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Inelastic vibronic ionization �IVI� in the presence of an intense laser field refers to the process of ionization
of a target molecule accompanied by vibrational excitation of the residual molecular ion. The recently proposed
intense-field many-body S-matrix theory of IVI is presented and applied to investigate the distributions of the
vibrational states of the residual H2

+ ion from ionization of H2 molecule, and the results are compared with the
experimental data. The characteristic features of the calculated distributions are found to agree well with those
observed. The shift of the IVI distributions toward the lower vibrational states compared to the Frank-Condon
distributions, the positions of the maxima of the distributions, as well as the reversal of the maximum from a
lower vibrational state to a higher vibrational state �peak-reversal� are analyzed. The results of the “adiabatic
nuclei” theory and the “frozen nuclei” approximation are compared to assess the latter. Influences of the choice
of the vibrational wave functions on the calculated distributions, the dependence of the distributions on the
alignments of the molecular axis with respect to the linear polarization direction of the laser, and the effect of
circular polarization of the laser on the IVI distribution are discussed. Possible origins of the remaining
discrepancy in the individual heights of the calculated vs. measured yields are pointed out. Finally, an isotopic
shift of the IVI distributions toward the higher vibrational states, for the heavier isotopes, is predicted and the
corresponding distributions for the two isotopes HD and D2 are given.
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I. INTRODUCTION

In recent years there has been much progress in under-
standing the interactions of molecules with intense laser
pulses �for reviews see Refs. �1–4��. A variety of processes,
such as single and multiple ionization, harmonic generation,
dissociative ionization, or fragmentation have been observed.
Of particular interest, in the response of molecules to an
external field, are the effects of the extra degrees of freedom,
such as alignment, vibration, and rotation of the nuclear
frame, which are absent in the case of atoms.

Ionization of molecules with vibrational excitation of the
residual molecular ion �referred to here as “inelastic vibronic
ionization” �IVI�� in a laser field, is often the precursor of
fragmentation of a molecule in the field. The IVI distribu-
tions have been at first thought to simply follow the Franck-
Condon principle, as in the ionization of molecules by weak
synchrotron radiation or fast electron impact. The population
in the vibrational states of the molecular ion in that case
follows the distribution of the well-known Franck-Condon
factors, which are given by the overlap of the vibrational
wave functions of the neutral molecule and the molecular ion
�e.g., Ref. �5��. But, in a recent experiment �6� it has been
found that the relative populations of the vibrational states of
H2

+, arising from the IVI of H2 molecule in a laser field, are
shifted toward the lowest vibrational levels and thus do not
follow the assumption of a Franck-Condon �FC� distribution.

Deviations from the FC distributions have been predicted
before its observation in static-field calculations �6–8� and
subsequently in calculations �9� within the
S-matrix-cum-overlap model. In the former work the fixed
nuclei ionization rates were calculated accurately in a static
field, and the vibrational transitions were estimated heuristi-

cally by taking the matrix element of the “square root of the
ionization rates” between the vibrational states. This showed
that in strong static fields the variation of the ionization rates
with internuclear distance can lead to vibrational distribu-
tions of the residual ions that depart significantly from the
Franck-Condon distribution. In the S-matrix-cum-overlap
model, on the other hand, the overlap approximation has
been assumed, and the transition matrix elements of strong-
field ionization of molecules at the equilibrium distance �10�
have been simply multiplied with the Franck-Condon over-
lap factors. The results showed a shift in the population to-
ward lower vibrational levels, which were interpreted as due
to the strong decrease of the ionization rates with an increase
of the ionization potential �with increasing vibrational exci-
tation of the molecular ion�. Recently, the S-matrix overlap
model has been reused �11� to investigate the data obtained
by Urbain et al. �6� in the hydrogen molecule. We note also
that, earlier, these experimental data have been analyzed us-
ing a modified Keldysh-type tunnel theory of photoionization
of molecules, with and without the overlap approximation
�12�.

In this paper we present the recently proposed �Ref. �4�,
Sec. 6.4� intense-field many-body S-matrix theory �IMST� of
IVI of molecules, in which the ionization of the target mol-
ecule is accompanied simultaneously by vibrational excita-
tions of the molecular ion. The basic idea of the IMST for the
IVI process is a generalization of the “adiabatic nuclei” �in
contrast to the “frozen nuclei”� theory of vibrational transi-
tion by electron impact, originally developed a long time ago
�13�. The IMST of IVI is neither restricted to the intensity
regime of tunneling or static-field ionization nor does it make
an a priori use of the overlap approximation. To test the
theory and also to be able to assess the related models, we
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apply our theory to the case of H2 and compare its predic-
tions with the experimental data obtained by Urbain et al.
�6�, and discuss the results.

II. S-MATRIX THEORY OF INELASTIC VIBRONIC
IONIZATION OF MOLECULES

The intense-field many-body S-matrix theory �14� pro-
vides an ab initio approach to analyze the dynamics of atoms
and molecules in an intense laser field. In the past it has been
successfully applied to the single, double, and multiple ion-
ization of atoms as well as to the ionization of diatomic and
polyatomic molecules �for a recent review see Ref. �4��. The
theory provides a systematic approximation scheme for ob-
taining the transition amplitudes between the asymptotic ini-
tial and the final states defining the process by taking into
account the appropriate partitions in the initial, the final and
the intermediate states of the total Hamiltonian of the many-
body electronic system interacting with strong laser fields.

The lowest order amplitude of the IMST for the inelastic
vibronic ionization of molecules is in fact given by the tran-
sition matrix element of the laser interaction operator be-
tween the unperturbed initial state of the system �which is a
product state of the given vibrational level in the ground
electronic state of the neutral molecule� and the final state of
the system, that is given by the direct product of the Volkov
state of the free electron in the laser field and the final vibra-
tional level of the ground electronic state of the molecular
ion �Ref. �4�, Sec. 6.4�. It corresponds to a direct generaliza-
tion of the well-known Keldysh-Faisal-Reiss �KFR� ampli-
tude �15� for ionization in intense fields. In this work we
assume the Born-Oppenheimer approximation and write the
wave function of the neutral molecule in the �th vibrational
level of the initial electronic orbital �i �within the single-
active-electron ansatz� as

��
�i� = �i�r;R1,R2����R − Re�exp�− iE�

�i�t� , �1�

where �� is the vibrational wave function, R2−R1=R, and
Re is the equilibrium distance of the neutral molecule. The
final state is given by

���
�f� = ���

� �R − Re��exp�− iE��
�f�t��Volkov�r,t� �2�

with the vibrational wave function of the final state ���
� , the

Volkov wave function �Volkov, and the equilibrium distance

Re� of the molecular ion. The orientation R̂ of the molecule is
assumed to be fixed during the ionization process. It is con-
venient to express the electronic orbitals as linear combina-
tions of atomic orbitals

��r;R1,R2� = �
n=1

2

�
j

bn,j�R��n,j�r;Rn� . �3�

For the actual computations these wave functions have been
obtained using the quantum chemical GAMESS code �16�.

According to Eq. �28� of Ref. �4� the first order amplitude
for the transition from the initial state in the neutral molecule
with vibrational quantum number � to the vibrational state
labeled �� of the molecular ion, in the general case of an
elliptically polarized field, can be written as

Sfi
�1��tf,ti� = − i �

N=−�

� �
ti

tf

dt1exp�i� k2

2
+ Up + ET − N�	t1


� �Up − N��JN�a,b,������
� �R − Re���

��k��i�r;R1,R2�����R − Re� , �4�

where ET=E
��
�f�−E�

�i� is the IVI transition energy. The inner
brackets of the matrix element denote integration over the
spatial coordinates of the electron, while the outer brackets
represent an integration over the internuclear distance R.
JN�a ,b ,�� are generalized Bessel functions of three argu-
ments �e.g., Ref. �17��

JN�a,b,�� = �
m=−�

�

JN+2m�a�Jm�b�exp�i�N + 2m��� , �5�

where

a = �0���1 · kN cos
	

2
	2

+ ��2 · kN sin
	

2
	2

, �6�

b =
Up

2�
cos	 , �7�

� = arctan�tan��k,
�tan� 	

2
	
 �8�

which reduces to

JN�a,b� = �
−�

�

JN+2m��0 · kN�Jm�Up

2�
	 �9�

for linear polarization �	=0� and

JN�a� = JN� �0

�2
kN sin�k,
	exp�iN�k,
� �10�

for circular polarization �	=� /2�, where �k,
 and �k,
 are the
polar angle and azimuth of kN in a coordinate system where
�1 and �2 lie in the x-y plane. Up= I /4�2 and �0=�I /�2 are
quiver energy and amplitude of the electron in the laser field
of intensity I and frequency �.

The asymptotic time integral turns the time-dependent
phase of Eq. �4� into the condition of conservation of energy

Sfi
�1� = − 2�i �

N=−�

�

� k2

2
+ Up + ET − N�	�Up − N��JN�a,b,��

� ����
� �R − Re����k��i�r;R1,R2�����R − Re� . �11�

Taking the absolute square of this amplitude �by using Eq.
�43� of Ref. �4��, the differential rate of transition from the
vibronic state of the neutral molecule with vibrational quan-
tum number � to the vibrational state labeled �� of the mo-
lecular ion by the absorption of N photons from a elliptically
polarized field can be written as
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dW��,�
�f ,i�

dk̂N

�I� = 2�C2NekN�N� − Up�2JN
2 �a,b,��

� ��
n=1

2

�
j

����
� �R − Re���bn,j�R�

�exp�− ikN · R̂n
�R

mn
	����R − Re��̃n,j�kN��2

�12�

in the center of mass frame of the molecule, where the vector

��Re /mn�R̂n points to the equilibrium position of the nth
nucleus in the initial electronic state and � denotes the re-
duced mass of the molecular system. �̃n,j�kN� is the Fourier
transform of the atomic orbital �n,j, with kN=kN��� ,��
=�2�N�−Up− �E

��
�f�−E�

�i���. Ne denotes the number of
equivalent electrons �neglecting spin� in the initial molecular
orbital and C2= �2kTET /F�2Z/kT is a Coulomb correction fac-
tor with ET�kT

2 /2 �10�. F is the field strength and Z is the
charge of the molecular ion in the final state.

To investigate the dependence of the IVI distributions on
the choice of the vibrational wave functions, we have used
both the well-known harmonic oscillator wave functions
�e.g., Ref. �18�, Sec. 13� as well as the Morse wave functions
for the initial and final vibrational states. The latter are de-
fined as

���x� =� �q��!

��2a − ��
exp�−

y�x�
2

y�x�q�/2L�

q��y�x�� ,

�13�

where the parameters

y�x� = 2ae−�x and x = R − Re, �14�

q� = 2a − 1 − 2� , �15�

� = �e� �

2De
, �16�

a =
2De

�e
�17�

are different for the initial and final state. De is the energy of
dissociation from the minimum of the potential energy curve
and �e is the vibrational frequency.

We note that the orientation of the molecule in space is

determined in Eq. �12� via the unit vectors R̂n= ± R̂. For a
diatomic molecule, the orientations in the body-fixed frame
�with the molecular axis chosen along the polar axis� of an
ensemble of molecules, can be taken into account by averag-
ing over their distribution in the space-fixed laboratory
frame. In the theoretical results presented below, we have in
general assumed a random distribution of the molecular axes
and carried out the orientation averaging, unless otherwise
stated explicitly.

The total IVI rate of the vibronic transition from a vibra-

tional level � of the electronic state i of the molecule into the
level �� of the electronic state f of the molecular ion, is given

by the integration of Eq. �12� over the ejection angles k̂N of
the photoelectron and the summation over the number of
photons N absorbed from the field

���,�
�f ,i��I� = �

N=N0

� � dk̂N

dW��,�
�f ,i�

dk̂N

�I� , �18�

where N0 is the minimum number of photons needed to be
absorbed to allow the transition of interest, or N0= ��ET

+Up� /��int.+1. The above formula for the total rate,
�18� is valid both in the corresponding “multiphoton”
��=�ET /2Up�1� and in the “tunnel” ���1� regimes of ion-
ization. We point out that in the tunneling limit Eq. �18� can
be evaluated also approximately by, first, using the integral
representation of the generalized Bessel function and evalu-
ating it by the usual stationary phase method, and next by
replacing the sum over N by an integral over 1 /�d�N�� �see,
e.g., Ref. �19� or �4��. Thus, it is clear that the present
S-matrix formalism predicts that even in the tunneling limit,
it is the eigenenergy difference between the asymptotic ini-
tial and final vibronic states, which is the transition energy
ET defined above, rather than the difference with respect to
the potential energy curves, which controls the IVI process.

III. RESULTS AND DISCUSSION

In this section we calculate the IVI distributions for H2
using the lowest order IMST presented above, present the
results of the calculations, and compare them with the ex-
perimental data of Urbain et al. �6�. Next we investigate the
origin of the observed shift of the distributions toward the
lower vibrational states �compared to the Frank-Condon dis-
tribution� as well as the peak-reversal and channel closing
phenomena, and discuss the location of the maximum of the
distributions. Then we study the role of the alignment of the
molecular axis, parallel or perpendicular, to the linear polar-
ization direction of the laser, and consider the effect of cir-
cular polarization on the IVI distribution. Using the result of
the present “adiabatic nuclei” theory we also assess the “fro-
zen nuclei” overlap approximation, and consider the influ-
ence of the choice of the vibrational wave functions. Finally,
we present the IVI distributions from the two isotopic vari-
ants of H2 �HD and D2� and predict an isotopic-shift effect in
the IVI process.

It should be noted that in order to compare the theory with
the experiment one needs to consider the fact that the experi-
mental data for IVI are obtained �as usual, on a relative
scale� as ion population or yields generated in the focus of a
pulsed laser beam. The latter provides an initial ensemble of
neutral target molecules that interact with the laser field dur-
ing a time interval of the order of the pulse duration, and
within a spatial volume of the order of the focal volume. The
IVI yield distributions, therefore, are constructed below by
substituting the basic theoretical rates of the IVI transitions
�of a single molecule� in the rate equations that govern the
relative populations of interest. The normalized yield distri-
butions are then obtained, at a given point in the laser focus,
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by integrating the rate equations over the pulse time profile
and adding the contributions from all the points within the
focus �e.g. Ref. �20��.

The rate equations for the normalized populations in the
final vibrational channels are given by �9�

dN��
�f��t�

dt
= ���,0

�f ,X��I�r,t���1 − �
��

N��
�f��t�	 , �19�

where we have assumed that the target molecule is initially
prepared in the lowest vibrational level ��=0� of its elec-
tronic ground state �i=X�. Furthermore we restrict our analy-
sis to one specific final electronic state, namely, the ground
state of the molecular ion; here we do not consider contribu-
tions from ionization to any higher charge states �21� and/or
possible fragments. In actual computations, we have solved

the rate equations, assuming a typical Gaussian temporal la-
ser pulse profile with an �experimentally given� pulse length
� centered around t=0; the results are then integrated over
the spatial intensity distribution of a Gaussian TEM00 mode,
characterized by the �experimentally given� peak pulse inten-
sity I0, the beam waist, and the Rayleigh length of the beam.

A. Results for H2: Comparison with experimental data

In Fig. 1 we present the result of our calculations �solid
bars� for the IVI distribution of population in different vibra-
tional levels of the H2

+ ion, for the laser wavelength
�=800 nm, peak intensity I0=3�1013 W/cm2, and pulse
length �=45 fs. The orientations of the internuclear axis for
the ensemble of molecules has been assumed to be random

FIG. 1. Comparison of the present calculations of the IVI yield
distribution �normalized to the total ion yield from the vibrational
channels� of the different vibrational levels of H2

+ �solid bars� and
the corresponding Franck-Condon distribution �hatched bars�. Laser
parameters: �=800 nm, I0=3�1013 W/cm2, and �=45 fs.

FIG. 2. Comparison of the normalized populations �branching
ratios� of the vibrational levels in H2

+ �solid bars� with the normal-
ized experimental yields taken from Ref. �6� �hatched bars�. Laser
parameters are �a�–�c� �=800 nm, �=45 fs at I0=3�1013 W/cm2

�panel �a��, I0=4.8�1013 W/cm2 �panel �b�� and I0=1.5
�1014 W/cm2 �panel �c��; �d� �=1064 nm, �=6 ns at
I0=1014 W/cm2.

FIG. 3. Effect of the choice of vibrational wave functions on the
predicted populations in the molecular H2

+ ion. Shown is a compari-
son between the results obtained with Morse �solid bars� wave func-
tions and harmonic oscillator wave functions �hatched bars�. Laser
parameters are the same as in Fig. 2.

FIG. 4. Comparison of the IVI populations for the alignment of
the internuclear axis parallel �solid bars� and perpendicular �hatched
bars� to the laser polarization direction. Laser parameters are the
same as in Fig. 2.
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and the averaging over the orientations was carried out. For
the sake of comparison we also show in the figure the
Franck-Condon overlap distribution for the present case �5�
�hatched bars�.

A glance at the figure reveals a strong difference between
the calculated IVI distribution and the Franck-Condon over-
lap distribution. While the present result shows a maximum
at ��=0 followed by a continuous decrease toward the higher
levels, the Franck-Condon distribution is peaked at ��=2 and
then decreases only slowly. As a consequence, the FC distri-
bution strongly underestimates the populations in the
two lowest vibrational levels, and systematically overesti-
mates those from the third level onwards. This is similar to a
strong shift toward the lower excitation levels as predicted
theoretically earlier �6–9� and observed in the experiment �6�
subsequently.

We compare in Fig. 2 the results of the present theory
�solid bars� with the experimental data of Urbain et al.
�hatched bars �6�� at two different wavelengths ��a�–�c�:
800 nm, �d�: 1064 nm� and four different peak laser intensi-
ties �a� I0=3�1013 W/cm2, �b� I0=4.8�1013 W/cm2, �c�
I0=1.5�1014 W/cm2, and �d� I0=1014 W/cm2. A shift to-
ward the lowest vibrational states can be seen clearly to be
present in all the cases in the figure.

We observe that although the calculated individual heights
are not quite the same, the major characteristics of the theo-
retical results, including the monotonic decrease of the
heights with increasing vibrational excitation in case �a�, and
the occurrence of a peak reversal in the cases �b�, �c�, and �d�
are fully consistent with the experimental data. More specifi-
cally, the theory correctly reproduces the position of the
maximum in every distribution �a�–�d�, namely, at 800 nm
and at the lowest intensity �Fig. 2�a��, it occurs at ��=0,
while in all the other cases the maximum is located at
��=1, both in the experimental data as well as in the theo-
retical results. The dominant population of the vibronic

FIG. 5. Comparison of the IVI populations for linear �solid bars�
vs circular polarization �hatched bars� of the laser light. Laser pa-
rameters are the same as in Fig. 2.

FIG. 6. Comparison of the vibrational populations in the mo-
lecular H2

+ ion as obtained from S-matrix calculations with fully
R-dependent molecular orbitals �solid bars� and with fixed molecu-
lar orbital coefficients �hatched bars�. Laser parameters are the same
as in Ref. 2.

FIG. 7. Variation of the ratio �t��,0�k��2 to �t
��,0
�FC��k��2 as a function

of k for different �� �see legend�.

FIG. 8. Comparison of the results �solid bars� of calculations in
which the molecular orbital coefficients are fixed at R=Re �keeping
the R dependence of the phase� to those in which the overlap ap-
proximation has been assumed �hatched bars�. Laser parameters are
the same as in Fig. 2.
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ground state occurs in the calculations in the interval of in-
tensity between 2.5�1013 W/cm2 and 4.1�1013 W/cm2 for
800 nm.

We point out that the remaining difference between the
experimental and the calculated yields might be due to two
reasons. First, there is an uncertainty of about 20% in the
measurement of the peak intensity �6�, and we have noted in
the calculations that the actual heights are sensitive to the
peak intensity of the laser. Second, a possible effect of frag-
mentation or dissociation of the hydrogen molecular ion is
not taken into account in the computations. In fact, Urbain
et al. �6� have pointed out that depending on the orientation
of the molecular ion and the laser intensity, a possible disso-
ciation of the ion into a proton and a hydrogen atom may
occur from the higher vibrational states of the ion. This could
lead to a depletion of the higher vibrational levels in the
experiment and might also be responsible for the overestima-
tions by the present calculations �see Figs. 2�c� and 2�d��
which neglect a possible fragmentation or dissociation in-
duced effect.

Before we proceed further let us point out that the results
of the calculated distributions depend strongly on the choice

of the vibrational wave functions. This becomes obvious
from Fig. 3, where we show a comparison between the IVI
distributions obtained with the Morse wave functions �solid
bars� and with the simple harmonic oscillator wave functions
�hatched bars�. The results from the calculations with the
harmonic oscillator wave functions clearly show a consider-
ably weaker shift toward lower vibrational states than those
obtained from the Morse wave functions. This is not only a
quantitative difference but also can lead to a qualitative
change. For example, the shift of the position of the distri-
bution maximum from ��=1 to ��=0 at the lowest field in-
tensity �see Fig. 3�a�� is not reproduced by the simple har-
monic oscillator wave functions �22�.

B. Alignment and polarization effects

It has been shown recently �e.g., Refs. �20,23�� that for
diatomic molecules both the total ionization rates and the
photoelectron angular distributions depend on the orientation
of the internuclear axis. In contrast, we have found in the
course of the present calculations �and in agreement with
results from the static field theory �6�� that the effect of the
alignment of the molecule is rather small or negligible for
the IVI populations in the vibrational levels of the hydrogen
molecular ion �at least as long as the fragmentation effect is
considered to be negligible�. This is exemplified in Fig. 4,
where we compare the results for the alignment of the inter-
nuclear axis parallel �solid bars� or perpendicular �hatched
bars� to the direction of �linear� polarization of the laser. It
can be seen that the results are hardly different in the two
cases.

We have further investigated the effect of the choice of
the laser polarization on the IVI distributions. In Fig. 5 we
show the calculated IVI yields for the circular polarization of
the field, at the same intensities and frequencies of the laser
as in the linear polarization case Fig. 2. Interestingly, for the
circular polarization case we observe the dominant popula-
tion to be in the vibronic ground state ��=0, not only for a
limited interval of intensities, but increasingly also for all
intensities below a certain threshold intensity I0=8.2
�1013 W/cm2 for 800 nm or I0=1.04�1014 W/cm2 for
1064 nm. As a result, while a channel closing effect appar-
ently accounts for the peak reversals in the case of linear

FIG. 9. Variation of the electronic part of the transition rate to
H2

+���� at a peak intensity of I0=4.8�1013 W/cm2 for the linear
polarized 800 nm case. Note that there are two channel closings at
��=2 and ��=9 at this particular intensity.

FIG. 10. Normalized populations of the vibrational states in H2
+

�solid bars�, HD+ �cross hatched bars�, and D2
+ �hatched bars� for

IVI of H2, HD, and D2, from their respective ground states. Laser
parameters are the same as in Fig. 2.

FIG. 11. Calculated Franck-Condon distributions for H2
+, HD+,

and D2
+ after direct transition out of the ground state of the respec-

tive molecule.
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polarization �11�, in the circular polarization case the vi-
bronic ground state of the molecular ion is favored for all
intensities, with out a peak reversal, below the abovemen-
tioned thresholds.

C. Analysis and discussion

In order to analyze the origin of the stronger population of
lower vibrational levels than in the Franck-Condon distribu-
tions, we have first investigated whether the overlap approxi-
mation is violated in this process. In the expression for the
differential IVI rate �Eq. �12��, the electronic and the vibra-
tional matrix elements are coupled by two factors that de-
pend on the internuclear distance R, namely, the molecular
orbital coefficients bn,j�R� and the dynamical phase appear-
ing in the exponential function. In order to analyze the influ-
ence of both these factors, we first treated the MO coeffi-
cients as constants evaluated at the molecular equilibrium
separation, while the dynamical phase was allowed to vary
with R. In this approximation the IVI rate is given by the
formula

dW��,�
�f ,i�

dk̂N

�I� � 2�C2NekN�N� − Up�2JN
2 �a,b,��

� ��
n=1

2

�
j

bn,j�Re��̃n,j�kN�����
� �R − Re���

�exp�− ikN · R̂n
�R

mn
	����R − Re��2

. �20�

In Fig. 6 we compare results obtained within this assump-
tion from the above equation to those from the full calcula-
tions, Eq. �12�. It can be seen that in all cases considered, the
shift toward the lowest vibrational levels is somewhat
smaller in the calculations with the “frozen nuclei” MO co-
efficients, however, the distinct departure from the Franck-
Condon distribution, the shift toward lower vibrational states
and the reversal of the peak position are still present.

To analyze the effect of the variation of the phase factor
with the internuclear distance R, we note that for ionization
of the hydrogen molecule from its ground state Eq. �20� can
be rewritten as

�21�

where

�̃�kN� = �
j

bj�Re��kN�� j�r;− Re/2� �22�

is the Fourier transform of the part of the molecular wave

function localized at the nucleus at R1=−Re /2 and R̂e points
along the molecular axis away from that nucleus.

In the overlap approximation it is assumed that the elec-
tronic k dependence decouples in the matrix element be-
tween the vibrational wave functions, and reduces the latter
to

�t��,�
�FC��k��2 = 4cos2�arg��̃�kN�� + kN · Re/2�

�����
� �R − Re������R − Re�2. �23�

In Fig. 7 we present the ratio of the partial matrix element
�t��,0�k��2 to �t

��,0
�FC��k��2, averaged over all angles of electron

ejection k̂ as a function of k and for different vibrational
numbers ��. As can be seen from the figure, the ratio is close
to 1 for small values k. This may be simply understood from
the leading constant term of the Taylor expansion of the
phase factor. Thus, since the rate of laser induced ionization

TABLE I. Molecular constants �24–26�.

Re �Å� D0 �eV� �e �cm−1� �exe �cm−1� �A �a.m.u.�a Ip �eV�

H2�X 1�g
+� 0.741 4.478 4401.21 121.33 0.5076 15.42593

H2
+�X 2�g

+� 1.052 2.65 2322.0 66.2 0.5076

HD�X 1�g
+� 0.74142 4.513789 3813.1 91.65 0.672 15.44465

HD+�X 2�g
+� 1.057 2.667682 1913.1 40.72b 0.672

D2�X 1�g
+� 0.74152 4.556256 3115.5 61.82 1.007 15.46658

D2
+�X 2�g

+� 1.0559 2.691919 1577.3 27.64b 1.007

ame=5.4858�10−4 a .m.u. �26�.
bCalculated values.
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is dominated by the emission of slow electrons, the condi-
tions for the overlap approximation should be well fulfilled
in the present case �see Fig. 7�. It may deviate, however,
should higher kinetic energies be observed, e.g., in the dif-
ferential probability distributions.

To check our expectation, we did test calculations where
we have replaced �t0,���k��2 by �t

0,��
�FC��k��2 in Eq. �20�. Figure 8

shows the results of these calculations. As can be seen from
the figure the results �hatched bars� are nearly identical. To-
gether with Fig. 6 this shows, that the overlap approxima-
tion, which has been assumed before in S-matrix calculations
in an ad hoc way �9,11�, is a qualitatively good approxima-
tion at the present field parameters.

Therefore, the main cause of the shift in the distribution
of the IVI probability to move away from the Franck-
Condon distribution to lower vibrational quantum numbers,
lies in the nonlinear dependence of the ionization rate on the
transition energy ET=E

��
�f�−E�

�i�. As has been noted before
�9,11� and as can be seen from Fig. 9, the increase of the
transition energy results in a strong decrease of the electronic
transition rate itself. A Franck-Condon-like distribution of
IVI would have resulted only if ionization rates for different
inelastic vibrational channels would have been approxi-
mately a constant. This is clearly not the case. Rather, due to
the strong decrease of the ionization rates with increasing
inelasticity, the population of the higher vibrational states in
IVI is suppressed below the Franck-Condon distribution.

D. Application to HD and D2

Next, we have applied the present theory to investigate a
possible presence of an isotopic effect in the IVI processes.
To this end, we have calculated the IVI distributions from
two isotopes of hydrogen molecule HD and D2. We may note
parenthetically that while for the neutral species the molecu-
lar constants needed for the Morse wave functions are avail-
able in literature �24�, for the molecular ions we calculated
the anharmonicity parameter �exe=�e

2 / �4De�, which deter-
mines the eigenenergies of the vibrational states, from the
experimental values �25� of the energy D0=De−�e /2. The
relevant constants are given in Table I.

In Fig. 10 we present the results for the calculated IVI
distributions from the ground vibronic states of the isotopes.
The computations have been carried out at the same laser

parameters as for the hydrogen molecule �see Fig. 2�. A
small but clear isotopic shift of the IVI distributions of the
heavier isotopes of H2 toward the higher vibrational levels is
predicted. We may note that, as the decrease of the electronic
part of the transition rate as a function of the inelastic vibra-
tional excitations is rather similar for the three molecules, the
differences in the distributions are mainly due to the different
behavior of the vibrational part. This is also seen from the
Franck-Condon factors for the molecules, as presented in
Fig. 11, that are obtained from the overlap integrals of the
Morse wave functions, as used for the calculations shown in
Fig. 10.

IV. CONCLUSIONS

We have presented the lowest-order intense-field many-
body S-matrix theory of IVI �inelastic vibronic ionization� of
diatomic molecules, in which the ionization of a molecule in
an intense laser field is accompanied simultaneously by vi-
brational excitations of the molecular ion, and derived ex-
plicit expressions for the corresponding transition rates. The
theory is applied to investigate the IVI of hydrogen mol-
ecule. The main characteristics of the experimentally ob-
served distributions are found to be reproduced well by the
theory. In particular, the experimentally observed shift of the
distributions toward the lowest vibrational levels �as com-
pared to a Franck-Condon distribution� are found to be due
to the strong nonlinear dependence of the transition rates on
the transition energy of the process. In the case of linear
polarization the so-called channel closing effect is observed
but for the circular polarization case this effect does not seem
to play any role in determining the maximum of the IVI
distributions. The role of the “frozen nuclei” overlap ap-
proximation is investigated using the present “adiabatic nu-
clei” S-matrix theory. It is found that the quantitative effect
of the “frozen nuclei” approximation is to shift the popula-
tion of the vibrational states less toward the lowest quantum
numbers, but it does not change the qualitative behavior, for
the laser parameters considered. The effect of alignments of
the molecular axis is discussed; the difference in the distri-
butions obtained with the molecular axis, along �parallel� or
perpendicular to the �linear� polarization axis of the laser, are
found to be quite negligible. Finally, the IVI distributions of
the isotopes HD and D2 are determined and an isotopic shift
of the distributions toward the higher vibrational states, in
the case of the heavier isotopes, is predicted.
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