
ASTR 5110 Atomic and Molecular Processes Fall 2024. Problem Set 11. Due
Wed 4 Dec.

1. Carbon Monoxide

Sagittarius B2 is a giant molecular cloud some 120 pc from the Galactic Center. It is one
of the most massive (∼ 6 × 106 M�) and active star-forming regions in the Galaxy, with a
rich molecular spectrum. The cloud is considered to be a possible prototype for vigorous
star-forming regions in other galaxies such as M82 and Arp 220.

Figure 1 shows a Herschel infrared image of Sgr B2, and Figure 3 shows Herschel spectra of
the North (N) and Middle (M) molecular cores, and of the overall region (Etxaluze et al. 2013,
arXiv:1307.0335 https://arxiv.org/abs/1307.0335). The spectra show infrared fine structure
emission lines of [C I], emission lines of CO and some other molecules, and absorption lines of
yet other molecules. The absorption lines probably arise from absorption by cool molecular
gas along the line of sight through the Galactic disk to Sgr B2.

(a) (4 points) The lowest allowed rotational transition of CO, the transition CO X 1Σ+ 0−0 R(0)
(that is, v = 0 → 0 and J = 1 → 0), is at wavelength 0.2601 cm in the radio (Table 1B
of Morton & Noreau 1994, Ap. J. Supp. 95, 301). The energy level of the J ’th rotational
energy is EJ = BJ(J + 1) relative to the J = 0 level. Calculate the rotational constant B
in Kelvin.

(b) (4 points) What is the reduced mass of the isotopic molecule 13CO relative to that
of CO? Explain why this ratio is all that is needed to deduce the relative wavelengths of
the rotational transitions of 13CO relative to CO. Deduce the wavelength of the J = 1−0
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Fig. 4. Two footprints of the PACS spaxels grid overlaid on the
PACS 70µm image and centered at the position of Sgr B2(M)
and Sgr B2(N). Each grid covers∼47×47 arsec2 (∼2×2 pc2).

The integrated intensities of the selected lines were obtained
for the spectra observed by each detector based on the extended
source calibration in order to get maximum spatial coverage.
This was done without correcting the discontinuity in the overlap
region of the continuum with the new correction tool because,
as explained in the previous subsection, the tool was developed
for point source calibration, which is based on Uranus observa-
tions. However, Uranus was observed with only the 7 SLW and
the 17 SSW detectors inside the field of view. The point source
calibration was not carried out for the outer detectors, andthe
correction of the continuum with the tool would imply a reduc-
tion of the spatial coverage of the maps of the molecular and
ionic lines. Therefore, the integrated line intensities depend on
the beam size for each frequency; hence each map presents a
different beam size.

The total area of each map is∼ 3.5× 3.5 arcmin2. The maps
of those lines observed with the SLW detector have an angular
resolution FWHM∼ 30− 35”. The maps of the lines in the fre-
quency range of the SSW detector are spatially better sampled
with an angular resolution FWHM∼ 18”. All maps in Figure 12
are centered at the position of Sgr B2(M) (RA= 17h47m20.40s,
Dec= -28o23’03.84”).

2.1.3. PACS

To complement the mid-J CO lines observed with SPIRE
FTS, we also present the first detection of the12CO J=14-
13 (186.13µm), 15-14 (173.75µm), and 16-15 (162.92µm)
lines towards Sgr B2 (M) and (N) with the PACS spectrome-
ter (Poglitsch et al. 2010). These data are part of the HEXOS
Guaranteed-Time Key-Program (PI. E. Bergin).

The PACS spectrometer uses photoconductor detectors and
provides 25 spectra over a 47′′×47′′ FoV resolved in 5×5 spa-
tial pixels (“spaxels”), each with a size of∼9.4′′ on the sky
(Figure 4). The resolving power isλ/∆λ∼1000-1500 in the R1
grating order where CO lines are detected.

Fig. 5. Composite image of the Sgr B2 molecular cloud with
the MIPS 24µm (blue), PACS 70µm (green), and SPIRE 350
µm (red). The image shows the position of the main three star-
forming cores and the main compact and ulta-compact Hii re-
gions in the complex. The white-dashed arrow points out the
direction of Sgr A∗ at the Galactic Center.

The observations were carried out in October 2010 and April
2011 in the range spectroscopy unchopped mode, using a dis-
tant position as reference position (we checked that no extended
CO emission appears in the OFF positions). The corresponding
observation ObsID are 1342206883 (ON centered at Sgr B2(M)
core), 1342206881 (OFF reference position), 1342218190 (ON
centered at Sgr B2(N) core), and 1342218188 and 1342218192
(OFF reference positions).

The Sgr B2 sources are very bright in the far-IR (e.g., above
6000 Jy at∼120µm in a PACS spaxel towards Sgr B2(M)).
Hence, in order to avoid saturation, these observations were ob-
served in a nonstandard engineering mode. The complete spec-
tra and detailed data reduction technique will be presentedin
Godard et al. (2013, in preparation). The measured width of the
spectrometer point spread function (PSF) is relatively constant
for λ.100µm (FWHM≃ spaxel size) but increases at longer
wavelengths. In particular, only∼40% of the emission from a
point source would fall in the central spaxel at&160µm, prevent-
ing the production of the CO integrated intensity maps. Since
Sgr B2 cores are extended sources in comparison to the spaxel
size, the CO line fluxes were extracted by adding the observed
flux of all the 5×5 spaxels.

2.2. Photometric Data

2.2.1. PACS and SPIRE

The Sgr B2 molecular cloud was observed with the PACS
and the SPIRE photometers as part of the Hi-GAL Key Project
(Molinari et al. 2010). The processed image of Sgr B2 is part
of the 2o × 2o region at the Galactic Center, mapped simultane-
ously in parallel mode with the PACS and the SPIRE photome-
ters (Molinari et al. 2011). The basic data reduction procedures
are given in Traficante et al. (2011). Fully sampled images were
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Figure 1: Composite infrared Herschel image of the Sgr B2 molecular cloud at 24µm (blue),
70µm (green), and 350µm (red), showing the three main star-forming molecular cores North
(N), Middle (M), and South (S). The bluish blobs trace HII regions around hot young stars.
The white dashed arrow points at the direction of Sgr A∗ at the Galactic Center. This is
Figure 5 of Etxaluze et al. (2013).
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rotational transition of 13CO, and the corresponding rotational constant B13.

(c) (No credit). The electric dipole spontaneous transition probability AUL from upper state
U to lower state L is, equation (2.11) in the notes on Selection Rules,

AUL =
4ω3

3c3~
|〈U |d|L〉|2 =

4(2π)3

3λ3~
|〈U |d|L〉|2 . (1.1)

For rotational transitions, the dipole matrix element 〈U |d|L〉 is a product of a factor that
depends on the upper and lower electronic and vibrational states and is independent of the
rotational state, and a factor that depends on the rotational state. In the present case, where
CO is in its ground electronic and vibrational state, the electronic/vibrational dipole factor
is the permanent dipole moment of CO (a.u. ≡ atomic unit),

|dperm| = 0.0441 a.u. . (1.2)

Note that permanent dipole moments are commonly quoted in Debye units (D), in terms of
which 1 a.u = ~2/mee = 2.5417465 × 10−18 gm1/2 cm5/2 s−1 = 2.5417465 D. The transition
probability of a rotational transition in the ground electronic/vibrational state is then (recall
that Hönl-London factors are defined as a sum over upper and lower rotational states, so
the transition probability gUAUL here includes the statistical weight factor gU of the upper
level)

gUAUL =
4(2π)3

3λ3UL~
f(U |L)|dperm|2 , (1.3)

where the relevant Hönl-London factor f(U |L) is equation (1.9a) in the notes on Hönl-London
factors, with K = J and Λ = 0,

f(U |L) = f(JU ,ΛU |JL,ΛL) = f(J + 1, 0|J, 0) = J + 1 = JU . (1.4)

The lowest rotational transition, 1 → 0, has a wavelength of 0.2601 cm, which is 4.915 ×
107 a.u. The spontaneous transition probability g1A10 of the lowest rotational transition is,
in atomic units, with g1 = 3,

g1A10 =
4(2π)3

3(4.915× 107)3
. (0.0441)2 a.u. = 5.42× 10−24 a.u. , (1.5)

or in mks units
g1A10 = 2.24× 10−7 s−1 . (1.6)

(d) (4 points) Argue that, if the rotational levels are populated in statistical (i.e. relative
thermodynamic) equilibrium at temperature T , then the intensities of the rotational lines,
integrated over their line profiles, will be proportional to

IUL ∝ gUAULEULe
−EU/kT . (1.7)

(e) (4 points) Argue from the dipole formula (1.3) and the Hönl-London factors (1.4) that

gUAULEUL ∝ E5
UL ∝ J5

U . (1.8)
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Figure 2: CO rotational diagram for the Sgr B2(M) region. The upper points with error
bars (black) are for 12CO, the lower (red) for 13CO. Data are from Table 1 of Etxaluze et al.
(2013). The straight lines are least squares fits through the points, with χ2/dof = 6/10 for
CO, and χ2/dof = 14/7 for 13CO.

(f) (4 points) Figure 2 shows a “rotational diagram” of the CO lines from the Sgr B2(M)
region, a plot of ln(IUL/J

5
U) versus EU . Are the observed intensities consistent with the

levels being in statistical equilibrium? From the rotational diagram, deduce the excitation
temperature T in Kelvin of the CO lines. Explain what you did.

(g) (4 points) Suppose that the rotational states of the ground electronic/vibrational level
are populated in statistical equilibrium, but that the excited electronic/vibrational states
are all empty. Show that the partition function of the internal states of the CO molecule is
approximately

∞∑
J=0

gJe
−EJ/kT ≈ T

B
(1.9)

for T � B. Is this condition satisfied in Sgr B2? [Hint: the condition T � B allows you to
replace the sum over states by an integral.]

(h) (4 points) A typical CO spectrum is far less rich than that of the Sgr B2 cloud. Often,
the only line observed is the J = 1 → 0 transition. Show that under the circumstances of
part (g), and provided that the line is optically thin, the luminosity in the CO 1−0 line is
approximately proportional to MCO/T where MCO is the mass of CO, and T is the excitation
temperature of the CO. [Hint: Recall that, in thermodynamic equilibrium, the fraction of
molecules in level J is nJ/nCO = gJe

−EJ/KT/Z(T ) where Z(T ) is the partition function.]
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Figure 3: Herschel spectra of the North and Middle cores, and of the overall region, of the
Sgr B2 molecular cloud (Etxaluze et al. 2013).
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