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4
THE BOLTZMANN EQUATIONS

We are interested in the anisotropies in the cosmic distribution of photons and
inhomogeneities in the matter. Figure 4.1 shows why these are complicated to cal-
culate. The photons are affected by gravity and by Compton scattering with free
electrons. The electrons are tightly coupled to the protons. Both of these, of course,
are also affected by gravity. The metric which determines the gravitational forces
is influenced by all these components plus the neutrinos and the dark matter. Thus
to solve for the photon and dark matter distributions, we need to simultaneously
solve for all the other components.

There is a systematic way to account for all of these couplings. We write down
a Boltzmann equation for each species in the universe. We have already encoun-
tered the Boltzmann equation in its integrated form in Chapter 3. There we were
interested solely in the number density of the dark matter, the neutrons, and the
free electrons. The number density is the integral over all momenta of the distribu-
tion function. Here we will be interested in more detailed information, not just the
integrated number density, but the full distribution of photons, say, as a function
of momentum. We then need a more primitive version of Eq. (3.1). Schematically,
the unintegrated Boltzmann equation is

df
= =cl] (4.1)

The right-hand side of the Boltzmann equation contains all possible collision terms.
These terms in general are complicated functionals of the distribution functions of
the various components. In the absence of collisions, the distribution function obeys
df /dt = 0. This seemingly innocent equation says that the number of particles in
a given element of phase space does not change with time. The catch is that the
phase space elements themselves are moving in time in complicated ways due to the
nontrivial metric. This catch makes the problem more difficult than it seems from
Eq. (4.1). Nonetheless, we can still progress systematically by reexpressing the full
derivative in terms of partial derivatives.
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contact with the plasma. In succeeding chapters, we will move beyond uniformity
and explore temperatures which depend on both position and direction of propa-
gation.

3.1 BOLTZMANN EQUATION FOR ANNIHILATION P

The Boltzmann equation formalizes the statement that the rate of change in the
abundance of a given particle is the difference between the rates for producing
and eliminating that species. Suppose that we are interested in the’ number density
n; of species 1. For simplicity, let’s suppose that the only process affecting the
abundance of this species is an annihilation with species 2 producing two particles,
imaginatively called 3 and 4. Schematically, 1+2 « 3+4; i.e., particle 1 and particle
2 can annihilate producing particles 3 and 4, or the inverse process can produce 1
and 2. The Boltzmann equation for this system in an expanding universe is

LAV @ N

ad(md®) / d*p, d*po / d*ps / Cp |
dt (27{')32E1 (27T)32E2 (271')32E3 (2’71')32E4 a ?

Aepun, -

X (27)453(pi + po — Pp3 — p4)(5(E1 + E2 — E3 — E4)JM’2 B
x (Bl Al - apl+ . @)

In the absence of interactions, the left-hand side of Eq. (3.1) says that the density
times the scale factor cubed is conserved. This reflects the nature of the expanding
universe: as the comoving grid expands, the volume of a region containing a fixed
number of particles grows as a3. Therefore, the physical number density of these
particles falls off as a™3. Interactions are included in the right-hand side of the
Boltzmann equation. Let’s consider the interaction term starting from the last line
and moving up. Putting aside the 1 + f terms on the last line, we see that the rate
of producing species 1 is proportional to the occupation numbers of species 3 and
4, f3 and f4. Similarly the loss term is proportional to f fo. The 1+ f terms, with
plus sign for bosons such as photons and minus sign for fermions such as electrons,
represent the phenomena of Bose enhancement and Pauli blocking. If particles of
type 1 already exist, a reaction producing more such particles is more likely to
occur if 1 is a boson and less likely if a fermion. I have suppressed the momentum
dependence of f, but of course all the occupation numbers depend on the corre-
sponding momentum (e.g., f; = f (p1)). Moving upward, the Dirac delta functions
on the second line in Eq. (3.1) enforce energy and momentum conservation; the
factors of 27 are the result of moving from discrete Kronecker ¢’s to the continuous
Dirac version. The energies here are related to the momenta via E = /p? + m?2.
The amplitude on the second line M is determined from the fundamental physics
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Figure 3.2. Evolution of light element abundances in the early universe. Heavy solid curves
are results from Wagoner (1973) code; dashed curve is from integration of Eq. (3.27); light
solid curve is twice the neutron equilibrium abundance. Note the good agreement of Eq. (3.27)
and the exact result until the onset of neutron decay. Also note that the neutron abundance
falls out of equilibrium at 7" ~MeV.

3.2.2 Light Element Abundances

A useful way to approximate light element production is that it occurs instanta-
neously at a temperature Ty, when the energetics compensates for the small baryon
to photon ratio. Let’s consider deuterium production agan example, with Eq. (3.17)
as our guide. The equilibrium deuterium abundance is of order the baryon abun-
dance (i.e. if the universe stayed in equilibrium, all neutrons and protons would
form deuterium) when Eq. (3.17) is of order unity, or

3 B
In(my) + = ln(TnuC/mp) ~ -2

2 nuc

(3.32)

Equation (3.32) suggests that deuterium production takes place at Th,. ~ 0.07
MeV, with a weak logarithmic dependence on 1. '
Since the binding energy of helium is larger than that of deuterium, the expo-

nential factor e®/T favors helium over deuterium. Indeed, Figure 3.2 illustrates
that helintm is nrodiced almost immediatelv after denterinm Virtnallv all remain.
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Binding Energy per Nucleon
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Figure 3.1. Binding energy of nuclei as a function of mass number. Iron has the highest
binding energy, but among the light elements, “He is a crucial local maximum. Nucleosynthesis
in the early universe essentially stops at “He because of the lack of tightly bound isotopes at
A = 5 — 8. In the high-density environment of stars, three “He nuclei fuse to form '2C, but
the low baryon number precludes this process in the early universe.

Both of these simplifications —no heavy elements at all and only n/p above 0.01
MeV —rely on the physical fact that, at high temperatures, comparable to nuclear
binding energies, any time a nucleus is produced in a reaction, it is destroyed by a
high-energy photon. This fact is reflected in the fundamental equilibrium equation
(3.10). To see how, let’s consider this equation applied to deuterium production,
n + p < D + ~. Since photons have n., = ngo), the equilibrium condition becomes

(0)

"o _ "D (3.14)
NnMp n%o)n](po)

The integrals on the right, as given in Eq. (3.6), lead to

3/2
np 3 ( 2rmp. ) glmn+mp—mpl/T (3.15)

Bl 4 N Wiyt
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Figure 1.8. Constraint on the baryon density from Big Bang Nucleosynthesis (Burles, Nollett,
and Turner, 1999). Predictions are shown for four light elements — *He, deuterium, ®He, and
lithium —spanning a range of 10 orders of magnitude. The solid vertical band is fixed by
measurements of primordial deuterium. The boxes are the observations; there is only an upper
limit on the primordial abundance of ®He.

nary matter (baryons) contributes at most 5% of the critical density. Since the
total matter density today is almost certainly larger than this—direct estimates
give values of order 20-30% — nucleosynthesis provides a compelling argument for
nonbaryonic dark matter. o

The deuterium measurements (Burles and Tytler, 1998) are the new develop-

ments in the field. These measurements are so exciting because they explore the
Antitarviviva ahiindancra ot Y‘DAQ}W"‘H’Q ﬁ‘F f\?‘f:'ﬂY' Q—A ‘XTD]] h@‘FﬂT‘p mﬂr"h hY‘nPPQQinD‘ r',(ﬂ'l]d
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Figure 3.4. Free electron fraction as a function of redshift. Recombination takes place suddenly
at z ~ 1000 corresponding to T' ~ 1/4 eV. The Saha approximation, Eq. (3.37), holds in
equilibrium and correctly identifies the redshift of recombination, but not the detailed evolution
of X.. Here Q, = 0.06,Q,,, =1,h = 0.5.

1 1 | 1 1 | 1

10-4

Free Electron Fraction X

v

The computation of the neutron/proton ratio affects the abundance of light
elements today. Similarly, the evolution of the free electron abundance has major
ramifications for observational cosmology. Recombination at z, ~ 1000 is directly
tied to the decoupling of photons from matter.4 This decoupling, in turn, directly
affects the pattern of anisotropies in the CMB that we observe today. '

Decoupling occurs roughly when the rate for photons to Compton scatter off
electrons becomes smaller than the expansion rate.® The scattering rate is

Neor = Xnpor (3.43)

where o7 = 0.665x 10724 cm? is the Thomson cross section, and I continue to ignore
helium, thereby assuming that the total number of hydrogen nuclei (free protons
+ hydrogen atoms) is equal to the total baryon number. Since the ratio of the

4Notice from Figure 1.4 that even though photons stop scattering off electrons at z ~ 1000,
electrons do scatter many times off photons until much later. This is not a contradiction: there
are many more photons than baryons. In any event, many cosmologists shy away from the word
decoupling to describe what happens at z ~ 1000 for this reason.
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Figure 3.5. Abundance of heavy stable particle as the temperature drops beneath its mass.
Dashed line is equilibrium abundance. Two different solid curves show heavy particle abundance
for two different values of )\, the ratio of the annihilation rate to the Hubble rate. Inset shows
that the difference between quantum statistics and Boltzmann statistics is important only at
temperatures larger than the mass.
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simply falls off as a=3. So its energy density today is equal to m(a;/ ap)? times its
number density where a; corresponds to a time sufficiently late that ¥ has reached
its aymptotic value, Y. The number density at that time is Y, T3, so

. |
a1T1) = m_Y;S_TS,. s W q j (3.57)

The second equality here is nontrivial. You might expect that a7 remains constant
through the evolution of the universe, so that the ratio a;7} /agTy would be unity. It
is not, for the same reason that the CMB and neutrinos have different temperatures.
We saw in Chapter 2 that photons are heated by e annihilation, while neutrinos
which have already decoupled are not. Similarly, as the universe expands, photons
are heated by the annihilation of the zoo of particles with masses between 1 MeV
and 100 GeV, so T does not fall simply as a=!. You can show in Exercise 11 that as
a result (a171/aoTp)® ~ 1/30. Finally, to find the fraction of critical density today
contributed by X, insert our expression for Y, and divide by p,:

3
y oW

x¢ mT3
Qx = =L 70
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