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Abstract

A stationary phase approach to a typiGaiatrix expansion for atomic ionization in strong laser fields is examined with
respect to its range of validity.
0 2003 Elsevier B.V. All rights reserved.
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1. Introduction for the total rate of ionization of atoms, the so-called
Keldysh—Faisal-Reiss (KFR) formula [1], can be ob-
lonization of an atom induced by an intense laser tained as the leading term ofSamatrix expansion.
field and related processes, such as high harmonic In the application ofS-matrix theory to strong-
generation and nonsequential double ionization, have field processes often Fourier-type integrals with large
been studied extensively during the past two decades.parameters in the exponent occur. Such integrals can
In the domain of nonperturbative electron—field in- asymptotically be reduced to the contribution of a few
teraction exact calculations of the process probabil- terms by means of the stationary phase method (e.g.,
ity by direct numerical solution of the associated [2,3]). The method has been used in the case of high
Schrédinger equation of the system of interest require harmonic generation [4], high-energy above threshold
large computational effort. Hence, systematic approx- ionization [5—7] and nonsequential double ionization
imation methods, such as ttfematrix theory, are of- [8,9] to approximately evaluate terms of the respective
ten used for an estimation of the transition amplitude. S-matrix expansion.
For example, one of the most well-known formula Below we examine the range of validity of the
stationary phase ansatz for a typical strong-figid
T, . matrix expansion. To this end, we apply the stationary
Corresponding author. .
E-mail address. abecker@mpipks-dresden.mpg.de _pha_lse_method to the calculatlor_1 qf the to_tal rate of
(A. Becken). ionization of hydrogen atom within the first-order
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KFR theory. Then we compare the results obtained
using this approximation with those of the exact
evaluation of the KFR ionization rate.

2. Application of the stationary phase method

Using the standard KFR ansatz of first order for the
wavefunction of an initially bound electron subjected
to intense laser radiation, the transition amplitude to a
Volkov state at time can be written as (Hartree atomic
units,e = i =m = 1 are used, e.g., [10])
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whereA(t) denotes the vector potential of the elec-
tron—field interaction in the dipole approximatiafy,

is the initial state wavefunction anﬁf is the Volkov
wavefunction of momenturk. We take the absolute
square of the amplitude and sum over all final state
momenta to obtain
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whereV (k, 1) = —k-A(r) /e + A%(t) /2c¢2 andpo(K) is
the Fourier transform of the initial state wavefunction.
The phaseS(k, 11, r2) consists of the joint action of
the Volkov electron in the velocity gauge and the

ionization potentialp:
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For a linearly polarized laser field with polarization
direction along the;-axis, we separate in Eq. (2) the
k-integration into a part along the-axis and those
perpendicular to it. At high laser intensities the vector

A)

potential is assumed to be large and the stationary

phase method (e.g., [2,3]) is applied to evaluate the
k.-integral. There is one stationary point for each
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Using
Do(r) = 2232 exp(—ar)Yoo(F), A=Z
for the ground state of hydrogenic atoms, we evaluate
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where g =22 + k2 >0 andpu = 5. U(1,—2,2)

denotes the confluent hypergeometric function, which

can be expressed for purely imaginary arguments by

means of the fourth exponential integral functién
Using the result in Eq. (5), we get
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In the last step we have ordered the time integra- T, (opt. cycles)

tions so thatr > 0. The integrand contains an in-
tegrabler—1/2 singularity and can be evaluated by
direct numerical integration, since for small imagi-
nary argumentg = ix the confluent hypergeomet-

. . 1.
ric function takes the fornil — 5ix)/3. Please note, For the sake of comparison, we have calculated the

: 32 i ; : : ) N
that a non-integrable ~>/2 singularity occurs in the  exact KFR expression for the instantaneous ionization
final expression, if in Eq. (2) the stationary phase (ate [1],

method is applied to thk-integration in all three di-
mensions. Usually the integrations ovgrandz, are
then performed by introducing a cutoff parameter [4].
As shown here, this additional approximation can be
favoided in .the case of linear polarization. by perform- % J/%/ (ao Ky ﬁ) |(I;0(kN)
ing the k  -integration exactly and applying the sta- 2w

tionary phase method to the-integration only. We
may further stress that, in fact, for linear polariza-
tion an asymptotically large parameter in the phase is
present in the field direction only.

Fig. 1. Pigln) as a function of the pulse length. The laser parameters
were 800 nm and.053 x 10*° W/cn?, the temporal pulse shape
was sitf.
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wherek? /2 = No — U, — Ip is the kinetic energy

of the electron after absorbing photons,Ng is the
minimum photon number needed to be absorbed for
ionization,ap = +/1/w? is the quiver radius antf, =
1/4w? is the ponderomotive energy of an electron in
a laser field of intensity and frequency. Jy (a, b)

is the generalized Bessel function of two arguments

(e.g., [1c,9]). The exact rates are then used in the rate
Since we have taken into account the first order equation:
term of the S-matrix series onIy,Piglg is not the
total ionization probability, e.g., it is not restricted by d Pion(1)
unity. But, it is possible to determine a well-defined dt
jonization rate, sincePiE)lr? is found to depend linearly ~ which is solved under the constraifpn(r = 0) = 0.
on the interaction time. This is exemplified in Fig. 1, The result is used in Eq. (10) to obtain the effective
where PLY(T,) is shown as a function of the pulse ~ionization rate for a finite pulse of lengt),.
length T,,, for an intense laser pulse at 800 nm and  In Fig. 2 we compare the effective rates as a func-
1.053x 105 W/cn? having a sik-pulse shape. t!on of the peak intensity obtglned by using the sta-
Thus, the validity of the present stationary phase tionary phase method (open diamonds) with the exact

ansatz can be examined by evaluation of effective rates KFR results (lines) at different wavelengths between
per pulse of lengttT),, defined by [11] 400 and 1400 nm. The temporal profile of the pulse

has been chosen to have a?s@ape of 10-cycle dura-

tion. It is seen from the figure that the results obtained
using the stationary phase method agree well with the
exact KFR rates, as expected, at high intensities. Be-

using Pion ~ Piglrf (for Piglrf <1). low a critical intensity the approximative results are

3. Resultsand discussion

= F+(1(1))(1 - Plon(f)), (12)
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Flerf = _T_p |n(1 - Plon(Tp)) (10)
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Fig. 2. Effective rates of ionization of the hydrogen atom by a strong laser pulse. Shown is a comparison between the results of a stationary
phase approximation (open diamonds) to the first-order KFR theory and the exact KFR rates (lines). Calculations are performed for different
wavelengths, namely (a) 400 nm, (b) 616 nm, (c) 800 nm, (d) 1064 nm, (€) 1200 nm, and (f) 1400 nitehgioral pulse shape of 10-cycle
duration is chosen.

found to systematically overestimate the exact effec- Acknowledgements

tive rates. The results indicate that the application of

the stationary phase method in a typiSaiatrix ex- This work has been performed under project DFG
pansion is justified as long as the intensity of the laser ga_160/18-3.

pulse is above mid of 28 W/cn?.
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