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ABSTRACT The continuum generation by intense femtosecond
IR laser pulses focused in air including the effect of third-
harmonic generation is investigated. We have used a theoretical
model that includes the full spatio-temporal dynamics of both
the fundamental and the third-harmonic pulses. Results of our
numerical calculations show that a two-color filamentation ef-
fect occurs, in which the third-harmonic conversion efficiency
remains almost constant over the whole filament length. It is
found that this effect is rather independent of the wavelength
of the input beam and the focal geometry. During the filamen-
tation process the third-harmonic pulse itself generates a broad
continuum, which can even overlap with the continuum of the
fundamental pulse for the longer pump wavelengths. In conse-
quence, the continuum generation generated by intense IR laser
pulses is further extended into the UV.

PACS 42.65.Jx; 42.65.Ky; 52.35.Mw

1 Introduction

Supercontinuum generation has been widely
studied both experimentally and theoretically in the past [1,
2]. It is a universal phenomenon that has been observed both
in gaseous [3–8] and condensed media [9–13]. The pro-
cess of supercontinuum generation is quite complex; its main
mechanism is related to self-phase modulation with additional
contributions from stimulated Raman scattering, instanta-
neous electronic Kerr nonlinearity, temporal self-steepening,
and four-photon parametric processes [14]. In general, the
continuum generation depends on the input peak pulse power,
the optical medium, and the focusing geometry.

In recent years there has been a growing interest in the
propagation of intense femtosecond laser pulses in the at-
mosphere for possible applications in lidar measurements. It
has been demonstrated both in the near IR [6, 7, 15–18] and
the UV [19, 20] that long self-induced filaments are gener-
ated when sub-picosecond high-peak-power laser pulses are
propagated in air. The supercontinuum generated during the
filamentation process has been used for time-resolved broad-
band spectroscopy [6, 7]. The filamentation process depends
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mainly on two competing processes. At first, the spatial in-
tensity profile of the laser pulse acts like a focusing lens due
to the optical Kerr effect. This causes the beam to self-focus,
resulting in an increase of the peak intensity. At high peak
intensity multiphoton ionization of the medium sets in and
creates a low-density plasma. Since the refractive index of the
plasma is lower than that of neutral air, the beam defocuses
again. The competition between defocusing and self-focusing
(and several smaller nonlinear effects) finally gets balanced
in a quasi-equilibrium and a stable filament is created. The
details of the dynamics of the filamentation process are com-
plex and different interpretations such as the moving focus
picture [17], the self-channeling model [15, 16, 18], or spatial
replenishment [21] have been proposed.

Although the peak intensity in the filaments is found to be
clamped down to about 1013 W/cm2 [22–24], it is sufficient to
generate efficient higher harmonics [22, 25–30]. Recently, we
have shown [31] that the third-harmonic pulse indeed coprop-
agates together with the fundamental pulse over the whole
length of the filament with a constant-envelope phase differ-
ence. During the cofilamentation process the third-harmonic
pulse maintains both its peak intensity and energy over dis-
tances much longer than the characteristic coherence length.
This is in contrast to harmonic generation in bulk media,
where a certain phase relation between fundamental and har-
monic pulses can be maintained over a limited nonlinear in-
teraction length only. The strong interaction and an effective
nonlinear phase-locking mechanism between the pump and
the third-harmonic pulses lead to what we refer to as two-color
filamentation.

One of the important consequences of the two-color fila-
mentation is a strong cross-phase modulation and a spectral
broadening of the third-harmonic pulse. In this theoretical
study we show that the third-harmonic pulse is expected to
undergo continuum generation together with the pump pulse.
As a result, the efficient third-harmonic generation inside the
filament should potentially extend the white-light spectrum
into the UV. This is important since it has been observed be-
fore [24] that the lower extent of the continuum generation of
the pump pulse is limited to about 350 nm in air. A similar lim-
itation of the supercontinuum spectrum in condensed matter
has been recently attributed to the clamping of the peak inten-
sity inside the filaments [32]. It is therefore of much interest to
investigate the generation of the supercontinuum spectrum of
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a femtosecond laser pulse in air including the effect of third-
harmonic generation.

To this end, we examine below third-harmonic gener-
ation and filamentation in air under various input conditions
using different input pump wavelengths and focal geometries.
We consider pump wavelengths at 800, 1064, and 1550 nm.
Ti:sapphire laser systems operating at 800 nm can produce
peak powers in the terawatt region, and recently femtosec-
ond terawatt laser systems at 1.06 micron have been demon-
strated [33]. The wavelength 1550 nm is particularly import-
ant for lidar types of applications where it may be required
to use eye-safe lasers. The outline of the paper is as fol-
lows: in Sect. 2 we present the theoretical model used to
study the propagation of a fundamental laser pulse together
with the generation and propagation of its third harmonic. In
Sect. 3 results of the numerical calculations for the on-axis
peak intensity of the fundamental and the third-harmonic con-
version efficiency for different input laser conditions will be
presented and discussed in view of the universality of the
co-filamentation phenomenon. Section 4 provides the central
result of this article, namely the continuum generation of both
fundamental and third-harmonic pulses.

2 Theory

In order to study the dynamics of third-harmonic
generation by an intense ultra-short laser pulse during fila-
mentation in gases it is necessary to include the full spatio-
temporal dynamics of both the fundamental and the third-
harmonic pulses. Our model is described by a set of coupled
equations, which can be written in dimensionless form in the
retarded coordinate system (τ = t − z/vg(ω)) as [31, 34, 35]:
(
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Here, Eω and E3ω are the electric field envelope func-
tions, normalized to the peak value of the input pump

λ (nm) 800 1064 1550 267 310 520

σO2 (s−1) 1.8×10−83 3.4×10−107 8.5×10−150 1.5×10−14 2.4×10−28 9.0×10−55

nO2 6.8 8.5 11.6 1.9 2.9 4.7

σN2 (s−1) 4×10−110 8.5×10−136 4.4×10−181 3.6×10−29 7.2×10−32 9.0×10−73

nN2 8.7 10.5 13.8 3.0 3.2 6.1TABLE 2 Fitting parameters σ and n for the
ionization rates shown in Fig. 1

field E0 =
√

2P0/πw2
0; the transformation E3ω → E3ωei∆kz

was also used. The sub- and superscripts, ω and 3ω, de-
note the fundamental and third-harmonic pulses, respec-
tively. The propagation direction z is given in units of
LDF = kωw2

0/2, the temporal coordinate τ in units of the
input pulse width τ0, and the transverse coordinate r in
units of the input beam radius w0. The following length
scales are also used: LNL = (n2kω I0)

−1 is a nonlinear length

λ0 (nm) ∆k (cm−1) ∆v (cm/s) k′′
ω (fs2/cm) k′′

3ω (fs2/cm) Pcr (GW)

800 −5.0 0.4 0.20 1.00 3
1064 −3.0 0.6 0.16 0.75 6
1550 −0.65 2.0 0.10 0.35 10

TABLE 1 Parameters used for each pump wavelength

FIGURE 1 Ionization rates of a O2 and b N2 as a function of the laser in-
tensity at the three laser wavelengths, 800 nm (solid lines), 1064 nm (dotted
lines), and 1550 nm (dashed lines), as calculated by a theoretical model for
ionization of molecules in strong fields
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scale, where I0 = |E0|2 and n2 = 4 ×10−19 cm2/W, and
LPL = kωmec2/2πe2 N0 is the plasma length scale, where N0
is the number density of neutral air molecules. L∆v = ∆vτ0,
where 1/∆v = v−1

g (3ω)−v−1
g (ω), represents the characteris-

tic temporal walk-off distance due to the group-velocity mis-
match between the fundamental and third-harmonic pulses.
L d = τ2

0 /2k′′
ω and L ′

d = τ2
0 /2k′′

3ω are the length scales due to
group-velocity dispersion of the fundamental and third har-
monic, respectively. Finally, L∆k = |∆k|−1 = |3kω − k3ω|−1 is
the linear wavevector mismatch length scale in the wavevec-
tors kω = nωk0 and k3ω = n3ω3k0, where ∆k = 3k0 (nω −n3ω).
All the relevant parameters used in the calculations for each
wavelength are listed in Table 1.

Electron generation through multiphoton ionization of N2

and O2 is taken into account by the rates Γω and Γ3ω. In the
course of the numerical calculations, it has been found that,
in general, the influence of ionization and plasma generation
by the third harmonic on the results presented below is small.
The rates are calculated using a rate formula, developed for
multiphoton ionization of di- and polyatomic molecules in
strong laser fields [36, 37]. This model has been tested well
before [36] against experimental ion yields of N2 and O2 at
the Ti:sapphire laser wavelength. In Fig. 1 we present the rates
for ionization of O2 (panel a) and N2 (panel b) as a function

FIGURE 2 Results of numerical calculations for a the on-axis peak intensi-
ties of the fundamental pulse (solid line) and the third-harmonic pulse (dotted
line) and b the third-harmonic conversion efficiency as a function of the
propagation distance for a focal length of f = 100 cm. The laser parameters
of the input beam were λ0 = 800 nm, w0 = 0.5 cm (1/e2), τFWHM = 50 fs,
and P0 = 3.0Pcr

of the laser intensity at the three wavelengths 800 nm (solid
lines), 1064 nm (dotted lines), and 1550 nm (dashed lines),
which we have considered for the pump laser in our simula-
tions. In all cases the rates follow rather straight lines in the
log–log plots of Fig. 1, which suggests further approximating
the rates by a fit to the form Γ = σIn for the relevant inten-
sity range up to about 1014 W/cm2. The same is found to hold
for the rates at the third-harmonic wavelengths. In Table 2 the
parameters σ and n used in the present numerical calculations
are given. Note that the exponents n are not integer numbers.
This indicates that the interaction between the intense laser
field and the molecules is nonperturbative. The rates are also
found to depend on the laser wavelength below 1014 W/cm2.
Thus, tunnel ionization theory, such as the well-known ADK
formula [38], is not applicable. The wavelength and intensity
regime of present interest is therefore characterized best as the
nonperturbative multiphoton regime.

3 Third-harmonic generation and self-channeling

We have considered the propagation of linearly
polarized, collimated Gaussian input laser pulses at three dif-
ferent center wavelengths, namely λ0 = 800 nm, 1064 nm,
and 1550 nm, having a beam radius of w0 = 0.5 cm (1/e2)

FIGURE 3 Results of numerical calculations for a the on-axis peak inten-
sity of the fundamental pulse (solid line) and the third-harmonic pulse (dotted
line) and b the third-harmonic conversion efficiency as a function of the
propagation distance for a focal length of f = 200 cm. The laser parameters
of the input beam were λ0 = 800 nm, w0 = 0.5 cm (1/e2), τFWHM = 50 fs,
and P0 = 3.0Pcr
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FIGURE 4 Results of numerical calculations for a the on-axis peak inten-
sity of the fundamental pulse (solid line) and the third-harmonic pulse (dotted
line) and b the third-harmonic conversion efficiency as a function of the
propagation distance for a focal length of f = 300 cm. The laser parameters
of the input beam were λ0 = 800 nm, w0 = 0.5 cm (1/e2), τFWHM = 50 fs,
and P0 = 3.0Pcr

and a pulse duration of τFWHM = 50 fs, which are typi-
cal for current high-peak-power femtosecond laser sources.
The initially collimated beam is assumed to be focused in
air at atmospheric pressure by an external lens with focal
lengths of f = 100 cm, 200 cm, and 300 cm, respectively.
Since we are primarily interested in third-harmonic gen-
eration under filament formation, we have used laser in-
put powers above the critical power, Pcr = λ2

0/2πnωn2 (see
Table 1), needed for self-focusing and filamentation. The set
of equations (1)–(3) is integrated numerically with the initial
condition E3ω(z = 0) = 0.

First, we present and discuss the results for laser pulse fil-
amentation at the wavelength of the widely used Ti:sapphire
laser system, namely 800 nm. In Fig. 2a the pump (solid line,
left scale) and third harmonic (dotted line, right scale) on-axis
peak intensities and in Fig. 2b the third-harmonic conversion
efficiency are plotted as a function of propagation distance for
a focal length of f = 100 cm. Due to the self-focusing effect
the pulse comes to focus before the geometrical focal point
and maintains its high peak intensity over several centimeters
(Fig. 2a, solid line). This provides a long nonlinear interaction
length, which otherwise is limited to the confocal length when
input powers below critical powers are used. As a result, the
third-harmonic pulse channels together with the fundamen-
tal pulse (Fig. 2a, dotted line). It is important to note that the

FIGURE 5 Results of numerical calculations for a the on-axis peak in-
tensity of the fundamental pulse, b the on-axis peak intensity of the third-
harmonic pulse, and c the third-harmonic conversion efficiency as a function
of the propagation distance (normalized to the geometrical focal point).
A comparison is shown for three wavelengths, 800 nm (solid lines), 1064 nm
(dotted lines), and 1550 nm (dashed lines). The focal length was f = 200 cm
and the other laser parameters were the same as in Fig. 2

length of the filament is a distance of many coherence lengths.
This phenomenon of two-color filamentation has been con-
firmed by us in a recent experiment and attributed as due to
a nonlinear phase-locking mechanism [31]. The effect qual-
itatively does not depend on the focal geometry; results for
f = 200 cm and f = 300 cm are shown in Figs. 3 and 4, re-
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spectively. In all cases the conversion efficiency is high over
the entire filament length, as can be seen in Figs. 2b, 3b, and
4b. We, however, observe that the conversion efficiency drops
more strongly towards the end of the filament the longer is the
focal length. The maximum conversion efficiency is found to
depend weakly on the focal length, reaching the highest value
of 0.5% for the shortest focal length f = 100 cm.

In order to show that this phenomenon does not de-
pend on the particular choice of beam parameters, we have
also studied filamentation and third-harmonic generation at
pump wavelengths of 1064 nm and 1550 nm. In Fig. 5 we
show a comparison of the pump peak intensity (panel a),
the third-harmonic peak intensity (panel b), and the third-
harmonic conversion efficiency (panel c) at the three wave-
lengths (800 nm: solid lines, 1064 nm: dotted lines, 1550 nm:
dashed lines) using a focal length f = 200 cm. An important
observation is that the clamped peak intensity inside the fila-
ment is about 1013 W/cm2, in agreement with recent experi-
mental observations [22, 23] and theoretical estimations [24].
The clamped peak intensity is found to be almost the same
for all wavelengths despite the fact that more photons are re-
quired to ionize the air molecules at 1064 nm and 1550 nm.
This, however, can be understood from the ionization rates at
the three wavelengths, which are getting close to each other
in this intensity regime (cf. Fig. 1). As can be seen from
Fig. 5b, the qualitative aspect of the co-propagation of the
fundamental and the third-harmonic pulses together in the fil-
ament is also independent of the input laser wavelength. But,

FIGURE 6 Numerical results for the spatio-temporal intensity distribution of the fundamental pulse (left) and third-harmonic pulse (right) at a z = 190 cm
and b z = 200 cm. A focal length of 200 cm and laser parameters as in Fig. 2 were chosen

there are significant differences in the third-harmonic conver-
sion efficiency for the different wavelengths. It is apparent
that the conversion efficiency at 1550 nm (Fig. 5c, dashed
line) is nearly an order of magnitude higher than at 800 nm
(Fig. 5c, solid line), even though the peak pump intensity at
1550 nm is slightly lower (cf. Fig. 5a). This indicates that the
initial wavevector mismatch between the pump and the third-
harmonic pulses, which is considerably smaller at 1550 nm
than it is at 800 nm or 1064 nm, is an important parameter for
the co-propagation process and the conversion of pump-pulse
energy into third-harmonic pulse energy.

The strong interaction between the pump and the third-
harmonic pulses over a long interaction length leads to a rich
spatio-temporal dynamics of the two pulses. To demonstrate
this, in Fig. 6 we plot the spatio-temporal intensity distribu-
tion of both the pump and third-harmonic pulses in the case
of 800-nm pump wavelength and f = 200 cm at two differ-
ent propagation positions. It is evident that the third-harmonic
pulse exhibits similar features as the pump pulse, namely self-
focusing (Fig. 6a) and temporal pulse splitting (Fig. 6b). This
close correlation in the spatio-temporal dynamics of both the
pulses is not surprising, since the third-harmonic pulse is gen-
erated by the strong pump pulse.

4 Third-harmonic-pulse continuum generation

The close correlation of the pump and third-
harmonic pulses should induce a strong cross-phase modu-
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lation, which should manifest itself by a spectral broadening
of the third-harmonic pulse. This is indeed what we observe
for each of the three pump laser wavelengths. In Fig. 7 we
show the supercontinuum generated by both the fundamen-
tal and the third-harmonic pulses, at (a) 800 nm, (b) 1064 nm,
and (c) 1550 nm, at a propagation z = 200 cm (a focal length

FIGURE 7 Spectrum of the fundamental and the third-harmonic pulses be-
fore filamentation (dotted lines) and in the filament (at z = 200 cm, solid
lines) are compared for three wavelengths of the pump laser, a 800 nm,
b 1064 nm, and c 1550 nm

of f = 200 cm was chosen). For the sake of comparison we
have also plotted by dotted lines the respective fundamental
pulse and the third-harmonic pulse just before the filamen-
tation process starts. The comparison reveals that both the
pulses are getting broadened during the filamentation process.
In view of our interest in the propagation dynamics of the
third-harmonic pulse, we find for the present beam parame-
ters and focal geometry third-harmonic continua ranging from
250 nm to 350 nm (Fig. 7a, λ0 = 800 nm), from 280 nm to
580 nm (Fig. 7b, λ0 = 1064 nm), and from 350 nm to 800 nm
(Fig. 7c, λ0 = 1550 nm).

For all three wavelengths the two continua, due to the fun-
damental and due to the third harmonic, are essentially sepa-
rated with a minimum in between. This minimum is strongest
for the shortest wavelength, i.e. 800 nm, where the two con-
tinua are found to be clearly separated (at these beam pa-
rameters and the present focal geometry). On the other hand,
at 1550 nm, the minimum is rather weak and we may de-
scribe the whole spectrum as a supercontinuum extending
from about 400 nm up to far above 2200 nm.

Continuum generation of a harmonic was shown previ-
ously [39] in the case of second-harmonic generation in con-
densed matter and was attributed to cross-phase modulation
by the pump pulse. We find this to be the case here as well. In
order to confirm it, we have propagated a pulse at 267 nm (i.e.
the third harmonic of a pump pulse at 800 nm) alone under
similar conditions; the spectrum did not show any signature
of continuum generation. This is due to the fact that in air the
clamped peak intensity inside the filament of a UV pulse is
much lower than the corresponding intensity in the filaments
of an IR pulse. Consequently, the intensities during UV pulse
filamentation are not high enough to cause strong self-phase
modulation of the pulse. Thus, the spectral broadening of the
third harmonic, generated by the IR laser pulse, is mainly due
to cross-phase modulation induced by the pump pulse rather
than self-phase modulation of the third harmonic.

5 Conclusions and outlook

In conclusion, we have investigated the generation
of a strong third-harmonic pulse during the propagation and
filamentation of an ultra-short high-power laser pulse that is
focused in air. Results of our numerical calculations show
that a high conversion efficiency is maintained over the whole
length of the filament, which is a distance much longer than
the characteristic coherence length. Variations of the pump
laser wavelength and the focal length indicate that the co-
filamentation effect is rather independent of the input param-
eters; however, the strength of the conversion efficiency is
found to depend on the wavelength.

The strong interaction between the fundamental and the
third-harmonic pulses does not only lead to a rich spatio-
temporal dynamics of the third-harmonic pulse, but, more
important, to a continuum generation of the third-harmonic
pulse itself. The continuum spectrum of the third harmonic
can extend over several hundreds of nm and may even overlap
with the continuum spectrum generated by the fundamental
pulse, depending on the initial pump laser wavelength. The
broadening of the third harmonic is found to be rather due to
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a cross-phase modulation between the two pulses than due to
a self-phase modulation of the third-harmonic pulse itself.

The continuum spectrum of the third-harmonic pulse of-
fers important possible applications in laser pulse propagation
in the atmosphere. It has been observed that the lower extent
of the continuum spectrum is limited to about 350 nm in air.
The results, shown in the present article, indicate that it should
be possible to create a strong third harmonic and a corres-
ponding continuum spectrum at remote distances. This might
extend the effective spectral region of atmospheric sensing
methods further in the UV and, hence, into an important wave-
length regime for monitoring chemical pollutants and biolog-
ical species.
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