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Abstract
Coherent control of electron localization in the dissociation of a hydrogen molecular ion
exposed to an attosecond pulse train and a time-delayed near-infrared laser pulse are studied
by solving numerically the time-dependent Schrödinger equation. The attosecond pulses in the
train generate a train of electron wave packets in the dissociating molecular ion, which are
steered by the near-infrared laser field between the two nuclei. Our results show that a large
asymmetry in the total electron localization can be achieved if the attosecond pulses are
separated by a full cycle of the near-infrared pulse, while the asymmetry and the degree of
control are much smaller for a pulse separation of half a cycle. The analysis of results reveals
an efficient control mechanism on a timescale of few femtoseconds via the time-delay and the
carrier-to-envelope phase of the near-infrared pulse.

(Some figures in this article are in colour only in the electronic version)

Controlling a chemical reaction with lasers has been a goal
in physics and chemistry for decades. Bond breaking and
forming in a molecule is an ultrafast dynamic process involving
motion of electrons and atomic nuclei in the target. Using a
time resolution of femtosecond laser pulses it has become
possible to control the dynamics on the timescale of nuclear
motion. This enables us nowadays to target one atom in
a molecule and selectively break its bonds with a certain
probability [1]. Prominent control schemes are based on
the time delay between two pulses [2, 3], multiple-path
interference [4] or stimulated Raman adiabatic passage [5].
With the technological progress to change the spectral phases
and amplitudes of the different frequency components of a
laser pulse, the range of femtosecond control schemes has
been further extended [6, 7].

Recent few-cycle and sub-femtosecond UV pulses [8–11]
provide a time resolution beyond the limit of nuclear motion
and enable the observation of electron dynamics in an atom
or molecule, such as strong-field ionization dynamics [12, 13]
and electron correlation [14]. Concepts of controlling electron
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dynamics in a reaction using these new laser technologies
were proposed for the first time recently. They deal with the
simplest process, namely the localization of an electron in the
dissociating hydrogen molecular ion, which has been studied
both in theory [15–18] and experiment [19]. The control of
the electron dynamics via the field has been achieved either
by the phase between the envelope and the carrier frequency
of a single few-cycle pulse [15, 16, 18, 19] or by the time
delay of two coherent ultrashort laser pulses [17]. In the latter
approach a first (sub-)femtosecond ultraviolet pulse excites
the electron wave packet to a dissociating state in H+

2, while
a second time-delayed near-infrared pulse steers the electron
between the two dissociating nuclei. This strategy appears to
be very efficient, as probabilities of localizing the electron at
one of the two nuclei of 85% and more have been found in ab
initio numerical simulations.

In this communication we extend the two-pulse strategy
by using attosecond pulse trains instead of an isolated single
attosecond pulse for the excitation step. Isolation of a single
attosecond pulse can be realized today with state of the art
experiments by either selecting high-energy cutoff harmonics
from a few-cycle pulse [9, 20] or by using polarization gating
technique [21–25]. More easily obtained are the attosecond
pulse trains, as they are produced in infrared laser pulses of
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many-cycles. In this case the pulses are separated by half
a period of the driving pulse [26]. Besides that, trains of
attosecond pulses with only one pulse per infrared laser cycle
can be produced if the atomic gas is exposed to an infrared laser
field and its second harmonic [27, 28]. Next we will study, on
the basis of results of numerical simulations, how such pulse
trains can be used to generate trains of electron wave packets
on the dissociating 2pσu state of H+

2. These wave packets
are then directed by a time-delayed infrared laser pulse either
to opposite nuclei or to the same nucleus in the dissociating
molecular ion.

In numerical simulations we have used a three-
dimensional model of hydrogen molecular ion interacting with
a sequence of linearly polarized intense laser pulses at different
frequencies. The H+

2 ion is considered to be aligned along the
polarization axis of the lasers, rotation of the internuclear axis
is not taken into account. The nuclear motion is therefore
restricted along the internuclear axis, while the electronic
motion is symmetric about the polarization direction. The
corresponding three-dimensional time-dependent Schrödinger
equation can be written as (Hartree atomic units, e = m = h̄ =
1 are used):
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where R is the internuclear distance, M is the mass of the
proton and µ = 2M/(2M + 1) is the reduced electron mass.
Two soft-core parameters α = 0.0109 and β = 0.1 are chosen
to soften the singularities of the Coulomb potentials and to
yield the experimental ground state energy and equilibrium
distance of −0.6028 a.u. and 2.0 a.u., respectively. The time-
dependent potential due to the interaction with the external
laser pulses is given in length gauge as
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where Eas1,as2,ir , τas,ir , ωas,ir and φas,ir are the amplitude,
pulse width, frequency and carrier-to-envelope phase of the
attosecond and near-infrared pulses, respectively. δt and �t

are time delays between the attosecond pulses and between

Figure 1. Control scheme with an attosecond pulse train of two
pulses (as 1 and as 2) separated in time by δt and a near-infrared
pulse (ir) with a time delay of �t to the center of the attosecond
pulse train. The attosecond pulses are used to generate electron
wave packets on the 2pσu state of H+

2 while the near-infrared pulse
drives wave packets between the two nuclei.

the near-infrared and the center of the two attosecond pulses
respectively.

As shown in figure 1, we have considered the shortest
pulse train consisting of just two attosecond pulses separated
by δt . In the present control strategy these pulses are used to
generate electron wave packets on the dissociative 2pσu state.
To this end, we have chosen the wavelength of the pulses as
λas = 115 nm, which corresponds to the 7th harmonic of
a near-infrared laser pulse operating at λir = 800 nm. The
photon energy of the attosecond pulses is approximately equal
to the energy gap between the ground and the first excited
states in our model. In simulations the other parameters of
the pulses in the train were Ias1 = Ias2 = 1013 W cm−2 and
τas = 0.76 fs (two cycles, FWHM). Two intervals δt = Tir

and δt = Tir/2 have been considered, where Tir is the period
of the near-infrared laser field, corresponding either to one
or two attosecond pulses per cycle of the driving pulse. In
test calculations we have found that results do not depend
on the carrier-to-envelope phase of the attosecond pulses, we
have chosen φas = 0 in the present simulations. As outlined
above, the near-infrared laser pulse, delayed by �t to the
center of the attosecond pulse train, is used to steer electron
wave packets between the dissociating nuclei. We have chosen
an intensity of Iir = 3 × 1012 W cm−2 and a width of τir =
8 fs (three cycles, FWHM). The intensity is on one hand high
enough to provide an effective control of the electron wave
packets and on the other weak enough to avoid significant
additional dissociation or ionization of the H+

2 ion.
The time-dependent Schrödinger equation has been

solved using Crank–Nicholson method. The initial state of
the hydrogen molecular ion (electronic and vibrational ground
state, 1sσg, ν = 0) has been obtained by an imaginary time
propagation. The sizes of the simulation box were 0 to 20 a.u.,
−30 to 30 a.u., and 0 to 24 a.u. in R, z and ρ directions,
which were sampled by 500, 200 and 80 points, respectively.
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(a) (b)

Figure 2. Asymmetry parameter A as a function of, (a) the time delay �t , and (b) the carrier-to-envelope phase of the near-infrared laser
pulses for δt = Tir (solid lines) and δt = Tir/2 (dashed lines).

The time step in the simulations was 0.1 a.u.. The outgoing
parts of the wavefunction have been absorbed at edges of the
grid via a cos1/6 mask function. The probabilities of electron
localization at either one of the protons, P+ and P−, have been
defined via the probability densities in areas of the numerical
grid as

P+ : R > 10 and
√

(z − R/2)2 + ρ2 < 5, (5)
P− : R > 10 and

√
(z + R/2)2 + ρ2 < 5. (6)

Absorbed contributions have been stored and added to the
respective electron localization probabilities. The asymmetry
in the electron localization is given by

A = P− − P+

P− + P+
. (7)

In our previous studies using an isolated attosecond pulse
for the excitation of the electron wave packet [17] we have
found that the localization of the electron can be controlled
by the time delay and the carrier-to-envelope phase of the
steering near-infrared pulse. We therefore present in figure 2
the asymmetry parameter A, obtained for the present extended
control scheme, as a function of (a) the time delay �t (φir = 0)

and (b) the carrier-to-envelope phase φir (�t = 2.4 fs) of the
near-infrared pulse. For a separation of δt = Tir between
the attosecond pulses (solid lines) the asymmetry parameter
A shows strong variations with a maximum of Amax = 0.6,
corresponding to an electron localization probability of 80%.
In contrast, for δt = Tir/2 the asymmetry (dashed lines) is
much smaller (close to zero) for all time delays and phases
considered, indicating a small degree of control of the total
electron localization.

In order to understand the difference between the two
scenarios we have repeated the calculations but deliberately
switched off one of the two attosecond pulses in the train,
which is done by setting Eas1 = 0 or Eas2 = 0. Thus, in

each of these additional simulations excitation occurs via a
single isolated attosecond pulse only. In agreement with our
previous findings [17], the results of all these calculations
(cf left-hand column of figure 3) show a strong variation of
the individual asymmetry parameters AEas1=0 (solid lines) and
AEas2=0 (dashed lines). In figure 3 it is shown the dependence
of the asymmetry on the time delay �t at φir = 0. Similar
strong variations of AEas1=0 and AEas2=0 as a function of φir at
a fixed time delay �t have been found (not shown). As can
be seen from the comparison of the two scenarios, δt = Tir

(figure 3(a)) and δt = Tir/2 (figure 3(c)), in the former (latter)
case the individual electron wave packets are directed to the
same nucleus (opposite nuclei). Consequently, the averaged
asymmetry parameter Aavrgd = (AEas1=0 + AEas2=0)/2 shows
either the same strong variation (figure 3(b), solid line) or
almost vanishes (figure 3(d), solid line). Please note that the
averaged values are found to agree well with the asymmetry
parameters obtained in the full simulations, which, for the sake
of comparison, are replotted in figures 3(b) and (d) (dashed line
with circles). The test calculations can be therefore used to
understand results of the full simulations as follows: in both
scenarios two separate electron wave packets are generated by
the two attosecond pulses. While for δt = Tir/2 the two wave
packets are directed by the near-infrared pulse to opposite
directions (nuclei), for δt = Tir both wave packets are steered
in the same direction and therefore to the same nucleus. As
a result in the former case the asymmetry parameter almost
vanishes but not in the latter scenario.

The good agreement between the asymmetry parameters,
obtained in the full simulations and the averaged value in
the test simulations, in figures 3(b) and (d) further indicate
that interference effects between the electron wave packets
generated on the dissociative 2pσu state by the two attosecond
pulses do not play a major role. This is due to the strong
confinement of the wave packets, which is produced by the

3



J. Phys. B: At. Mol. Opt. Phys. 41 (2008) 081003 Fast track communication

(a) (b)
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Figure 3. Asymmetry parameter as a function of the time delay �t for the two scenarios (δt = Tir (panels in upper row) and δt = Tir/2
(panels in the lower row)). Left-hand column: results of calculations in which one of the two attosecond pulses are switched off, namely
Eas1 = 0 (solid line) and Eas2 = 0 (dashed line). Right-hand column: comparison of the asymmetry parameter Aavrgd = (AEas1=0 +
AEas2=0)/2 (solid line) with the results of the full calculations, in which both attosecond pulses are switched on (dashed line with circles).

Figure 4. Distribution P(R, t) for δt = Tir (left-hand panel) and δt = Tir/2 (right-hand panel) with Eir = 0.

short time duration of the attosecond pulses [29]. It can be
seen from probability distributions,

P (R, t) =
∫ ∫

|φ(R, z, ρ; t)|2 dzρ dρ, (8)

shown in figure 4 for δt = Tir (left hand panel) and Tir/2
(right hand panel). The results have been obtained for Eir = 0
in order to analyze the dynamics of the two electron wave
packets. In both cases, the distribution is initially located
around R = 2 a.u., which is the equilibrium distance of the
initial ground state, and the two dissociating wave packets are
seen propagating to larger internuclear distances. Indeed, the
wave packets are rather well separated even for the shorter

time delay of δt = Tir/2 between the two attosecond pulses.
This allows for the coherent control of the wave packets by the
near-infrared field separately, as indicated by the solid lines
and the arrows.

We expect that the results presented above can be
generalized for pulse trains with more than two attosecond
pulses. If the interval between the attosecond pulses is nTir (n
is a natural number), each generated electron wave packet is
directed to the same nucleus, providing an efficient control of
the electron localization. On the other hand, if the attosecond
pulses in the train are separated by (n−1/2)Tir , the subsequent
electron wave packets will be directed to opposite directions
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and, hence, the electron localization probabilities at the two
nuclei will be almost equal. Consequently, the asymmetry
and the total degree of control will be rather small. We
may finally note that we have considered attosecond pulses
with constant peak intensity in the train. Experimentally, the
intensities usually differ from pulse to pulse. This will lead to
different probabilities of the individual electron wave packets
and, hence, influence the total asymmetry. However, we may
expect that our general conclusions for pulse trains with one
or two pulses per near-infrared laser cycle will still hold.

In conclusion, we have studied the control of electron
wave packets during the dissociation of the hydrogen
molecular ion exposed to an attosecond pulse train and a near-
infrared laser pulse. It is found that a high degree of control
can be achieved if the pulses in the train are separated by one
cycle of the near-infrared laser, but a considerably lower one if
the separation is just half a cycle. Our analysis has shown that
this is due to the fact that in the former scenario each electron
wave packet is directed to the same direction (nucleus) while
in the latter subsequent wave packets are steered in opposite
directions (nuclei). This extension of the control scheme
lowers the technical requirements for the experiment, as an
attosecond pulse train is commonly obtained in a strong field
experiment.
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