,
so that r;(t') ~ r;j(t), and the interaction between atoms and the field modes is weak so that

l;j(t’) ~ i)j(t)e_iw‘l(t/_t). Substituting Eq. 1) into Eq. 1) we obtain the equation for the

quantum averaged quantities

db; P g2 . R
ditj = —zwabj + S5 Z Z hfg(d]‘ . Ek)(dl . (—:k)
I ke

1

Wg + Wq

)

x {ekTil [i)zr (m(wp + wa) — P

R 1
+by (70 (W — wg) — iP

Wi — Wq

. . 1
—e kT [b;f (70 (wg, — wa) + iP

Wk *Wa)

)} (D.6)

by (0 P
+by (o (wp + wq) + 1 oo

where we have utilized the fact that (axe(0)) = 0, and assumed that atomic motion is classical

[229, 230]. Changing >, = # [dQ2dk k?, and applying rotating wave approximation, we have

db; N . r.
7; = —iweb; + ZZ sjbl(gjl — ijl) — §bj, (D.7)
I#j
with f(0) =T, and
3I' coskor coskor  sinkgr
= - 0 0
o) = =T O 00 (G + )|

(D.8)

1) = 2 a0 o) (S-S .

3..3 2,.2
kgr kgr
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where z1(6) = sin?0, and 23(0) = (3cos?§ — 1). These expressions can also be obtained from Eq.
(2.23)~ Eq. (2.22) by keeping only a single o component. We further assume that multi-atom

correlations can be factorized, <§jl;l> ~ <§j><l;l), so that the atomic coherence evolves as

r
2

db; . . )
ditj —zwabj +1 Z Sjbl(gjl — ijl) —

I#5

b;, (D.10)

where O = (@) for any atomic operator O. It is coupled to s;, the equation of which can be derived

in a similar way and is given by

ds;

- = —Ds; — 20 (gj — ifs)bibi+2i Y (g0 +ifi)bib;.

1] 1]
(D.11)
If we consider very low external driving field and s; =~ —1, Eq. (D.10) is decoupled from s; and

can be reduced to the form of Eq. (6.2]). For the momentum,

dp; ~
—= = -VH
dt
= - Z gr(d; - ) (ike™ T &kel;;[ — ike KT d;f(el;j
k,e
+ike™ i dyeeb; — ike ™ Tiaf bY). (D.12)

After substituting Eq. (D.5)), taking the quantum average and performing a similar integration

procedure as above, we obtain

= - Z[gﬂ(bjbl +H.e.) — ifj(bibf — He)l, (D-13)
I#]
with g;; = —Vyg;; and §;; = —Vf;. As the dispersive force g;; is a steep function of rj;, it

dominates at short distance, and atoms are drastically accelerated /decelerated. Both the dispersive
and dissipative forces are anisotropic and couple motion along different directions.

Due to the presence of spontaneous emission and radiative interactions, the atomic momen-
tum also diffuses over time, which can be described by including classical noise d{{* in the equation

of motion for p. The components of these noises are correlated, and characterized by the diffusion
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matrix
BUEOAEL)) = 00p 0" RGO s+ )00~ 1),
(D.14)
Eldgy (1)de] ()] = —207k3VaVaf(riy RIb0;10( — ¥,
(D.15)

where E|-] denotes the expectation value.

The momentum diffusion matrix can be found from

Dy = d<fz;f)l> - (Pj>d<dlzl> - d<;j><pz> (D.16)

= DD g (d) - €)(di - €)(ikie™ T ¢, b

ki,e1 ko,e2

_ —ikiri st 7
ikie aklelbj

. ikyir; A 7. . —ikyriAT 7T
+ik1e™ ' M ay ¢, b — ikqe Jaklelbj)

x (ko™ ™ G e, b — ikae ™2 ™al by

. Ko 17 ~ A . _ikor A A
+ikoe™ M ay, e, by — tkoe” 2T aLQEQb;)

= 20KV f;;RbSb]. (D.17)

In dense clouds momentum diffusion from radiative interactions can give rise at long times
to significant heating. This heating was reported to be one of the main limiting mechanisms in
laser cooling [42), 230]. At short times, tI" ~ 1, with low densities and weak probes, Q2 < T', the
momentum diffusion is not prominent, and since this is the regime we are interested in this work,

we will ignore momentum diffusion in our calculations presented in the main text.

D.2 Effect of motion on single-atom fluorescence

Here we derive the fluorescence intensity emitted by a weakly driven atom, using a full
quantum approach with motional effect included. We consider the states including at most one

excitation, and label the relevant quantum states by |pa,0),|pg, k), with a = {e, g}, p the
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momentum of the atom, and k(€) being the momentum (polarization) of the photon in vacuum
(|pa, 0) stands for no photon). For generality we assume here that two counter propagating lasers

are used to drive the atoms, carrying momentum ko and —kg respectivelly. The Hamiltonian is E|

A2 . ~
H = 2%1 + hwab'h + hQcos(ko - r)(e “LthT + H.c.)]
+ Z hwkd;rcedk,e — hZ(d - €x) Gk [eik'rdkei)T + H.c.
k.e k,e
(D.18)
The state vector of the system is
W) = X [ ol 0) dfp, e B0
o
37 [ dplpg. ko) B,y Er B,
k,e
(D.19)
where Eo = welae, Ep = %, |Aao(p, t)|? represents the population in the state o possessing

momentum p, and Bgke(p,t) is the amplitude of having a photon k with polarization €. The state

! Note: The counterrotating terms such as dxeb have been dropped because the relevant states are restricted to
including at most one excitation.
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of the system evolves according to

icmg(zl(tp’t) = QA(p+Kk, t)ei(wL*wa)tefiEerkO’pt/h
+QA(p — k, t)elWr—waltg=iBpicqpt/l
(D.20)
icme(;(:)’w = - %;(d - €x) gk Bgke(P — ki t)
e~ wk—wa)t ,~iBp_k pt/h
+QA(p — k, t)e @ mwall o= pt/h
+QAH0(p +k, t)e*i(“’L*Wa)’J,cfiEpHco,pt/h7
(D.21)
ingk;w = Byke(p;t) — (d - éx)grAeco(p + k, 1)
x ei@r—wa)tg=iBpicpt/h (D.22)

2 .2
where Ep, p, = © 5 Wf 2. The first term in Eq. (D.21)) describes the effect of vacuum photons, which

according to Wigner-Weisskopf approach leads to the spontaneous decay with rate I'; and can be

rewritten as [137]

dAeo(p, 1 T

Xefi(wL*Wa)tefiEp—ko,pt/h
+QAgp(p +k, t)e " wWrmwa)t = iFp g pt/h

(D.23)

Consider the initial condition Bgke(p,0) = 0, Ago = d(p — Po), where py is the initial momentum

of the atom. The steady state solution is

Auy(p, 00) = Qo(po — P + ko) +d(po — P — ko)]
‘ 7 Ar+ Epo,p + Zg ’

(D.24)



137

with A, = wp, — w,. Thus the atomic excitation A. = [ dp|Aeo(p, 00)|? indicates two Lorentzian

with FWHM=I" and centered at w, & %. The photon emission rate along a given direction k; is

. Vhe 3 . |nge(p7t)|2
he = w/d’“’“g/dl’g&t’

(D.25)

with k = kk,. We consider the transverse intensity case where, k-ko = 0, and for atomic transitions
Wr, PO - ko/m < wr, then

wi d%20? 1 1

s s ; + : J
¢S 8720 (A —w, + KoPoy2 L T2 (A, Kooy | T2

I

(D.26)

The emitted light intensity exhibits the same profile as the atomic excitation Ae.

As indicated by the above expression, motion modifies the emitted light intensity by adding
two natural corrections: a Doppler shift o %, modifying the effective laser detuning, and a
velocity independent recoil shift, w,, which physically accounts for the fact that to compensate
for the energy imparted to the atom via photon recoil, the incident laser needs to have a higher

frequency to be resonant with the atomic transition.



Appendix E

Calculation of Weyl dispersion

E.1 Dispersion near Weyl nodes

We define the quasiparticle dispersion as the poles of the retarded Green’s function averaged
with respect to quenched disorder.

While long-wave quasiparticles (k — 0) are insensitive to the details of the lattice potential,
their effective Hamiltonian preserves rotation and inversion symmetries, and in the absence of
magnetic field— time-reversal symmetry, with the generic form of the Hamiltonian given by Eq.
and with the vector w parallel to the magnetic field.

We assume the existence of excitations with momentum J = 1 and focus on the respective
manifold of states in what follows. The dispersion of such excitations has three branches for each
momentum k.

For momenta k parallel to w the respective excitations have momentum projections J, = 0
and J, = £1 on the direction w. The branch with J, = 0 intersects the branch with J, = %1 at

momenta K || w such that
F(K|, K2,2) £ w = F(K],0,2), (E1)

where we used that J2? = .J (J 4+ 1) = 2 for the states under consideration.
The quasiparticle dispersion near the nodes can be found by expanding the Hamiltonian
in small momenta p = k — K. Momentum deviation from a node along the z axis leads to the

splitting F’ [K + Py (K +py)2, 2} +w— F[K + p,,0,2] between the intersecting branches. Using
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that [(K+p) j]2 ~ KTQ + %252 +Kp,+Kp,6,+ %(pxc}x +pydy), with 6; being the Pauli matrices

in the space of momentum projections J, = +1 (J, = —1) and J, = 0, we obtain the quasiparticle

Hamiltonian (7.2) with

¢(p) = %F [K +p,, (K +p,)%,2] — %F (K, K?,2]
%F(K p,,0,2) %F(K, 0,2), (E.2)
v, = i\}iKF(Q)(K, K2,2) (E.3)
v = KF®(K,K?,2)
+ %[F(l)(K, K2,2) — FO(K,0,2)] (E.4)

where the upper (lower) sign in Eq. (E.3|) applies to the intersection of the J, = 0 branch with
J, = +1 (J, = —=1), and F) and F® are the derivatives of the function F with respect to the

first and the second argument.

E.2 Excitation dispersion in a deep lattice

As particles cannot move from site to site in a deep optical lattice, the quasiparticles are
represented by the angular-momentum degrees of freedom that propagate through the system.
Assuming there is one particle per site and introducing bosonic operators (jfT and cif for creating
and annihilating the particle state |1o); on site ¢ with angular momentum J = 1 and projection o

and the operators d;r and a; for creating and annihilating the momentum state J = 0 on site i, the
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system Hamiltonian can be rewritten as

=3 (10]:(00];Ha (ai&j,rij) 100)[10"); d7Td7 afa,
,5,0,0"

+ Z [<1‘7|i<1"/|j]:[dip (aiajarij) 100),]00); d7Td7 Taza

j ajai
i7j70-7OJ
+<00’i<00‘jﬁdip (aiajarij> 10);]10”); ?&3 A? Aﬂ

BN o dt il + By Y diotde

o o
+U Y [d7tdg (d7tdg - 1) + ala (afa - 1) + d7'dala] - (E.5)
i

The first term in the Hamiltonian is responsible for moving angular-momentum excitations
from site to site; the angular-momentum state |1o); can be transferred by the dipole-dipole inter-
actions from site i to another state |1o”); on site j that initially was in the J = 0 state. The terms
in the second sum in Eq. change pairs of sites ¢ and j from the J = 0 to J = 1 angular-
momentum states or vice versa. The term « B is the Zeeman energy. The term o« Bj accounts for
the internal rotation (internal levels) of the particles. The terms o< U = oo in Eq. enforce the
hard-core constraints for the bosons created by the operators chT and d;r, taking into account that
there is one particle on each site.

In chapter [7| we consider excitations on top of the ground state with all sites (particles) in
the J = 0 state. Exciting the internal degree of freedom of a particle on a site costs the rotation
energy Bj that significantly exceeds all the other energy scales, except U = oo, including the
matrix elements ~ |ﬁdip| of hopping of such angular-momentum degrees of freedom between sites
(for instance, for dipolar molecules and alkaline-earth atoms |ﬁdip| /By < 107%). As a result, the
number of sites excited to the J = 1 states is conserved to a good approximation, and the second
sum in Eq. , that creates or annihilates pairs of J = 1 excitations, can be neglected when
considering the angular-momentum dynamics.

Therefore, the quasiparticles in the system are hard-core bosons that carry angular-momentum

(J = 1) degrees of freedom and hop from site to site as described by the effective Hamiltonian ([7.6])-

with by, = d7a].
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E.3 Details of disorder averaging.

Realistic systems of particles pinned in deep optical lattices are inherently disordered due to
the randomness of the spatial distribution of the particles. Each lattice site hosts either a particle
with probability f or a vacancy with probability 1 — f.

For a small concentration of vacancies, excitations in the system are delocalised and their
dispersion is close to that in the disorder-free system but acquires a small finite imaginary part
ImEy due to the scattering on the vacancies.

In order to numerically obtain the quasiparticle spectra in such a disordered system we
diagonalise the Hamiltonian H = ’Ho + V, where 7:[0 is the excitation Hamiltonian in the clean case
and the operator V models vacancies as sites with infinite potential V(r;) = co. We compute the

retarded Green’s function

G(r101,1200, E Za: va " “E%E:Q) (E.6)
for multiple disorder realisations, where v, and E, are the eigenfunctions and eigenenergies for
a particular disorder realisation, o1 and o9 label projections of the angular momentum J = 1,
and 7 is a small positive number introduced to ensure that the disorder-averaged Green’s function
(G(rio1,r209, F))qis is a smooth function of its arguments for a given number of disorder reali-
sations. At the same time, 1 has to be chosen sufficiently small to not affect the results for the
quasiparticle dispersion. The energy F has to be chosen close to the energies of the quasiparticles
of interest.

Disorder averaging restores translational invariance, yielding an averaged Green’s function
that depends only on the coordinate difference ro — r;. Computing the Fourier transform of the
function (G(ri01,r209, F))gis with respect to ro —r; and diagonalising it in the angular-momentum
space gives 1/(E — Ex,), where n = 1,2, 3 labels the dispersion branch for a given k, ReFEy,, is the
quasiparticle dispersion and —2ImFE),— the scattering rate.

In chapter [7] we perform averaging over 100 disorder realisations on a 10 x 10 x 10 cubic

lattice with periodic boundary conditions for the filling fraction f = 0.93, close to that in the
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recent experiments [126], 221}, 92]. The results for the quasiparticle dispersion and scattering rates

are shown in Fig. [7.3.
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